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Abstract

The present paper is a complete version of the lecture 【2】 presented by the authors to

"Romanian-Japanese Colloquium on Finsler Geometry" held in Romania during 15-25 Au-

gust, 1984. We discuss non-symmetric generalized Finsler metrics, and especially consider

the problem of existence and arbitrariness of Finsler connections compatible with such a

metric.

Introduction

As a generalized metric a non-symmetric tensor field gu¥≠gji) has been treated by

some authors. For example, in order to obtain a unified field theory, A. Einstein 【6】

started from a (complex) tensor field gu with Hermitian symmetry gu-gjt. Also L. P.

Eisenhart 【7] discussed a non-symmetric tensor field gu¥x) as a generalized Riemann

metric, and tried to solve a problem to find the set of all linear connections compatible

with such a metric. R. Miron-Gh. Atanasiu 【161 considered the problem of existence and

arbitrariness of such connections, and solved Eisenhart s problem in a natural case.

The purpose of the present paper is to discuss a non-symmetric Finsler tensor fieid

8u(x*y) and to obtain the Finslerian results corresponding to 【16】. As a generalization

of a generalized Finsler space (R. Miron [15], M. Hashiguchi [11]), we shall call a space

associated with such a generalized metric gtj¥X9y) a g. g. space or a supergeneralized Fins-

ler space, which is hoped to be interesting for physicists. The problem of existence and

arbitrariness of Finsler connections compatible with such a metric is reduced to the

study of a system of tensorial equations (Theorem 4.1), and in a natural case a condition

that such a Finsler connection exists is given (Theorem　4.2, Theorem　4.3), and

Eisenhart's problem is solved (Theorem 4.3, Theorem 5.1).

Our motive to the subject is a generalized Finsler metric g.u¥x9y)-e ax'y)yu¥x) con-

formal to a Riemann one yu¥x) (S. Ikeda 【121, S. Numata [191 S. Watanabe 【211, S. Wata-

nabe-S. Ikeda-F. Ikeda l221 etc.). If we take Eisenhart's generalized Riemann metric as

Yu, we have an example of a g. g. space. And the research is in line with Gh. Atanasiu

【11, Gh. Atanasiu-B. B. Sinha-S. K. Singh 【41, R. Miron 【15】, M.Hashiguchi 【10, 11】, and R.

Miron-M. Hashiguchi [17, 18]. For a non-symmetric tensor field gu we have a symmet-
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rictensorfieldguandanalternateoneァufromthesplittinggu-gu+%u.Thusthe

studyofguisreducedtothestudyofthepair{gu,Ru).Thestudyofacomplextensor

fieldguwithHermitiansymmetryisalsoreducedtothestudyofthepair(sw,aiD)ofa

symmetrictensorfieldSuandanalternateoneau,wheregu-su+√∃a>u.

Interestingly,themethoddevelopedinthepresentpaperisalsoapplicabletothepairof

twosymmetrictensorfields,whichwillbeinvestigatedinourappearingpaperl3】.

TheterminologyandnotationsarereferredtoM.Matsumoto'smonograph【14】.

AndwealsousesomeofnotationsinEisenhart【7]andMiron-Atanasiu【161undersome

modifications.InmatrixnotationsA-{(lu),B-{blJ),C-ic))wealwaysassumeiand

∫denotetherespectivepositionsoftherowandthecolumnofthecomponent.Thus

b"aJk-c左andaubjfc-c㌘areexpressedasBA-CandAB-Crespectively,where

CdenotesthetransposeofC.

1.Thenotionofg.g.metric

LetMbeann-dimensionaldifferentiablemanifoldofclassC--,andx-(xl)and

y-{yl)denoteapointofMandasupportingelementrespectively.Anon-symmetric

Finslertensorfieldgu{x9y)oftype(0,2)onMisuniquelyexpressedbythesumofthe

symmetricpartgtAx.y)andthealternatepartgu(x9y):

(1.1)siJ-&U-¥-8iJ¥SiJ-Sj'i9SiJ--gjt)-

Thenotationsgij9gij9whichwereoriginallywrittenasgu*gybyEisenhart【71,willbe

usedinthefollowingwithoutcomment.●

Wedefineag.g.space(orasupergeneralizedFinslerspace)(M,gu)asaspaceM

associatedwithanon-symmetricgudefinedby

Definition1.1.AFinslertensorfieldguoftype(0,2)onMiscalledag.g.metric

(orasupergeneralizedFinslermetric)ofindexfe,ifitsatisfies

1)det(gw)=/=O,

2)rank(Su)-n-k-2pl

whereft,pareintegersandO≦k<n.

TheFinslertensorfieldgudeterminesageneralizedFinslermetriconM.The

matrix(gw)hastheinverse(g),butthematrix(gu)isnotregularexceptforaremark-

ablecasek-0.Soingeneralweshalldefinesomematrix{g)suchthat(g)=z(ァij)

forthecasek-Q.If/c>Oand(gu)ispositive-definite,thenoneachlocalchartthere

areexactlykindependentFinslervectorfieldsff,-,Eをwiththeproperties

(1.2)guJa-O,gijS措-S&(a,6-1,k).

