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Abstract

For samples from distributions chosen from Dirichlet processes, we evaluate expecta-

tions of their functions. By making use of this result, we derive some properties of the sam-

pies and evaluate expectations of random functionals of Dirichlet processes.

1. Introduction

Ferguson [21 introduces the Dirichlet process as a prior distribution for Bayesian

nonparametric inference. It is well-known that a distribution chosen from a Dirichlet

process is discrete with probability one. It has a positive probability that some observa-

tions of a sample from a distribution chosen from a Dirichlet process are equal, even if

parameter is nonatomic (see Antoniak [1], p. 1160). We shall consider a function of a

sample from a distribution chosen from a Dirichlet process and give its expectation, from

which we shall derive some properties of a sample and evaluate expectation of a random

functional of a Dirichlet process.

The author assumes that readers are familiar with the Dirichlet process. For the de-

finition of a Dirichlet process see Ferguson [2]. Let X be a set and let A be a a-field of
l

subsets of X. Let a be a nonnull finite measure on ¥X9A). Q¥*) denotes a distribution

α(･)/α{X) and M denotes α{x). We list some properties of a Dirichlet process.

Lemma 1.1(Ferguson [2]). Let P be a Dirichlet process on (X9A) with parameter α and

letX bea sampleofsize 1 from P. ThenforA∈A

P(X<EA)-Q(A).

Let Xi,�"�"�", Xn be a sample of size n from a distribution P chosen from a Dirichlet

process. Then, as stated in Korwar and Hollander [31, we can view the observations Xi,

X左as being obtained equentially as follows : Let Xi be a sample of size 1 from p

having obtained xi, let X2 be a sample of size 1 from the conditional distribution P

given X¥ ; and so on until Xu -�"サXnare obtained. Thus we have the following lemma,

which is essentially similar to the statement of Zehnwirth [5], p. 16.
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Lemma 1. 2. Let P be a DiriMetprocess on (X9A) with parameter α and let X¥,　Xn

be a sample of size n from P. Then we can view as follows : X¥ has the distribution Q and for

t¥j　-L9　　nrl, the conditional distribution of Xk+¥ given Xi,�"�"�", Xn is the distribution (MQ(#

+∑給;j{-)) I (M+k), where for x∈X, Sx denotes the measure on {X,A) giving the mass one to

thepointx.

In Section 2, we evaluate expectation of a function of a sample, Xu -�"サXi, from a

distribution chosen from a Dirichlet process, E/i(Xi, '-, Xn), for a measurable function

h under certain conditions. In Section 3, we shall give some properties of a sample,

which yields Proposition 3 0f Antoniak [3] as a special case. Furthermore we shall give

the conditional distribution of a sample, which yields Theorem 2.5 0f Korwar and Hoi-

lander [3] as its corollary. Finally we evaluate expectation of a random functional of a

Dirichlet process. The evaluation is essentially as same as Lemma 5 of Yamato [4].

2. Expectations of functions of samples

From Lemma 1.1 a sample of size 1, Xu from a distribution P chosen from a Dirich-

let process on (X9A) with parameter a has the distribution Q. Therefore if the integral

x)dQ(x) exists for a real-valued measurable function h defined on ¥X,A)9　then

Eh(Xl)-♪ ,x)dQ(x).　　　　　　　　　　　　　　(2. 1!

(X71^71) denotes the ft-fold product of measurable space (X,A) for n-2, 3,�"�"�". Let

Xu X2 be a sample of size 2 from a distribution P chosen from a Dirichlet process on

{XiA) with parameter a. Let /l(Xi,X2) be a real-valued measurable function defined on

{X2,A2) and symmetric in xi, x2. We suppose that the integrals

andh
Jx

I /i(xi, x2)dQ{xi)dQ{x2)

xi, Xi)dQ¥xi) exist. Since by Lemma 1.2, given Xu X2 has the distribution

(MQ(-)+Sxl( /(M+l),

E[h(Xu X2)¥Xl]-¥ Mjh(Xl, x,)dQ(xt)+h(Xu X)|/(M+1),

whereh{xu
Jx

x2)dQ{x2) exists and is integrable by Fubini's Theorem. Since X¥ has the

distribution Q by Lemma 1.2 and there exists expectation of the right-hand side of the

above equation,

EhiXuXt)

