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Abstract

Formal Edgeworth expansion with remainder term o(N l) is established for two-sample

U･statistics. And the conditions which ensure the validity of the expansion are also dis-

cussed.

1. Introduction

Let Xu X29　�"�"', Xmand Yu Y29　�"�"', inbe independent random samples from dis-

tributions with c. d. f.'s(cumulative distribution functions) F(x) and G(y), respectively.

Let h{xu '-サxr¥ Vu -�"サVs) be symmetric in its xt components and separately symmet-

ric in its yj components, satisfying E[h{Xu **�"サXr; Yu�"�"�", yJj-O with r≦m and

s≦n. h is called a kernel and (r, 5) are called its degree. We shall define a two-

sample U-statistic with a kernel of degree (r, s)9 h, by

Um,n-¥m ns
∑ ∑ h(Xtl,　X`γ ; r,,,　YJa)
cm, r en, s

where∑indicatesthatthesummationisoverl≦i.<-<i,≦n.

cm,r
Inthispaper,puttingN-m+n,weshalldiscussanasymptoticexpansionunder

theassumption

(A)0<入-limm伊<1.

N-+∞

This assumption means that m-0{N) and n-0{N).

Callaert, Janssen and Veraverbeke l】 have obtained the asymptotic expansion

one-sample U-statistic with a kernel of degree two. And Maesono【61 has obtained

n
H
H
　
　
上
川
u

0
.
1

め

with a kernel of arbitrary degree.

In Section 2 we state a representation for Lyn in terms of forward martingales and

get the bounds of absolute moments of martingales. In Section 3, using the martingale

representation of [/- n , we obtain formal Edgeworth expansion of ｣/サ,n with remainder

term o(N~!). In Section 4, we discuss the conditions for the valid expansion.

2. Preliminaries

We shall represent Um,n in terms of forward martingales. Hoeffding[4] (cf.
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Serfling【7】pi78)hasobtainedthesimilarrepresentationforone-sampleU-statistics.

undertheassumptionK¥h(Xu'�"'サXr;Yu-#>y^)|<∞,letusdefine-thefollowing

notations:

forO≦a≦randO≦b≦s

w｡,&(xi,�"�"�",xa;?/i,-,Vb)

-Elh(Xu�"',Xr;Yu�"-Ys)¥Xl-Xu-,Xa-xa,Y,-yu-,Yb-yb¥

go,0-0,gh9(xi)-Wi,o(xi),go,i(yi)-Wo,l(yi),

2
82,｡¥X¥,Xi)-W2,｡¥X¥iX2)-∑gi,｡(XiKgi,i(xi;yi)-Wx,i(xi;j/i)-gi,｡(x,上go,i(2/i),

i-1
2
g｡,2¥yu2/2)-^｡,2(2/1,2/2)-Ego,M,

J-l
● ●
&r,slXi,�"",Xr¥U¥5""サ2/5/-^r,sV^i,"*',Xr52/u3/a

β-Iγ-l
-∑∑sr,&(xi,'-,Xr¥2/ji9-.vJ-∑∑S｡,s¥x,inxia;ォ,yォ)

b-Ocs,ba-Ocr,a

r-is-i
-∑∑∑∑&cLbXOCu,-�",Xia'
,l/jiiVjXa-o&-ocr,acs,b

forO≦α≦randO≦∂≦β

Aa,b-∑Ego,b¥Xi^-XiaサYj't,"�"',YjJ.

Cm,aCn,b

ThenILncanberewrittenas

um,nmnsrsI771

a=｡6=｡¥f二:)(:二M*

ItisshownintheproofofLemma2.3thatAnbisaforwardmartingaleforeachaand

b(o-0,1,�"�"�",r;6-0,1,�"�"�",s).

Bythedefinitionofgo,*>,Lemma2.1follows.

Lemma2.1.AssumethatE¥h{Xu-Xrlii,y.)l<∞Ifmeofliu�"�"�"je

isnotcontainedinlPu"-詛Pcloroneof¥Ju'-<>jblisnotcontainediniql,-,Qdl

then

(2.1)EalScub¥Xi^�"-,Xta;7j,,-Yjb)IXp¥>*-サXpc;i(9iサ7J-O.

Proof.Bydoubleinductiononaandbwecanprove(2.1)directly.

UsingLemma2.1,wecanprovetheusefultwolemmas.

Lemma2.2.AssumetheassumptionsinLemma2.1.Thenforanyfunctionfwhich

satisfiesE|/g｡,,I<∞,wehave

(2.2)EL/Up,,-,Xpc:Ygi,->*QdJ&a,ら(xh,X,ia>*Ji9-,YJd)]-0.