IntroducinglocalFinslercovectorfields

(1.3㌢-gtjSa(a-l,-,k),

wedefinelocalFinslertensorfieldsI)andm)oftype(1,1)by

(1.4)Ij-S｡Vj,m)-S)-Eと沼(summedfora).

Remark1.1.Incaseofk-Oweput/}-0,ml
j-8l
j.Incaseofk>0,if(gu)isnot
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positive-definite, we assume that there exist exactly k independent Finsler vector fields

a -, f左with the properties (1.2).

On the other hand, if ¥gu) is positive-definite, then {gu) is also so, but in case that

(gu) is not positive-definite, (gu) is not necessarily regular.

Thenwehavefrom (1.2), (1.3), (1.4

(1.5)　　　　　　　　　　sijlk-0, ^ijTRjz-^jfc,

(1.6)　　　　　　　　　　　　　　　　　紘　vfmJk-O,

(1.7)　　　　　　　　gijlJk-∑り㌢紘　sijWlk-&ik　∑り㌢沌
α                            α

(1.8)　　　　　　　　VjgJk-∑Eとa ra^*-g"-∑EとEZ.

The formulas (1.7), (1.8) show
α　　　　　　　　　　　　　　　　　　　　　　　　　　　　α

サ

Proposition 1.1. guli, gumi, tig and m)gjK are symmetric with respect to the in-

dices ly k respectively.

Now, for the module X of Finsler vector fields on M, we consider two submodules

g and〟:

(1.9)　　　　　　　　　K-¥SJ∈x¥sup-o¥,

(1.10)　　　　　　H-ほj∈x¥guPJJ-0-for all f∈KL

K is globally defined as the kernel of the mapping gu: ｣J-ァuSJ. H is orthogonal to

K, and is also globally defined. The Finsler distributions K and H are called the ker-

nel distribution of gu and the orthogonal distribution to K respectively. Since K is gener-

ated byはat, we have the following Propositions.

Proposition 1.2. The following three conditions are mutually equivalent:

(1)　?'∈H,　　　　　(2)　がr-O,　　　　　(3)　ォr-O.

Proposition 1.3. The following system of equations has the trivial solution XJ-0 only :

(1.ll)　　　　　　　suXJ-O, tfX'-O (a-l -. k).

Now we have from (1.5), (1.6) and Proposition 1.2

(1.12

and we have further

(1.13

(1.14

(1.15

ll
jXJ∈K,m¥XJ∈HforanyXJ∈X,

l¥+m¥-81
u
fili-l**mjmJk-mlk,ll
jmJk-mjli-09
gul*m7-0.

It is shown from (1.12), (1.13), Proposition 1.3 and (1.10) thatg and 〟 are sup-

plementarily orthogonal:

(1.161　　　　　　　　　　x-K+H, KnH- 0

(1.17)　　　　　　　　guァT-Of or any f'∈K, r∈H.

Then (1.12), (1.13), (1.14) show that I), m) are locally the projectors from X on K

and 〟 respectively. From the uniqueness of the projections, however, they are inde-
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pendent on the choice of fa. Thus ZJ, m) are globally defined, and are the orthogonal

projectors from X on K and H.

In the following we shall sometimes use matrix expressions. Putting g-{guh

g-(su¥ i-(紺,り-iv% l-(lj), m-{m)¥ and
(1.2)-(1.8) are expressed as

(1.2′)

1.3′)

1.4′)

(1.5′)

1.6′)

1.7′)

1.8′)

｣-(Sサ), (dj), etc., the formulas

gi-O, '&S-S,

tり-tf.

l-E7　m-S-i,

$1-0, Sm-S,

りァ-*,りl-?,りm-0,

l- m> gm-g一古m,

te^ff, mgr*-g-?s,
and (1.13)-(1.15) are expressed as

1.13′　　　　　　　　　　　　　　　l+m-S,

1.14'　　　　　　　　　I-I, m-m, lm-ml-O,

(1.15')　　　　　　　　　　　　　lgm-0.

And Proposition 1.1 is expressed by

(1.18)　　　　gl- 1g, gm- mg, lg~l-g~"I, mg-1-g-um.

In order to get some regular matrix from gy we extend g to the alternate (n+k9

n+k -matrix

g-(冒-'v
The following system of equations, with respect to unknown column vectors A, i, has

the trivial solution X- Y-0 only:

(冒-lv x -0,i.e.,言x一霊=O,
In fact, multiplying gX-1りY-0 by *f, we get 7-0 from (1.2′ , 1.6′),and then we

get X-0 from Proposition 1.3. Hence g is regular. Since the inverse of an alternate

matrix is also alternate, the inverse g has a form
(

and y are alternate. From gg 1-^we have

(1.19)　　　　　　　　　　　r-<5"- U?), j#-O,

(1.20)　　　　　　　　　　8人｣叫-0,り入-6.

