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Abstract

In the present paper we treat an almost symplectie Finsler structure, defined as an

alternate, non-degenerate Finsler tensor field of type (0, 2), and especially consider

the problem of its integrability.

§0. Introduction.

On a differentiable manifold there exist many remarkable geometrical structures,

as metrical, conformal, almost complex, almost symplectic, conformal almost symplectic,

almost cosymplectic, conformal almost cosymplectic etc. ([2], [7], [12], [13]), whose

corresponding Finsler structures have been studied from various standpoints ([9],

[11], [3], [1]). It seems to be important to clarify their special geometrical properties

much more. For example, if someone wants to study the concept of Finsler analytical

dynamics, he will have need of the theory of almost symplectic Finsler structures.

In their recent papers [10, 11], the authors have investigated the metrical Finsler

Oonnections and the conformal Fmsler connections, as respective compatible ones with a

Fmsler metric and a conformal Finsler structure. Continued from them, in the present

paper we shall treat an almost symplectic Fmsler structure, defined as an alternate,

non-degenerate Finsler tensor field of type (0, 2).

We first introduce the notion of almost symplectic Finsler structure (ァ1), and define

the notion of almost symplectic Emsler connection on a geometrical way, and study the

properties of these notions (§2). And, the structure of the set of all almost symplectic

Finsler connections [1] is discussed (§3), and the group of their transformations

preserving a non-linear connection gives us the various important invariants (ァ4). For

a 2-form on the tangent bundle T(M) of the base manifold M9 we characterize the case

when it is closed, using only the Finsler tensor fields (ァ5), and finally solve the problem

of integrability of an almost symplectic Finsler structure, by lifting it to a 2-form on

T{M) (ァ6).

As to the terminology and notations we retain those in our previous joint papers

[10, 11], which are essentially based on M. Matsumoto [5, 6].
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ァ1.ThenotionofalmostsymplecticFinslerstructure.

LetMbeadifferentiablemanifoldofdimension2n.x-(xt)andy-(y%)denotea

pointofMandasupportingelementrespectively.AsageometricalFinslerobjecton

〟wegive●

Definition1.1.AFinslertensorfielda#oftype(0,2)onadifferentiablemanifold

MiscalledanalmostsympleciicFinslerstructureonM,ifitisalternateandnon-

degenerate:

(1.1)a{j--aH

(1.2)defr((ty)≠0･

■
Example1.LetcoibeaFinslercovariantvectorfieldonM.TheFinslertensor

fieldo)i]-.'d<x>i¥∂y-a(0*1ay%definesanalmostsymplecticFinslerstructureonM,if

det(叫)≠0.

Example2.IfaFinslerspaceMisanalmostHermitianspace,itadmitsan

almostsymplecticFinslerstructure.Infact,let/*.beanalmostcomplexstructure

suchthat

(1.3)蝣fifrJrJj--9rsfifsj-9ij,

whereg^isthefundamentaltensorfield.Then,theFinslertensorfieldaij-girjrjsatis-

fiesdij--蝣n,det(a{j)≠0･

ThelatterinterestingexamplewascommunicatedbyY.Ichijyo.

GivenanalmostsymplecticFinslerstructurea#,wemayassociateObata'soper-

ators:

(1.4)ォ.*J-÷(8針asjatr),e*j;-‡(8弼蝣asjair),

where(a^)istheinversematrixof(ay):

(1.5)aijaih-き･

a^isalsoalternate.Obata'soperatorshavethesamepropertiesasonesassociated

withtheFinslerspace[10].

ァ2.AlmostsymplecticFinslerconnections.

AFinslerconnectionFTonadifferentiablemanifoldMis,bythethirddefinition

ofM.Matsumoto[5,6],atriadofaF-connectionTyinthelinearframebundleL(M),a

non-linearconnectionNinthetangentbundleT(M),andaverticalconnectionFvinthe

●●●FinslerbundleF(M).LetF)h,N芸andC%
jkbetherespectivecoe鮎ientsofFiv>
NandF.