Proof.Takingtheconditionalexpectation,wehavethedesiredresultfrom(2.1).

Beforedescribingthenextlemma,wepreparenotations.Forl≦m,i<'--<mc≦m,

1≦rii<-<nb≦n,0≦a≦randO≦b≦5,letusdefine
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〟

め

Bnbirriu�"�"�",ma¥nunb)

-｣�"�"�"星｣�"�"�"

+1Jl=1Jb=Jb~l十&a,b¥Xin-Xia9Yj-'-サYjJ.

ThenwehavetheupperboundofthepthabsolutemomentofBo,&.

Lemma2.3.Giventheexistenceofthepth(p≧2)absolutemomentofkernel/i,thereex-

istapositiveconstantCsuchthat

ab(2.3)EIBcubiffiu�"�"�",ma;nunb)¥'≦Cillmillnj)号.

iJ-l

//thesecondmomentofkernelhisfinite,theinequality(2.3)alsoholdswithp-l.

Proof.Thelatterpartofthelemmaimmediatelyfollowsfromtheformer.

Thereforeweconsiderthecasep≧2.Bydoubleinductiononcandd,weshallprove

thefollowinginequality:forO≦C≦a,0≦d≦b,1≦Ui<--<uc<ic+Hja,and

l≦qi<-<qd<Jd+u-�"サJb,

E|｣-

i¥=ic=邑t

+1Jl=l�"2

Jd=Jd-i+1

(2.4)sa,b¥Xixi�"-,XxioXta;Y-
Jlサ-tJd,YJ¥'

Cα≦(Cp)c+*E¥ga.JiXu-,Xa;Yu-',Yb)¥p(i7w,i70,)号

i-1J-l
whereCサ-|8(p-1)max(l,2*~�"m

Whenc-landd-0,letZk-∑i=¥&clb¥Xin�"�"*,Xia;I;,,YJfor/c-l,2,

Ui.ThenwehaveZk-ZK-¥-g%b¥Xk9Xi29-Xta¥YJlt-,YJb)andk<i2,

ia,whereZ｡-0.SinceZi,�"�"�",Zk-¥arefunctionsofXu-Afc-1,^12*-,Xiaand

蝣Jli9IJb'

Yjh9wefindfromlemma2.1that

E〔zk-Z/c-i¥Z¥9�"-,Zk-¥〕-E〔E|gォ,ォ,(**,X,129-Xin;Yj19�"�"�",Yjb)

XltAfc-i,Aj2,-YV-Yjb¥¥zu-Z*_,〕-0.

ThereforeiZA≦たsuiisaforwardmartingale.Applyinganupperboundformoments

ofmartingaleobtainedbyDharmadhikari,FabianandJogdeo【2],wehavetheinequality

(2.4),whenc-landd-0.

Usingequation(2.1),therestoftheproofissimilarlyobtained.

3.FormalEdgeworthexpansion

Letusdefinethefollowingnotations:●

紘n-Var(LTm,n),

forO≦a≦randO≦b≦s

ka^bim,n)-|mnsom]r¥m二:)(:二6'

島b-E〔&a,6¥^i>-*サ<&a;ll,-Yb)〕2,
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･m,n急1,0+意｣2

S｡,1,

?U)-E〔expjitgu｡(X封〕'(t)-E〔expjitg｡ti{Yx)¥.

Notethatfromtheequation(2.2)inLemma2.2,

巌mr臣�"rslnrn
yiyiIII
AjZjl
a=｡6=｡¥x二.'(:二manb|ft6.

Inthissectionweassumethefollowingcondition●

(Ci)E¥h(Xu-,Xr;Y,
:uYs)l5<∞.

Beforeweobtaintheexpansion,wepreparetheusefullemma.

Lemma3.1.If(Cl)issatisfied,thenthereexistpositiveconstantseand#suchthatfor

o≦t≦EN与andfixedintegersuandv,

(3.1)  Illl,Vりm-ul意)レn-v(蕊)
where Pi¥t) is a polynomial in t and

≦o(N-*mt)e一�"

･ォ,ォ,-e-｣(]一浩(慧#..+上宝勤,o十等｣2

sO,2

･慧｣?,.+晋a,}+豊(憲E〔gU*i)H霊ECォl,(r,:〕1

･豊ra-r(E〔g¥,o(Xl)〕-3｣,,)+霊(Etgu^-sa.)

･ラ監七宝E〔g?.o(X,)H霊Eteur.)〕12〕･

Proof.BythesamewayofLemma2asCallaertetal.[l],wehavethedesiredresult

easily.