Since (1.20) is equivalent to g(A-?)-　ワリ-0,

above we have y-0 and入-f, and (1.19)

equivalent to #｣- m, lg-0. Thus we have

r'-
(

g

-tE

where the alternate matrix g-{gJ ) is given by

g　入

-t入　レ
where the matrices g

り(A-f)-0, in the similar way as stated

becomes #｣==｣- (ftf), V&-0, which is

)�"
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.
a

Proposition1.4.gMg"氏)isuniquelydeterminedby

(1.21)r-*rnlg-O.

Sinceg*isuniquelydeterminedbytheglobalequations,itisindependentonthe
＼
choiceofJl
a9andgloballydefined.Especially,ifk-0,then1-0,m-Sandg-ァ

Remark1.2.Inthepapers[1,16]gisgivenby#g-'m,/g-0anddiffersinthe

sign.

Remark1.3.InDefinition1.1itisassumethatguisreallynon-symmetric(gu≠0,

i.e.,A:<n),buttheabovediscussionsholdstillgoodforthesymmetriccase(#m-0,i.e.,

k-n.Thenり-｣一�",l-S,ra-Oand｣-0.

0ntheotherhand,thealternatecase¥gu-0)wasinvestigatedasanalmostsym-

plecticFinslerstructurea'u(Miron-Hashiguchi[18],A;-0)andanalmosthorsymplectic

Finslerstructure(gij977?,｣訟(Atanasiu【1],k>0).

2.Obata'soperatorswithrespecttoag.g.metric

Forag.g.metricguwehaveObata'soperatorsA,A([15日201)withrespectto
I2
thecorrespondinggeneralizedFinslermetricgu:

(2.1)張-i(榔&&l'¥Air--(
rlr¥榔+gsjgir).
1ムI-2
ThesehavethesymmetryAI

Jj-Ajls(α-1,2),andactonatensorfieldKoftype(1,2)

αα
aS

(2.2)UKYjたAirlrs
-/is./Ar允(α-1,2).
αα

Since[AAKYjk-A%A完㌢Km*theproductAAisdefinedby

αβαβαβ

(2.3(AA)諺-AZA完竿(α,β-1,2).

αβαβ

Proposition2.1.A,AarethesupplementaryprojectorsonthemoduleT去ofthetensor

fields of type (1,2):
1　　　2

(2.4)　　　　　　　　　　　　　　A+A-I,
1    2

(2.5)　　　　　　　　　A2-A, AA-AA-O (a-l,2),
α    α   1 2   2 1

where I is the identity given by dと8,T : IK-K.

Further, with respect to the alternate part gui we introduce the operators ¢, ¢ :
I   2

(2.6)　紹-i(W+ &/;-S*,*"蝣),紹-i(榔- iW+gsjiTIX L,　　　　　　　　　　　　　　　　　　　　　　　　　　2

These have also the symmetry

(2.2). If we define the product

2.7

E
≠
w
s
r
e

h
3
¢n/
js¥α-1,2),andactonT…inthesamewayasm

f the operators in¥the same way as (2.3), we have
●

¢+¢-∫,
1　　　2

ノ
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(2.8)　　　曽2-普-ie照-留-Ie (α-1,2),
where ♂ is the operator defined by

(2.9)

Since ♂ satisfies

(2.10)

ifwemodify ¢ by

(2.ll)

we have

α

1

紹-÷UiraJ+涙a

o0-00-02-Io (α-1,2),α       α

0-¢-♂, 0-¢+♂,
1　　　1　　　　　　　2　　　　2

Proposition 2.2. 0, 0 are the supplementary projectors on the module T圭:
1   2

(2.12)　　　　　　　　　　　　　0+0-∫,
1    2

(2.13)　　　　　　　　02-0, 00-00-0 (α-1,2).
α    α          2 1

0, 0 are expressed as
1　　　2

2.14
nir-i(8弼一拙一騨+3/iZJ-WT),I

015-i(W十拙+騨-z iUl+gsjg-),2

which are the operatorsやZ of the structure {su,扉, Eと) of Atanasiu [1] (cf. Remark

1.3).

For later use it is noted

Proposition 2.3. 0 satisfies
I

(2. 15　I㌻gsjO完竿-0,
1

From (2.10) we have

(2.17)

(2. 16)　IとmJO完警-0.
1

0β-β0-0, 0β-β0-♂.
1　　　　　　1　　　　　　　2　　　　　　　2

6 is commutable with ¢ and 0. Paying attention to Proposition 1.1, it is directly veri-
a        a

fied that 6 is also commutable with A¥
α

(2.18)　　　　　　　　　　　Aβ-βA (α-1,2).
α　　　　　　　α

ハ
U
α

r0n
J
の
r
α

otN

(2.19)

is necessarily commutable with A. For example,
rォ

4(A ¢ - ¢AYrS - gsjgrSnrgSm - gsjg^gnrg�".
ォ^^Hサ

From (2.4), (2.7), (2.ll), (2.12) and (2.18) wecanshow

Proposition 2.4. The following eight commutativities hold, if any one of them holds

(2.20)　　　　　　　A¢-¢A, A0-OA　α,β-1,2).
α β   β α   α β   β α

We shall here give some results about the tensorial equations. Let X^T2 be un-
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known, and ｣/, V and W^T2begiven.