ForaFinslertensorfield,e.g.2｣J,theh-andv-covariantderivativeswithrespect

toFFaregivenby●
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(2.1)Kjlk-8Kpxk+K?Fと-KLF?k,JTJL-ax*
,l∂yk+K?C£h-JTiQm

wheres/sar-ち/∂a;A-Nttfa桝.

TheRicciidentities,appliedtoaFinslertensorfielda#,are

2.2)

^ij¥k¥l-aij¥l¥k--a.'m/職l-aimR%l-^tj¥桝丁�"i-aij¥m*Hl>

aォuli-aォIn*--a*/**!*/-ォわ挿rjkl--aij¥桝

an¥kIi-ai}111*--amjSfkt-a{桝8?ki-a*轟skl'

ll

wherefivetorsiontensorfieldsT*
ik9Rf
jk,Cf-k9P*:k,SS
jkandthreecurvaturetensorfields
●■Rjht>P}ki>S}kiappear.

LetG{xi{t))beadifferentiablecurveinMandC{xl{t),yl(t))adifferentiatecurve

inT(M)mappedonCbythecanonicalprojectionofT(M).ForagivenFinsler

connectionFF,atangentvectorfieldX*(｣)alongCiscalledparallelalongCwith

respecttoC,if

(2.3)dX'/dt+F)kXi(dxk/dt)+G)kX>(syhldt)-0,

where8yk-dyk+N監ゐ桝.

+1.1.ll.+lII-41..14Nowandinthefollowing,letanalmostsymplecticFinslerstructurea^begiven

J～onM.FortwoFinslervectorfieldsX,Y,

(2.4)a(X,Y)-atjX*Yi

isaFinslerscalarfield.Thenwehave

Definition2.1.AFinslerconnectionFTiscalledalmostsymplecticwithrespect

toaij9ifa(X,Y)ispreservedwhenX(t),Y(t)areparallelalonganyGwithrespectto

anyC.

●Theorem2.1.ThenecessaryandsufficientconditionsthataFinslerconnectionFT

bealmostsymplecticwithrespecttoa^are

(2.5)aサm-->aォーfl*---

●Theorem2.2.TheFinslertensorメゥ*;;*:ォ.ョ*;;P;帥◎*三T
jSrklandtheir
h-andv-covariantderivativesofeveryordervanish,foreveryalmostsymplecticFinsler

connectionFTwithrespecttoa^-.

Proof.ApplyingtheRicciidentities(2.2)toay,andremarkingthatObata'爵

operatorsarecovariantlyconstant,wegetthestatement.

ァ3.ThesetofalmostsymplecticFinslerconnections.

0
StartingfromafixedFinslerconnectionFT,allalmostsymplecticFinslerconnec-

tionsareobtainedinthesamemannerasinthepreviouspapers[10,11].

Theorem3.1.ThesetofallalmostsymplecticFinslerconnectionsisgivenby
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(3.1)

R.丑血bon and M. Hashigtjchi

0

N孟-N仁X蓋,

サ,,  o. ,,   1�",  o

F)k -V)k+C)耕X㌘ +甘a如(ォ*/!*+サ-/!*｣*)+鴨X:rk '

0   1     o

O'f> - -'j> +甘a''桝αrnjh+O^ Y*rk 9

o
whereFTisafixedFinslerァonnection,暮α柳denotetheh-andv-covariantdifferentiations
O0

0
withrespecttoFT,andX呈X*
jk,Y)karearbitraryFinslertensorメelds.

ThisresultisduetoGh.AtanasiuandI.Ghinea[1],wheretheinversematrix(a*')

of(ay)isdefinedby

(1.5′a4ia*k-8);

andsotheaboveaikmeansakiinthepresentpaper.