-|MjTMx,, xt)dQ(xl)dQ{xt)+[h(xu xi)dQ(xi)|/(M+l) (2.2)

In general we have the following

Theorem 2.1. Let h(x¥,�"�"�", xn) be a real-valued measurable function definedon (X71, An)

andsymmetric in xi,�"�"*, Xn. Let Xu -*> Xn be a sample of size nfrom a distribution chosen

from a Dirichletprocess on (X, A) withparameter α　Then
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Eh(Xu -, Xn)

∑s{T,imU)= n)
n!M∑m{i)

nutv i'(m
1?　9　XimU)*　X21, X21, '", X2m(2)<>

2.3

^2m(2)9　-i�"^ni9 *"*サXniJ-U-i=¥J~L警¥dQ(Xu)

provided all integrals of the right-hand side exist. Where M　-M¥M+¥)-(M+n-1) for a

positive integer n, ∑S(∑ima)=n) denotes the summation over all sequences of n non-negative integers

ra(l),�"�"�", m{n) satisfying ∑%iim{i)-n and in the arguments of the integrand of the right-

handsidethenumberofxu is ifor i-¥,�"�"�", n and.7-1,�"�"�", m¥i)

Proof. We shall prove Theorem by induction for a positive integer n. It is shown

in (2.1) and (2.2) that Theorem holds forn-l, 2. We assume that Theorem holds for

nゝ2 and show that Theorem holds for n+1.

Let h(xu '""サOCn+i) be a real-valued measurable function defined on {Xn+¥ An+l) and

symmetric in xv,�"�", xn+i. We suppose existence of all integrals of the right-hand side

of (2.3) for n+1 instead of n. By Lemma 1.2, given Xu�"�"�", Xn, the conditional dis-

tribution of Xn+i is {MQ(-)+∑芋_,tf*,(-))/(M+n) and

E[/l(Xi,�"�"', Xm Xn+¥)¥Xu *�"�"サXn¥　　　　　　　　　　　　　　　　　　(2.4)

-冊jlliXi, -'Xn9 Xn+i)dQ(xn+i)+∑Uh(Xu -, Xn, Xj)¥l(M+n),

where the integral

Theorem.

Since

yields

xn, xn+i)dQ{xn+i) exists and is integrable by Fubini's

(xi,�"�"�", xn9　Xn+¥)dQ(xn+¥) is symmetric in Xi,�"�"�", xn, the assumption

ME/hiXu�"�"�",Xn,xn+l)dQ(xn+l)l(M+n)
Jx

∑s(Y¥im(i)=n)
n!M∑m(i)+¥

IIU iMIXm( iW' 1, …9　3C¥m(¥)>　X21, X21, ‥,

2.5

3C2m(2)i3C2m(2)i"-サォ｣m***"サXniiXn+i/iii=iii警¥dQ(xu)dQ(xn+>)

whereallintegralsoftheright-handsideexistbytheassumption.

Notethatg{xu�"�"�",xn)-∑7-iMx,,-xn9Xj)ismeasurablefunctionon(Xn,An)

andsymmetricinxi,�"�"�",xn,andg(xn,"-サxm(i),x2i,x2U'-,X2m(2),x2m(2),"-,x^
蝣mサ
3Cni)∑'/ivXn,�"�"*,XimdhX21,｣211-'fX2m(2)yX2m(2),-*サXnu*->ォ^niサx),whereinthe

summation∑xtakesxn,^1771(1)93?21*Xl¥)^2771(2)?^2771(2)9-0CnOCn

Thereforetheassumptionyields

E∑ MXu -, Xn, XMM+n)

-Eg(Xu -, Xn)(M+n)

∑S(∑im(i)=n)
n!M∑m(i)

27?., iw"(m( i)!)M<i

(2.6)
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md)h¥xiu -9 OCim(l)iォ^21i 3C2H ***>サ^2TO(2)9 <^2m(2)9

xn¥i -*9 OCnii X¥i)lli=iii警.dQixt.

m(i)ll¥X¥li "##9　^lm(l)サ　^21, X21, "*9　X2771(2)? ^2771(2)9

j OCnij -　OCm, X2¥)IIi=¥II警主dQ(xtJ)

+(n-1 m(n-1)LEmt)h¥xiu Xn-¥,¥)　Xn-1,19　　Xn-¥,m{n-¥h

ocn-i,m(n-i)* OCn-1,1)-LL i=iii警¥dQ(xu)

･nm(m)j^mtMx-, -, xm, xm)dQ(xm)¥,

where if m{n)=hO then m(n)-l and m(l)--->-m(n-1)-0.