Proposition 2.5. AX-zO has solutions, and its general solutions are given by X-AY,

where Y^ Tl is arbitrary.

Proposition 2.6. The following two equations are mutually equivalent

(1)　¢X-W,　　　　　　　　(2)　OX-W+20W.

Proof. Multiplying each of(1) and (2) by 6 we have 6X-26W. Thus the proof of
Proposition 2.6 follows from (2.ll).

Theorem 2.1. Let us suppose A0-OA. The system of equations
iHI臼i]

(2.21)　　　　　　　　　　　　AX-U, OX-V
2           2

has solutions if and only if

(2.22)　　　　　　　　　AU-O, OV-0, OU-AV,
1　　　　　　　　　1　　　　　　　　　2　　　　　　2

●

and then its general solutions are given by

(2.23)

or equivalently

(2.24)

where 7E T2 is arbitrary.

X-U+AV+AOY,
I      1 1

X-V+OU+OAY,
1　　　　　1 1

叫

Proof. The necessity (2.22) is obvious from (2.5), (2.13) and (2.20). Now, let us

assume (2.22). Since AX-U is equivalent to A{X-U)-09 so AX-JJ has the solu-
2                             2                   2

tions X-U+AY by Proposition 2.5. X is also a solution of OX-V if and only if
I                                                          2

OU+OAY-V, as follows from (2.12) which is equivalent to U+AY- V+OU+
2      2 1                                                                       1            1

OAY. Thus X should have a form (2.24). In consequence of the lastof (2.22) this is
1 l

also expressed as (2.23). And it is evident from the forms of (2.23) , (2.24) that such

a tensor field X satisfies (2.21) really.

3. Natural g. g. metrics

In the proof of Theorem 2.1 the assumption AO-OA is essential, and it seems
1 1    1 1

natural to continue our discussions under the assumption.

Definition 3.1. A g. g. metric is called natural if the commutativities (2.20) hold.

Theorem 3.1. A g. g. metric gu is natural if and only if there exists a non-vanishing

Finslerfunction ju such that

(3. 1)　　　　　　　　　　　　　　&u-Mgu,

where gtJ- gtrgjagr

Proof. Because of (2.19) it follows that A¢-組is equivalent to gsJghrznrg3"1

gsjg^gnrg3�", whose contraction by gimgth implies

(3. 2)　　　　　　　　　　　gijgtn- gtngij.

Since %tngit-m¥-n--k≠0, if we contract (3.2) by ^¥ we have (3.1) with ju-
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(gtng'l/in-k).Then/u≠0.Infact,ju-0implies&j-0,i.e.,grs-0,whichmeans

ml
j-Oandcontradictsk<n.
Conversely,if(3.1)holdsgoodforsome;tz(#=O),thenwehave(3.2),whichis

equivalenttoA¢-¢A.

1111

Remark3.1.ThegeneralizedFinslermetricgtjservesforloweringofindices.

Then(3.1)meansthatthetensorfieldguassociatetogrsisproportionaltogu.(3.1)

isalsoexpressedas

(3.10

SuggestedbyD.E.Blair-G.D.Ludden-K.Yano【5】andS.I.Goldberg-K.Yano【8,91weshall

givetypicalexamplesfornaturalg.g.metrics.●●

Definition3.2.InageneralizedFinslerspace(Af,gu¥letaFinslertensorfield

F-{FS(resp.P^P)))oftype(1,1),kFinslervectorfieldsfと(a-l,...,k)andk

Finslercovectorfields77?(cfc-l,...,k)begiven.

Theset(FJ,fと,路gu)iscalledan(F,f,?,g)-structureofindexkonM,ifit

satisfies

(3.3)F2--S+&,vF-O,F｣-0,りf-ff,lFgF-gJm･

Theset(P},｣と,ポgij)iscalleda(P,｣,符,g)-structureofindexkonM,ifit

satisfies

(3.4)P2-<?-｣7,VP-O,P｣-0,り｣-*,tPgP--g+tm.

Remark3.2.Incaseof/c-0,(3.3)and(3.4)areunderstoodtobeF2--<5¥

FgF-gandP2-<5¥PgP--grespectively.IntheformercasewehaveaFinsler

almostHermitianstructure.InthelattercasewehaveaFinsleralmostproductstruc-

ture.Hencethereexistsaneigen-vectorusuchthatPu-eu(e-アl).ThenPgP-

-gyieldsugu-O.Thusguisnotpositive-definite,whichwasnotedbyY.Ichijyo.

IngeneralcaseFandPsatisfyF--FandP3-Prespectively,andgiveexam-

piesofaFinsleralmost/-structureandaFinsleralmostproductstructure.

Theorem3.2.Letan(F.f,?,ghstructure(resp.a(P,f,?,g)-structure)ofindexkbe

givenonM.Ifwedefineg-{gij)by

(3.5)｣-‡gF(resp.g-‡gp)

forsomenon-vanishingFinslerfunctionc,thenguisalternate,andgu-gu+guisanatu-

ralg.g.metricofindexkonM.Inthiscaseju--c(resp.ju-c).