●■●PuttingX芸z-Xt
jk-Yt
jk-OinTheorem3.1wehaveanexampleofanalmostsymplecticFinslerconnection,whichcorrespondstotheKawaguchimetricalFinsler

0
connectionderivedfromFTinaFinslerspace([10]).

o
Theorem3.2.LetFTbeafixedFinslerconnection.Then,thefollowingFinsler

connectionFTisalmostsymplectic:

(3.2)N孟-恥鞍+‡tt'**-/!*:ou-∂u+i"mi¥k-

O
Ontheotherhand,ifwetakeanalmostsymplectieFinslerconnectionasFTin

Tbeorem3.1,we血礼ve

0
Theorem3.3.LetFTbeaメalmostsymplecticFinslerconnection.Then,the

setofallalmostsymplecticFinslerconnectionsisgivenby

(3.3)

n

N孟-N孟rXi,
0     0

*}* -*S*+05桝XT+鴨X;k ,
0

OU-OU+鴨　rk>
whereX呈X)k,Y)karearbitraryFinslertensorメelds.

0
ThesetinTheorem3.3hasthefollowingsubset.WedenotebyFF(N)aFinsler

connectionhavingNas仇enon-linearconnection.●

0
Theorem3.4.LetFTbea声almostsymplecticFinslerconnection.Then,the

0
setofallalmostsymplecticFinslerconnectionsFF(N)isgivenby

000
(3.4)N孟-N<*}*一蝣*蝣}.+サ:S*;サC)k-C)k+◎iry
si三k,
●●whereX%
jk,Yl-karearbitraryFin台Iertensorメ



Almost Symplectic Finsler Structures m

I.The皇roupoftransformationsofalmostsymplecticFinslerconnections.

LetusconsiderthetransformationsFFIN)-FF(N)ofalmostsymplectiOFinsler

connections[8],whichpreservethenon-linearconnectionJv.OwingtoTheorem3.4

比eyaregivenby●

(4.1)N孟-N真,声}*-*V鴨*;サ.ch-Oh+eyYU:

●● ●whereX-k,Y*karearbitrarilygivenFinslertensorfields.

Evidentlywehave

Theorem4.1.Thesetofalltransformations(4.1)andthemappingproductform

anabeliangroupGas,whichisisomorphictotheadditivegroupofthepairsofFinslertensor

●●メ鰐KrjY;A)･

WeshallpayattentiontotheinvariantsofthegroupGas.Thetorsiontensor

●●●●fieldsTjk98f
jk,R'
jk9P^'areexpressedasfollows:

4.2)

Ti-
蝣*ik一切*{*)),8享*-ォ/*{<V,

RU-敬,4{82V}/teサ},P)k-*N)layh-鞍,

where 8/*{- -}　denotes the alternate summation: %jk{Ajk}-Ajk-Akj. The torsion
●                                                                                                             ●

tensor field Rjk and the Finsler tensor field t)k defined by
●                                            ●

(4.3)　　　　　　　　　fy - fyW∂yhJ

are called the curvature and torsion tensorメelds of the non-linear connection N respectively

([3]). Since they depend on N only, they are invariants of Gas.

We make here some notations:

(4.4)
t*ijk -魯ijkfai桝　　　　R*ijk -魯ijkiaimRjk} >

T*m -ら,7*foォ.Z'?*} >　3*tf*-魯iskfai桝<%}

where毎ijk{- } denotes the cyclic summation:魯ijk{Aijk} -Aijk-{-Ajki+Akij, and

(4.5)

1

Kijk - <*>k桝Tfj +Vtjiat桝pm i

3

･<ijk - yijk {ak桝

2

Kijk - a>im8*k +91jk{a>k桝C葦) ,
4

Kijk - %j{ai桝Cfk).

〟

It is noted that **#*, R*ijk, T*ijk, S*ijk are alternate, and k^ for a-l, 4 (resp. a-

2, 3) are alternate with respect to i, j (resp, j, Jc).

By direct calculations we have

a

Theorem 4.2. The Finsler tensorメelds t)k, R.k, t*ijh R*ijk, T*ijk, S*ijk and Kijk

(a-l, 2, 3, 4) are invariants of the group Gas.

Proposition 4.1. Between the invariants in Theorem 4.2 there exist the following

relations :
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I

魯m {ォijh} - 2T*iih+t*fik ,
3

辱m {Kォd -T*m+t*m ,
2    4

Kijk+Kjki - S*jjk ,

2

毎ijk{ォ示} - 2/8% ,
4

魯ijk {**/*} - S*ijk ,
1    4

Kf7* + Kkij-t*ijk + T*ijk-ak桝trj

Theorem4.3.LetNbeanon-linearconnectioninthetangentbundleT(M).