A S6t　¥Xn,　, OC¥m'(i)i　^2H　ォ^2H　　サ　*E2m'{2h　ォ^2m'(2)9　***サ　Xn+i,iサ　　9　Xn+1,1) With

∑liiim′U)-71+1 can be obtained from some of sets (xn,�"�"�", xm(i), x2i, x2i, -? Ximm,

ォ｣2m<2u ***, Xm, -, xn¥) with ∑%¥im{i)-n by the following ways.旧: A new variable

enters and m(l)-m'(l)-1,　m(2)-m'(2),　�"�"�",　m(n)-ni'{n)9　m'(n+l)-O,

∑?_,m(i)+l-∑?=i77z'U), which is seen in arguments of the integrand of the right-hand

side of (2.5). 12} : One of xn,�"�"�", Xim(i) enters again and m{l)-m′(1)+1,

m(2)-m′(2ト1, m(3)-m′(3),  , m{n)-m′(n)9　m′(n+l)-O, ∑?=,mU")-∑naim′(*蝣),

which is seen in arguments of the integrand of the first integral of the right-hand side of

2.6).畑　　One of x2i, X21,�"�"�", x2fiK2)9　x2m(2) enters again and m(l)-m′(1),

m(2)-ro'(2)+l, m(3)-m'(3)-l, m(4)-m'(4),　　　　m{n)-m'{n), m'{n+l)-O,

∑Um(i)-∑?-+.1m′U), which is seen in arguments of the integrand of the second integral.

ift-1}:Oneofxn-i,i,�"-,xn-i,i,�"�"�",xn-i,m(n-i),�""�",xn-i,mm-¥)entersagainand

ro(l)-m'(l),m(n-2)-m¥n-2),m(n-¥)-m'{n-1)+1,m{n)-m'{n)-1,

m′n+l)-O,∑Um(i)-∑n+1-
i=iTil′(i).Forn≧2,ifm(n-1)≠Othenm(n)-O.Thisis
seeninargumentsoftheintegrandofthethirdintergraloftheright-handsideof(2.6).

届:Oneofxnu-"サXm>whosenumberisn,entersagainandra(l)-ra′(l)-0,

m{n-1)-m′(n-1)-0,m{n)-m′(n)+l,m′(n)-0,m′(n+l)-l,∑?-iTO(i)-∑naim′U¥

whichisseeninargumentsoftheintegrandofthelastintegral.

Thereforefrom(2.4),(2･.5),(2.6)wehave

E/l(Xi,-�",Xn+i)

-|MEfh{Xu�"�"�",Xn,xn+1)dQ(xn+,)+E

Jx∑%MXu-,Xn,XMKM+1)

∑S(∑im'{i)=n+¥) ･(j)/i(Xn,
m'(i)-9OCim'(i)i3C2iiX2iサ**%X2m'(2)i

ォ^2m'(2)サX,'71+1,1>Xn+hi)II賢.1H警wQixu)

n!M∑m'(i)

m:! imi¥m'U)l)M(n+1)
m'(l)+

2m'2)

m'1+1
x m'l+1+



∑

Expectations of Functions of Samples from Distributions Chosen

2(m'2+l
×2(m′(2)十1)+-+

(n+l)!MEmW

S`∑抑'-桝mzHmi¥m′(i)¥)Mm+

nm ¥ri)

n-lXm'n-1 +1

十

x(n-lXm'n-D+l

n+l)m'(n+l
n{m'(n)+l)

×n(m′(n)+l)

l,�"*', X¥m'(i)y X21, X21,蝣"*,

3?2m'(2)9^277l'(2)?Xt蝣n+1,1?-OCn+i.i)Ui=ill警UQ(xu),

where∑S(∑im'U)=n+¥)denotesthesummationoverallsequencesofn+1nonnegativeinte-

gersm'(l),�"�"�",m′(n+1)satisfying∑lllim′i)-n+landinargumentsoftheintegrand

thenumberofxtjisifori-l,-n+1andJ-l,-,m′u).Thusthetheoremis

proved.