Proof.First,multiplyingFgF-g-lwbyf,wehavegf-*りandsolFg｣-

W)-0.Thus,multiplyingFgF-g-wbyFandmakinguseofF2--8+如,we

havelFg--gF,i.e.,%--S,whichshows%isalternate.

Now,letX-{Xl)beanysolutionofgX-0,i.e.,FX-0.FromF2--S+わwe

haveX-｣{7)X).HenceXlisalinearcombinationofSと(a-l,...,k).Becauseof

りf-0,｣とarelinearlyindependent.Thusrankg-n-k,andsogtj-gu+tfijisag.
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g. metricofindex k. Then F2--m, FgF-gm,where Z-｣りand m-S-L

If we put p--cFg ¥ then it is shown from the second of (1.18) that p satisfies

gp- m, lp-0. By Proposition 1.4 this p is nothing but the matrix g. Thus we have

g-- cFg~¥ from which the naturality ggg- - c2g follows.

In the other case the proof is given in the similar way. Then we have g-cPg

from which the naturality ggg- C g follows.

It is noted that the converse of Theorem 3.2 is true. Paying attention to the second
●

of (1.18) again, we can easily show

Theorem 3.3. Let gu be a natural g. g. metric of index k on M with some non-

vanishing Finslerfunction ju- - C (rest. ju- C2 ). If we put

(3.6)　　　　　　　　　F-cg~lg (resp. p-cg~lg),

or equivalents

(3.7)　　　　F- ‡ (resp.P-‡m
then the set {Fj9 Sと,ポ　gu) {resp. the set (Pj, Sと,ポ　gu)) is an (F, f,?,g)-structure

(resp. a (P, f,り, g)-structure) of index k on M.

4. Finsler connections compatible with a g. g. metric

An important problem concerning with a g. g. metric gu on M is to determine the

existence and arbitrariness of Finsler connections with respect to which gu is covanant-

ly constant. Here a Finsler connection FT is defined as a triad of a V-connection i v

on the linear frame bundleエ(〟), a non-linear connection N on the tangent bundle T{〟)

and a vertical connection Fv on the Finsler bundle F¥M). A Finsler connection having

N as the non-linear connection is denoted by Fr{N)-{Fゴto Ck), where F)先and C)k

are the respective coefficients of Fv and F. And the respective h- and f-covariant dif-

ferentiations of a Finsler tensor field are denoted by a short line and a long line, e.g.,
0                         0

gu¥k9 gu¥k (with respect to FF), gtA^ gwU (with respect to FF ), etc.
For later use it is noted

SE

Proposition 4.1. With respect to any Finsler connection Fl a g. g. metric gu satisfies

(4.1)

4.2

(4.3

(4.4

(4.5)

(4.6)

0
Jiirjsoa]ijris]r¥

00-ijrolrJio-llr¥7r/Mto

00mUl
a%-l皇jSo/yn-5/i-jiislki

%
ltljgral*-O,lr
itiKrs¥K-O,

0ssjE^r-¥k-0,KsjB汁l封:-O,

jSfrirg.0---
Lj｡ァrs¥k一路t｡h'｡Qrslk一鵜アk.

Proof. For a fixed subscript k we put 1-た-(#*), etc. Then from I2-l we have
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0        0     0

l-¥kl-¥-H-¥k-Mfcサl¥J+ll¥た-2 *, which imply

as

ll-lkl-O, ll¥kl-0,

0      0

m#*-/?*/, ml¥k-l¥kL
0          0

l-1km-ll-tk, l¥km-ll¥,

In the same way we have from ^/-0
0

*lg¥た1-0, fteU/-O,

0

?*｣-0, $1I ｣-0,

rol- Jol fr締--1¥kL
Thesearethematrixexpressionsof(4.1)-(4.6).

Definition4.1.Letgubeag.g.metric.AFinslerconnectionFTiscalledcom-

patiblewithguifgtjiscovanantlyconstant:

(4.7)gtm-0,gォU-0,

●0requivalently

(4.8)&ij¥k-0,ァij¥k-0,(4.8′gij¥た-0,Su¥k-0.

Proposition4.2.WithrespecttoaFinslerconnectionFFcompatiblewithag.g.metric

gij,thetensorfields1),m),glJandglJarecovanantlyconstant:

(4.9)た-0,mi,氏-0,(4.9′l)¥た-0,mJU-0,

(4.10)giJ¥た-0,｣",*-<),(4.10′)6I*-0,g¥k-0.

Proof.SinceffoJi-0,gu｣措-Sab,wehavegV/fai*-O,gu牀最i+gu｣措*-O.

Hencef｣,允isexpressedas%Ja¥k-hcak%Joanditholds櫨+hik-O.Thenり?-gjr｣芸

impliesvj¥k-gjrS芸Iie-Sjrh‰牀l--hZkVj-Thuswehavelj¥k-｣と*r)?+i摘た-0,andso

m)lk…-Vj¥k

u-A‡0.

sevident.Bu¥k-0isalsoevident,sincegrs^-miandli
s^SJ=｡imply
mとr,氏-0andIとrj,た-0respectively.