(1)TheinvariantI7*,-/*(resp.S*ijk)vanishesゲandonlyifthereexistsanalmost

●●symplecticFinslerconnectionFF(N)withT^k-0(resp.Sjk-O).

(2)TheinvariantsT*ijkandS*ijkvanishゲandonlyifthereexistsanalmost

●●symplecticFinslerconnectionFF(N)withT*
jk-S:k-O.

●●Proof.IfweputX*
jh-αT)kin(4.1),whereαisarealnumber,wehave

字を4-Tj4+ォyサ{aijz^Hl+÷α¥T)k+÷airT*rik蝣

Takingα--2/3,T*ijk-OimpliesT¥.k-0.Theconverseisevident.Thestatement

about'8*ijkisprovedinthesameway.(2)followsfromtheindependenceoftwo

proceduresin(1).

payingattentiontofeU-=da*;78yk-Kijk-O,Proposition4.1tellsusthecondition

thataubeausualalmostsymplecticstructure.

Theorem4.4.AnalmostsymplecticFinslerstructurea^doesnotdependonthe

supportingelementy,ゲandonly轟ijk-O,whichisequivalentto是i;-｣-0.Inthis

case%tholdsS*jjk-O.

Forthelaterusewehave

1Proposition4.2.(1)IfKijk-0then2T*m--t*ijk.

(2)Assumethat去<y*+a*JRfJ-Q,k</*+"#*-0サam*#V---^ew>R*ijk-Ois

equivalenttoT*,-y*-O.

4123(3)AssumethatKijk+αKijk+a>ktnRij-O,αfCjjk-^/Cjjk-O,andS*jjk-O,whereα≠

士1isarealnumber.Then,T*ijk-¥-α22*^-0isequivalenttoT*ijk-0.

●Formingthecyclicsummationsofeachoftheassumedformulas,theproof

followsfromProposition4.1.

Inthefollowingparagraphsweshallstudythecaseswhensomeinvariantsin●

Theorem4.2vanish,relatedwiththeintegrabilityofthestructurea#-y.

ァ5. 2-forms on the tan皇ent bundle.

Let AHTIM)) be the昏-module of all &-forms on the tangent bundle T(M), where啓

is the ring of all differentiable functions on T(M). If a non-linear connection N is given

m T{M), then (ゐ　8y{) makes a local basis of Al(T(M)), which is dual to (8/8a% a/9v*),

where
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●

(5.1)　　　　　　　　　　8y{ - dyt+N㍊ゐ桝,

(5.2)　　　　　　　　/Bx4 - d/dx'-N㌢ a/∂r

The differential of /∈啓is written as

(5.3)　　　　　　　　df- Sfl&)ゐi+(∂f/∂yW ,

and the exterior differential of hy% is given by
●

(5.4)　　<W) - i R)kdxk/¥dx>+ {dNIJdyk) 8yk∧dxf.
●

If we express to∈AHT{M)) in the form

(5.5)　　　　　　　　　　(0 -の蝣daf+ふffl ,

the exterior differential dco is given by

●

1   , .. ,..蝣,.蝣,,  1 . . .. . ,

dw -す打ijdxi∧dxi+coij8yjAdxi + i <5>ォ8y'A8y ,

5.7)

打ij - Wil&rf-hiBjIW+RZ ai桝,

<*>ij - ∂打i/Byi-&*!&+(aN筈/ayj) co榊,

a>ij -弘i/∂ォ/-9,ゐ)･/∂yi ･

15

wij, (Oij, coij are Finsler tensor fields. In fact, as the tensorial expressions we have

Proposition 5.1. If a Finsler connection FF(N) is given, wij, co^, a>ij have the
●

expressions

(5.7′)