WecanrewriteTheorem2.1inthefollowingform,whichisseenusefullater.

Corollary.

EhiXu-,Xn)

∑n14= 1∑昭,(…

JXU

n¥M"

nU(Kt(r(D, -　r(umnr-Mi)M-

h(xu xu -　%u? -xJtfiL.dQx,,

where∑瑠ni)-n)representsthesummationoverallsequencesofuintegersr(l),�"�"�",r(u)such

thatl∠r(lU∠r(u)and∑?.,r(i)-n,KlriD,-r(u))isthenumberofjsuchthat

T¥j)-i(.7-1,�"�"�",u)forpositiveintegersu,i,r(l),�"�"�",r¥u)andintheargumentsofthe

integrandoftheright-handsidethenumberofxtisr{i)fori-l,�"�"�",u.

3.Applications

Weconsiderafunctionhsuchthath¥xuX2)-lifXi-x2and-0ifxi#=x2.LetXu

X2beasampleofsize2fromadistributionchosenfromaDirichletprocesson(X,A)

withparametera.ThenEh{XuX2)-:P¥Xi-X2)andby(2.2)wehave

p(Xx-X2)-¥MfdQ(xl)dQ(x2)+¥dQ{xx)|/(M+1)(3.1]

Jx¥=x2JX

-iM∑x∈>Q2(kI)+1(/(M+1),

whereDisasetofdiscontinuitypointsofthedistributionQ,whichisatmostcountable.

Ingeneral,weconsiderafunctionhsuchthat/l(xi,�"�"�",xj-lifxi-'--Xnand-0

otherwise.ThenbyTheorem2.1wehavethefollowing

Proposition3.1.LetXu-Xnbeasampleofsizenfromadistributionchosenfroma

Dirichletprocesson(X9A)withparameterαThen

P(Xi---Xn)(3.2)

-∑'S(∑im(i)=n)in!M∑m(i)∑x∈DQ∑m{i)(xけ/nU(m(i)Uma))Mm¥+(n-1)¥MIM[''

wherethesummation∑′叱imu)=n)istakenoverallsequencesofnnonnegativeintegersra(l),
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m{n) satisfying∑"im!i)-n, except for m(l)-----m(n-1)-0, m(n)-l.

Now we shall consider the case that a is nonatomic. For positive integers ft, u,

and a sequence of u positive integers r(l), -, r¥u) such that l∠rl ∠･･･∠r(u) and

∑?-Mi)-n, R(r(l), -　r{u)) consists of points in X71 and is defined as follows; (xi,

xjEjR(r(l),�"�"�", r{u)) implies that r¥i) values of x are equal and different from the re-

mainders for &-1,�"�"*, U and (x/,�"�"�", xnjbelongs to i?(r(l),�"�"�", r(u))foreach permuta-

tionofxu�"�"', xn, X¥¥�"�"�", xw'. For(xi, x2,�"�"*, xJEj?(r(l),�"�"�", r(w)),wedenote xu

x2,�"�"*, xnby yu�"�"�", yu 2/2, *�"% 2/2, <##, Vu, '-, 2/wneglecting theorder, where thenum-

berof yt′5is r(i)for i-l9 2, -　u. If there are samevaluesin r(l),

we define y's as follows; Suppose that r{k(l))-�"�"�"-r{k{j))-r for some k{l)<--<k(j)

and r¥i)≠rfori≠Ml, -　k¥j). If xsiD--　Xfliu Xs(2) ***　Xf(2)9　*-9　^S(j) ##*　Xf(j)

correspond to ymh ym), '�"�"<, Vm, respectively, then min(s(l),�"�"�", t(l))<min(s(2),

i(2))<�"�"�"<min(5(j),�"�"�", t(j)). For example, we consider the case of n-5, u-3,

r(l)-l, r(2)-r(3)-2. For (Xi, x2, x3, x4, X5)^JR(1, 2, 2) and Xi#=X2-x3=#X4-x5,

2/i-Xi, y2z-x2, Vz-Xi. For (xi, x2, x3, x4, X5)^i?(l, 2, 2) and X3#=Xi-X4+X2-X5,

2/i=x3, y2=xu yz=x2.