(4.9′and(4.10′)aresimilarlyproved.

InordertodeterminetheexistenceandarbitrarinessofFinslerconnectionscom-
re
patiblewithag.g.metricgu,westartfromanarbitraryFinslerconnectionFi9and

generalizetheso-calledKawaguchimethod[13]tothesupergeneralizedcaseasfollows.

Inthefollowingwefixanarbitrarynon-linearconnectionN.

000
Theorem4.1.LetFF{N)-{Fl
j^C5*)beafixedFinslerconnection.Forag.g.met-
ricguwedefinetheFinslertensorfields[/,V,U,ウby

(4.ll)UU-一書8ir8rjit｡(4.11′)mk-一書g"g,,L

(4.12)V'
jた--･*汁s蝣O
rj¥た+3批一律た),(4.12′)V5*--i<S汁srj¥k+31sI*レォ[�").

ThenaFinslerconnectionFr(N)-(Fl
jk,C)允iscompatiblewithgij9ifandonlyifthedif-
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ferencetensorfieldsBandDgivenby

(4.13)F'
jた-F¥
jk-BjK,(4.13′)Cjk-Cjk-DjJK
aresolutionsofthefollowingsystemoftensorialequations:

(4.14)　AB-U,
2

(4.15)　0月- V,
2

(4.16) llxsjBsrk-- llxrJOlk,

(4.17) IとmjB字た--za*fito

■}

(4.14')　AD- U,
2

(4.15')　OD- V,
2

0

(4.16′) ngsJD%k--lig-rj暮k,

(4.17′) LsTTLjUrk- itsLjアk.
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Proof.Theconditions(4.8)areequivalentto

(4.18)aoた+grsBs
JK+gsjBデた-0,
(4.19)grj-,*+grsB%+xsjBsrlc-O.

Contracting(4.18)bygir,wehave(4.14).Andcontracting(4.19)bygirand/[,we

have

(4.20)m主B,?た+｣ォォ"蝣｣?*--38rj-¥k

and(4.16)respectively.Conversely,wehave(4.18)from(4.14),andalsowehave

(4.19)from(4.20),(4.16).

Now,ifFF{N)iscompatiblewithgu,thenfromI措た-0wehave(4.17).The

additionof(4.17)to(4.20)implies

(4.21)¢β-〟,

where W is given by

(4.22)wl
jk--ア{g

*汁srj-¥k-¥-lslj-¥k)<

Conversely,wehave(4.20)from(4.21),(4.17).ByProposition2.6,(4.21)isequiva-

lentto(4.15),where

(4.23)V-W+2βⅣ.

Payingattentionto(4.1),(4.6),V㍍iseasilyreducedto(4.12).

TheargumentsonDarequitesimilar.

Ag.g.metricgudoesnotnecessarilyadmitaFinslerconnectioncompatiblewith

itself.Infact,wehave

Theorem4.2.Letgubeanaturalg.g.metric:gij-jugu-IfthereexistsaFinslercon-

nectionFlcompatiblewithgu,thefunctionjuisanon-zeroconstant.

Proof.ByProposition4.2wehave/U¥kァu-0,ju¥たァu-0,whicharereducedto

M¥k-Q,ju¥k-Obecauseofgugji-n-k≠0.Hencethenon-vanishingfunctionaiscon-

stant.

Fromtheabovetheoremweareledtoconsiderthetwostructures(F,f,77,g)and

(P,｣,りg)inwhichc-const.≠0.

Definition4.2.Anaturalg.g.metricguiscalledellipticifju--candhyperbolic

ifju-cサwherecisapositiveconstant.
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We shall show that the converse of Theorem 4.2 is also true.

Proposition 4.3. Let gu be a natural g. g. metric in which c-const.≠0. Then Uand

V (resp.白and V) given by (4.ll) and (4.12) (resp. (4.ll') and (4.12′)) satisfy

(4.24)　A17-0,
I

(4.25)　OV-0,
l

(4.26)　OU-AV,
2　　　　　　2

2

(4.24')　AU-O,
1

′-

4.25′)　ov-0,

1

■-                       ■■l′

4.26')　OU-AV.
2　　　　　　2

Proof. (4.24) is directly shown from (2.1), (4.ll). Since from (2.17), (4.23) we

have OV-OW, so (4.25) is also directly shown from (2.14), (4.22) if we pay atten-
I^^^^^H

tion to (4.1).