7JJ..一打i¥r打{+T岩打桝+R岩&,桝,

toij　打i¥j-Ctij¥i+C等wm+pr.d>桝,

tbij - LOi¥j--O)j¥i+S蒜ゐ桝･

In general, co∈A2(T(M) ) is written in the form

(5.8)　co - ÷ aijda?Adad+lijdx*A8^'+ i tijWAdy',

where o^--%, ｣f.y--｣y,.. The exterior differential dco is given by

(5.9)

where

12
dw-甘(oijhf

dxf∧dxi∧dxk+すtoijkゐi∧dx^ASy

13,,.._,.14.,..,
+甘(Dijtflx*∧8y'∧Sw*+甘6>u*8y手∧8y2∧w
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5.10)

1

<サiik =

2

Mm-

R.班iron and M. Hashiguchi

魯ijk{SaiJl8xk+himRJi
k},

9ォォ/9y*+C*桝R岩+fy{8古}kl&+古i桝*NJIayk)

3

coijk - BSjkldxi +乳ih&bijl∂yh寸C～k桝∂N7/∂yO ,

4

toijk --辱ijk {∂*//ayl

If we calculate d20>-0 from (5.9), we have

α

Theorem 5.1. The coefficients a>ijk(a-l, 2, 3, 4) of (5.9) satisfy the following

identities :

(5.ll)

11_乏e
toijtfajultol}一乳u&oml&r}-魯ijk{toijmR�"i-Wli桝ォサ--.

1_2.2.3-dojijkldyl+香;jk{B(oijil8xk-wij桝∂NTW+toi桝<iQ-O,

2333.4∂叫蝣Idyk}+%サ{8(ojktjhx1-叫桝h∂Nfl∂if+wi桝pNJIdy*}+(o桝M-O,

43__4tootjhl&-ョju{da)ijkl&yl+a>仰jk<bN㌢W-O,

H^^^^^^^^^^^^^^^^^^E1Xu&comW}一乳u&oukl&fl-O.

α

cjijk are Finsler tensor fields. In fact, as the tensorial expressions we have

Proposition 5.2.

the expressions

(5.10′)

1

a>m -

2

<*>ijk蝣

3

<*>ijk主

a

If a Finsler connection FF(N) is given, a^(a-1, 2, 3, 4) have

魯ijk{&ij¥k+&itサT?k+苗im-KjkJJ

Hj¥k+1桝kTZ+ciJIZ+Xijibnu+ai桝

bi桝S蒜+tjw+Xjk{古ii¥
i¥h吊桝

4

･*>tjk -魯ijk{｣ij ¥ k+tim8jk}

For (x)∈A¥T{M)) written in the form (5.8) we put

(5.12)　　　　　　　　　　　4 -

Definition 5.1. A 2-form coeA2(T(M)), for which the matrix A is non-degenerate,

is called integrable if dcu-O.

One knows [4] that, in this case, dc0-0 characterizes the fact that (oeA2(T(M)) has

the property that there exists a local coordinate system in T(M) in which, in the natural

basis, the coe侃cients of w are all constant.
●

Theorem 5.2. A 2-form, a>∈A2(T(M)), for which the matrix A is non-degenerate, is
α

integmbleゲand only卯he Finsler tensorメelds ojijk (a-1, 2, 3, 4) vanish.

It is easily seen that for co∈AHT{M)) the property det A≠O does not on the choice

of the local basis. A 2-form cj∈AHTIM)) with deU≠O is called non-degenerate, and

determines an almost symplectic structure on T(M).
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When of-/-O, then % and c^ give two almost symplectic Finsler structures on M.

When &ij-O or ｣#-/-0, and古ij--bji9 then 2L- gives an almost symplectic Finsler

structure on 〟.

Conversely, let a,-/ be a given almost symplectic Finsler structure on M. Then

the 2-forms on T{M) defined by co-l/2aijdxl∧dxi+¥/2aijdf∧By), co-a{jゐi∧W, etc.

determine almost symplectic structures on T(M). The integrability of each of these 2-

forms gives some type of integrability for the given almost symplectic Finsler
●                                                                                                                                                 ●

structure a,-/. We discuss these cases in the following last section.

§6. Integrabilities of an almost symplectic Finsler structure.

Assume that a non-linear connection N be given in the tangent bundle T(M).