Forasampleofsize n, Xu -, Xn, suchthat(Xu "�"�"サXn)^R{r{l),�"�"�", r(w)),wede-

note itby Yi,�"�"�", Yi,�"�"�", Yu9 '-Yu, neglectingthe order. Yu -¥　Yudenotes thedis-

tinct observations in the sample. In case that there are same values in r(l),�"�"�", r(u)

we define Y's by the same method to y S.

Proposition 3.2. We suppose that a is nonatomic. Then for positive integers u, r(l),

-　r(u) satisfyingl∠r(l)d-^r(u), ∑?r{i)-n andanysetAt∈A(i-l,�"�"�", u).

P(Yt∈Ali-¥.�"�"�", u), (Xi,　Xn)∈R(r(l), -, r(u)))　　　(3.3)

-n¥MunUQ(Ai)lnU(Ki(r(l), -, r(u))¥)nt,r(i)M{''

Proof. We take a symmetric function h such that h{xu　�"�"�", xj-l z/ (xi

xn)∈R(r(l), -, r(u)), yt∈At(i-l9　�"�"�", u) and　-0 otherwise. Then Eh[Xi, -,

Xn)-P(Yt∈Ai(i-l,�"�"蝣�", u), (Xu Xn)∈R(r{l)9�"�"*, r¥u))¥　Thus by nothing that α is

nonatomic, we have the proposition from Corollary of Theorem 2.1.

If we take ht-X for i-¥　�"�"�"　u in Proposition 3.2, then we have the following

corollary, which is essentially as same as Proposition 3 0f Antoniak 【1].

Corollary. Ifa is nonatomic, then

P((Xu -, Xn)<ER(r(l), -, r(u)))

-n¥Mu nU(Ki(r(l), -, r(u))MたMi)M"

3.4

Theorem 3.1. Wesuppose thatα is nonatomic. Given(Xi, -', Xn)∈R(r(l), -, r(u)),

Y., -　Yu are independent and identically identically distributed with the distribution Q.

Proof. For any At∈A(i-l,�"�"�", u), by Proposition 3.2 and its corollary we have



Expectations of Functions of Samples from Distributions Chosen

P(Yi∈At{i-l,　u)¥(Xu -　Xn)∈R(r(l), -, r{u)))
I

-m=lQ(Al).

(3.5)

Note that the conditional probability given by (3. 5) depends on a positive integer u

and is constant for all sequences of u positive integers r(l),�"�"�", r{u) satisfying

ldril)∠-∠r(u) and ∑?=1r(i)-nwithfixed u and n. Thus

P(Y,∈At{i-¥,　u)¥∪ '¥(Xu -, Xn)∈R(r(l), -, r(u))¥)-n?=1Q(At

where U* is the union over all sequences of u positive integers r(l),�"�"�", r{u) suth that

l∠r(l)∠･･･∠r{u¥ ∑ lr(i)-n with fixed u, n. The event U当v-Ai, ###, Xn)∈R(r(l),

r{u))¥ denotes that the number of distinct observations in the sample Xu�"-, Xnis u.

Therefore we have the following corollary, which is Theorem 2.5 0f Korwar and Hollan-

der[3】.

Corollary (Korwar and Hollander [3】). Given the number of distinct observations in the

sample, u, Yu *�"�"サ　Yu are independent and identically distributed with the distribution Q.

Finally, by the use of Corollary of Theorem 2.1 we shall prove the following prop-

osition 3.3, which is essentially as same as Lemma 5 of Yamato [4】.

Proposition 3.3. Let h¥xu '-サ　xj be a real-valued measurable function defined on

[X71^71) and symmetric in xu -*, xn. Let P be a Dirichlet process on (X, ^4) with parameter

a. Then

h(xu�"-, XrjnUdPixt)

-∑n　∑s(E"Hi)=n)
n¥Mu

Z7?-i ffi r 1 , -, r{u))mUr(i)M(71)

Jh(xu

provided all integrals of the right- hand side exist.

�"�"�", Xi,�"�"*, xu? -*ォ　Xyjlli=idQ¥xi)i

(3.6)

Proof.LetXu'-,XnbeasampleofsizenfromadistributionP.SincegivenP,

Xu#->XnareindependentandidenticallydistributedwiththedistributionP,

Ih(xu-,xJi7?-,dP(x()-E[/i(Xl,-,Xn)¥pI

x"

TakingexpectationofthebothsidesoftheaboveequationandapplyingCorollaryof

Theorem2.1,wegetthedesiredresult.
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