If for X and W of Proposition 2.6 we substitute U and AW respectively, it is
2

shown that ¢U-AW is equivalent to OU-AW+26AW-AV. So we shall show
2      2                       2      2         2      2

(4.26) by proving ¢U-AW.
2      2

We have directly

-4(¢IH5*- *弼- iiij+^nnJ
-2[/}*- ziz;gォgけ-¥K-¥r&ァsj& &rt¥kt

-4(AWYjた-(8弼+gsjgけxrw*+1ぎ仇)

2-2W)氏+BtsgsjgけgrtiK+gsjg^lUrO^

Firstweshalltreattheellipticcase.From(3.6)wehavecgtsKsj-Fj.Multiplying

(3.7)bygwehavecgF--tmg,i.e.,g-tlg-cgF,fromwhichwehavegrt-I㌢gnt

-cxrmF㌢.Thuswehave

&tsafrir&0-&tsafrir(1㌢smtcgrmF㌢)7h

-gtsSsjgT{Wgnti*-F^igrnF㍗)7h

-8*8*1%*+ms
jgrSrs%-m皇F)Fデマk,
wherethefirsttermvanishesowingto(4.5),themiddletermbecomesgirgrj-k+Ijlと7た

owingto(4.6),andtheMsttermbecomes-FjF圭7た+1siAたowingto/主Fぎ-0and

(4.3).Consequently,from(4.22)wehave

-4(¢17)J*--2(I7J*+WJた-F'Fきてた+111と-I措gstg>o
tr¥k'
Ontheotherhand,from(3.7)wehavegtsgsj--cFj.Andfrom(3.6)wehave

8rt-tgrsFf.Thuswehave

frtsa&ir&oた--F^igrsFi)o^m,sg'rgrA-F'Fi^,

that is,

(4.27) o osjo Qrt¥k-5汁8rj-¥k　& ljf>rs-¥k FjF圭7k.

Consequently,

-4(AW))k--2(｣/}*+VK5J-FJ

2理k-ryiriSpoIprrririsjto
Then,payingattentiontoProposition1.1,wehave
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-4(¢u-Aw))h-&rmとg,t- irssthk-0.
2      2

In the similar way ¢U-AW is proved in the hyperbolic case. (4.24′)- (4.26′)
2      2

are now evident.

Theorem 4.3. For a natural g. g. metric gtj in which ju-const.≠0, there exists a Fins-

lev connection FFiN) compatible with gu.
rt^^^^^H^H^^^n^^^^^^^^^^Bfli^^^^^^^^^^^^^K

Let FF{N) be afixed Finsler connection, [/, V, [/,ウbe the Finsler tensorfields de-

fined by (4.ll), (4.12), (4.11′. 4.12′),and Y, Z∈ T¥ be arbitrary. The setofall Finsler

connections FF{N) compatible with gu is given by (4. 13) , (4. 13′) , where the difference ten-

soyfields B and D are given by

(4.28)

or equivalently

4.29

■ヽ′ー

B-U+AV+AOY, D-U+AV+AOZ,
I l　1　　　　　　　　　　　　　　　　1　　　　　1 1

′}                       ′-

B-V+OU+OAY, D-V+OU+OAZ.
I l　1　　　　　　　　　　　　　　　　1　　　　　1 1

Proof.ByTheorem2.1andProposition4.3,thesystemofequations(4.14),(4.15),

(4.14),(4.15)withrespecttoBandDhasasolution,andthegeneralsolutionsare

givenby(4.28)or(4.29).Thus,thetheoremfollowsfromTheorem4.1,ifweshow

thatBandDsatisfytheconditions(4.16),(4.17),(4.16),(4.17),whicharedirectly

provedbyusingtheexpression(4.29)asfollows.

(4.16)followsfrom(2.15)and

2liSsjVrk-l>i&sj¥&8tr-¥k-¥-olぎ仇-lr-¥k)

-liTHj^rt-¥klifssjlr-¥k

-21;｣ォ?*(owingto(4.4)).

(4.17)followsfrom(2.16)and

-21とmr
jVデた-l皇fflI(n<ru3ig仇Ir-¥k)
-21とmr
jlsAr¥K
-21¥lt
)%(owingto(4.1)).
(4.16′),(4.17′)aresimilarlyverified.

5.SolutionsofEisenhartsprobleminthenaturalg.g.spaces

Eisenhart'sproblem,tofindthesetofallFinslerconnectionscompatiblewithag.g.

metric,isalreadysolvedforthenaturalcaseinTheorem4.2andTheorem4.3.Weshall

givehereotherexpressiorsforthesolutions.●

IfweputY-Z-Oin(4.28),wehaveanexampleFr*(N)-(F*U,C*U)ofa

Finslerconnectioncompatiblewithanellipticorhyperbolicg.g.metricgu:

(5.1

Gi

F*)た-f;*+‡{girgo

rj¥た+AUBstgtr-^+3経たjsoH,
0 1

C*)た-cw+IIgirgrji*+AS(jrs.tr¥k+3棚-lsr¥k)l

O10000 1

Making use of (4.27), in the elliptic case, (5.1) is also expressed as
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F*}k-FIJk+i 8 ¥Srj-¥k^T l>j&rs-¥k)-¥-8汁　た
3G

+ FtJF圭-lk+2A｣(31ぎIr-¥k- lr-¥k) (*
l

n*i -cl j-ア4 ¥gCr(grj¥K+ljgrs¥k)+拍rj|h
O 1 0 0 0

0                 0       0

+FtjF¥¥k+2Ai&31言VrU- Lr¥誹.
1

In the similar way, in the hyperbolic case, (5.1) is also expressed as

5.2′)

F*iJk-FiJk+‡¥ gir(grj-lk+ Hg. ors¥た)･g-$ Orj¥h
BE

-P]P喜-lk+2AirA31ぎIAh- lr-¥k) u
I

c )k-C5&+‡I g*r(gォL+ /?｣ォ!*)+｣け#rjI k
O I　　　　　　　　　　　　0　　　　　　　　　　　0　　　　　　　　　　　　　0

0                 0       0

-PtjP¥¥ k+2At^31ぎIWk- I封誹.
1

ThenTheorem4.3isrestatedasfollows.