Then, an almost symplectic Finsler structure a^ on the base manifold M is lifted to a

2-form w on T(M) in various ways. We consider the following w of three single types

I, II, III and four combined types I+II, I+III, II+III, 1+αII+III, where α≠

ア1 is a real number:

W - i HijArfAdxi+lijdxlA8^" + i <WA8?/> ,
●

where

hi

I
 
l
 
I

I

 

Il

I+II

I+III

II +III

I +αII+III

.
〃
ノ
　
　
　
　
　
　
　
　
　
.
〃
ノ
　
.
〃
ノ

e
ゥ
o
　
叫
　
s
サ

∴

■

ー

n

一

　

　

　

　

　

i

｣

2

<

0
　
郎
0
　
郎
0

｣

2

一

　

　

　

　

I

B

一

　

　

　

　

　

　

一

〇
〇
　
叫
0
　
郎
　
和
　
郎

Proposition 6.1. Each 2-form w of types II, I+II, I+IH, II+III and 1+αⅠⅠ+

Ill is non-degenerate, and defines an almost symplectic structure on T(M).

α

Proposition 6.2. The coefficients a;^(a-l, 2, 3, 4) of the exterior differentials of

the 2-forms given in Proposition 6.1 are invariants of the group Gas, and are given in the

following table :
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Proof. Calculating directly from Proposition 5.2 we have

1             2             3            4

Hjk　　　　　ォ>i ik　　　　　<サijk　　　　　-ijk

沖

　

が

4
句
1
叫

o ak桝環

点
点

o

　

‥

り

　

‥

り

R
S
3
　
監
　
E
S

α

Since o>^ are linear combinations of %, 2L-, c^, the expressions for the combined types
are obtained as the linear combinations of the ones for I, II, III.

Theorem 6.1. The Finsler tensorメelds cjijk (a-l, 2, 3, 4) given in Proposition 6.2

satisfy the equation (5.ll).

Now, corresponding to Definition 5.1 we have

Definition 6.1. An almost symplectic Finsler structure a# on a differentiable

manifold M is called integrable of the type II, I+II, I+III, II+III or 1+αII+III, if

there exists an almost symplectic Finsler connection FF(N) such that the corresponding

lifted 2-form on T(M) is integrable.

Then, from Theorems 4.3 and 4.4 and Proposition 4.2 we have

Theorem 6.2. An almost symplectic Finsler structure a^　on a differentiable

manifold M is integrable of the type II, I+II, I+III, II+III or 1+αII+III,ゲand only

ゲthere exists an almost sy轡plectic Finsler connection FF(N) satisfying the following

conditions in each type:

II　　　: R*ijk - 0 , Kijk - 0 , a,ij does not depend on the supporting element y.
1

I+11　: -2R*ijk+t*ijk-0, km-0, ay does not depend on

the supporting element y.

●

4                    3

I+III　: T)h-8)k-0, Kijh+ah桝RZ--> Kw--�"

1                    2     3

II+III　: T)k-S)k-O, Kiih+a紬RZ-O, "ijk+Kijh-O.
4      1                     2     3

Ⅰ+αII+III : T)k-8)h-0, Kijk+αKijk+uk桝Rjj -0, α*ijk+Kijk-0蝣

Finally, we note that the above integrabilities are reduced to two types II, ｣l-f-III,
●        _  ●

where ｣≠O is a constant. In fact, the transformation N呈-N呈-N呈rX呈of non-linear

connections implies 8yt-hyt-Xt.dxJ. Taking X孟ニー1/28呈, X呈ニー8呈or X呈ニーα8呈, a

2-form of the type I+II, II+III or 1+α11+III is reduced to a 2-form of the type II,

I+III or (トα皇)/2 1-f-HI respectively.

If an almost symplectic Finsler structure a,-;- really depends on the supporting

element, there does not exist the integrability of the type II, which shows the

importance of the lift of the type fl+III. For the case we have

Theorem 6.3. Let an almost symplectic Finsler structure a^ be integrable of the
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type Jl+IIL ay does not depend on the supporting element,ゲand onlyゲthe concerned
●

non-linear connection is integrable: R.k-0.
4

The proof follows from cKijk+akmRij-0, and Theorem 4.4.
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