Theorem5.1.ThesetofallFinslerconnectionsFr(N)-{Fl
jk,C5*)compatiblewith

anellipticorhyperbolicg.g.metricguisgivenby

(5.3)F'
j^F^jk+A'SjO完竿xrnr^iた-c*)k+A%o完㌢
1111

whereFr*{N)-{F*l
jK,C*l
jk)istheFinslerconnectiongivenby(5.1)(equivalentto(5.2)or(5.2′)),and7k,ZjharearbitraryFinslertensorfields.

Therearesomeparticularimportantcases.Oneofthemisgivenby

Definition5.1.Ag.g.metricguiscalledregular,ifthesymmetricpartguisregu-

lar,thatis,gusatisfiestheregularityconditionsofMiron[15]:

(1)(∂gu/dyk)ylyJ-O,(2)det(舶≠0,

whereAを-Uと+ォr∂gr}/dyk)yJ.

Intheregularcase,thematrix(Aを)hastheinverse(｣*),andtheequationsofthe

geodesieswithrespecttoguareexpressedinthefrom

(5.4)d'xvds'+Bγ^(dxJ/ds)(dxlc/ds)-Q,

where

(5.5)r;*-Ig"(∂gjr/∂xh･∂gkr/dxJ-∂蝣gjk/∂<xr).

ThuswecantakeNgivenbyNlk-‡∂{Blryltysyt)/dykasacanonicalnon-linearcon-CC

C
nection.ItisnotedthatNisdeterminedbyguonly.ThenacanonicalFinslerconnec.

cccc
tionFr(N)-{Fi
Jk,C)k)isdefinedby



(5.6)
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FW-igir(SgJr/ #xK+ sgnr/W - dgjた/Sxr),

C

C5.-Igtr(dgjr/ ∂yh･ ∂gnr/dtf- ∂gjn/ dyl,
C

33

CCC
where8/蝕h-∂/∂<xk-N左(∂/∂yl).FFyN)wasintroducedbyMiron[151andwas

calledtheMiron-CartanconnectionbyHashiguchi[11】.Itisalsonotedthatthisconnec-
C
tionischaracterizedasFFiN)satisfyingtheCartan-likeconditions:

ccccc(5.7)8品-0,gu¥k-0,F'
j^F'u,Cl
jた-CL.
CC0
IfwetakeFr(N)asFr(N)in(5.1)(equivalentto(5.2)or(5.2')),wehaveare-

DC
markableexampleFr{N),whichweshallcallcanonical.

CC
Theorem5,2.Letgubearegularellipticorhyperbolicg.g.metric,andFFyN)bethe

aCa
Miron-Cartanconnectionwithrespecttogu.ThefollowingFinslerconnectionFr{N)-{Fl
j^

β
CJ/t)iscompatiblewithgu:

(5.8

aCFi
jk-Ft
Jk+iA｣(掬rC¥k-^3ltlr¥klr¥k)i

QC1CCCcl
jK-Cjfc+IAMP'SけU+3細k(>r¥k),

which is expressed in the elliptic case as

5.9

舟

aCFJic-Fjk+‡ぽrKrjelH+Ft

JFiik+2At
arj(31賄-1%1
r¥kH,
l

QC1CCCCcjfc-Cl
jk-+-‡ぽr^rAK+Ft

jFit¥,+2AirJ(31鮎-/?LM,1

and in the hyperbolic case as

(5.9′)

βCF¥k-Fj/c+‡ぽrsォ?*-P5Pfc*+2A｣(3踏-1Sc日,

1

ai･た-ci*+‡ぽγ8rj¥K-Pt

jPi¥K+2At
srJ(3lUtr¥た-js¥)Il

Theorem 5.3. For a regular elliptic or hyperbolic g. g. metric gu, the set of all Finsler
C

connections FFiN) compatible with gu is given by
9                          a

(5.10)　　　　　FjK-Fjた+AZO完㌢yn pi -pi i Airr¥完竿　mfa
‖　　1　　　　　　　　　　　　　　　　　　　　　　日　　　H

Q  c

where FrUV)-(FJサ, C)た) is the canonical Finsler connection, and Y)^　Z)允are arbitrary

Finsler tensor fields.

Remark 5.1. As is noted in Remark 1.1, for a remarkable case k-O idetigu)幸0),

we put lj-O. Thus (4.1)-(4.6), (4.16) and (4.17) become trivial, and the formulas

given in this section are simplified.
●
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