InordertoobtainaformalEdgeworthexpansion,weshallfindthefunctionXmn(t)

whichsatisfies

サ蝣サr/lOgNt-xm,n(t)-xm,n(t)¥dt-｡{N-1)

wherexm,n(t)-E[exp{itan'nUm,n)].(SeeCallaertetal.[1]andMaesono[6].)

Notethat

rs
Gm,nUm,n∑∑ka,b(m>u)An

a-Ob=O

Let

ailt)-E[exn‖t∑ka,b(m9n)Anb¥¥

l≦a+b≦3
ThenfromLemma2.3andthefactknh(myn)-O{N与Ha+W),wehave
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rm/iosN
i油粕-o(N-1).

39

Furthermore let us define

^T*(t)-E[exp{ it{kh ｡Ah ｡+k｡, iA｡誹]+ itkh iE[Au iexp‖t(fZi, ｡^4i, ｡H-/｣O, i^40, 1/U

+E[exp‖t(kh｡Ah｡+k｡,iAq, i)}I itk2,｡A2,0+itk｡,2A｡,2+(it)2ki,iAhxk2,OA2,0

(3.3)　+{it)2khxAi,iko,2Ao,t+dtrkt,oA2,oko,2^0,2

･竿tf, w4i, ,+竿kz, o^2, 0+竿kl ,A芸, 2
+ ltk2, 1-42, 1+ itki,2i4i, 2+ itkz,｡^3,0+ Hk｡,zA｡,3|],

where kn b is an abbreviation of ka,b(m9 n). Then by the similar way ofCallaert et al.

【1】 and Maesono【6], we have

L岬/lOgJVrl招)一郎)¥dt-o{N-1).

Since kx ｡{m, n)-r/{mam,n) and /c｡,i(m, n)-s/{nam,J, from Lemma　3.1 the

approximation of the first term of (3.3) is Jo,o. And the second term of (3.3) is

approximated as follows. From Lemma 2.2, we have

itkh iE[Ah iexp冊(/ci, ｡^4i, ｡-H^｡, 1^｡, 1/U

-itki,¥Tfiuりm-¥l意.n-U
×E[g,, i(X, ; Y,)exp吊(Ai. ｡gi. ｡Ui)+A｡, ig｡, i(yi)‖]

which will be denoted by itki,imn瑠lE芋. From Lemma 3.1,月i is approximated by

lx i. Taking the first few terms of the Taylor series for approximating E苧and using

Lemma 2.2, we have an approximation Ex such that

El-
(itrrs

mn(危n
E[gl, ,u,)go. ,(yi)gi. ,(x, ; y,)]

･豊(慧E[gf. ,(x,)go. ,(y,)g,, ,u, ; y,)]+慧E[g,, ,(x,)gs,.(yi)g., itfl ; yl)]
Since紘B-ri,ォ(H-O(JV-1)) and kh,(m, n)-rs/{mnrm,n)(l+O{N-')), we can obtain

an approximation p{t) of the second term as follows :

p(t)-e寸2(
r2s2(itf

mnzm,n
E[g,, ,(xl)g,, 1(y,)g,, ,(x, ; y,)]

･結く慧E[g?, oU,)g.1 ,(y,)g,, i(x, ; y,)]+慧E[g,,.tf,)suy.)g., itf, ; yi)]
r2s2(UT
6mnzm,n E[gl, ｡U,)go, i(y.)gi,.u, ; y,)]憲E[g?, o(X,)]+霊EEgUY,)]}).

From the condition (Cl) and c危n-0{N 1), we have

lE苧-EA ≦p2U)O(AT2),
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whereP2(t)isaPolynomialinI.Thenfrom(3.1)andaboveinequality,wehave

/-ATT/lOgNt-l¥itkx,imnI*iE
iトp(t)¥dt-o{N-1)･

Similarlywecanobtaintheapproximationsoftheresttermsof(3.3).Hencewe

haveanapproximationofx芳U)asfollows:

xm,n(t)-e-?t2¥l+吾冊+意冊+ァ(ォ)�"]

where

K3-去(
γ3

m' E[g!.(*,)]+霊E[gUY,)]+坦E[gl, o(x,)go, i(y,)gl, 1(xi ; yl)]mn

3γ3(γ-1)
E[gl, ,tf,)g,, ,(X,)g,,.(X,,. X,)]

E[go, l(Yl)go, l(Y2)g,), 2(Yu 7,)]

and

K4-去(憲E[gI..(X,)]-3^,. +霊E[gJ, ,(r.)]-3fti
+壁吏E[gUXl)gv ,(y,)g'1, ,(X ; Y,)]+
m n

12γ4(γ-1)

mJ

12γ283

ran

E[g芋, ｡(X)gi..(X,)gi. ,(Xl, X,)]+

'r-ls2

m n

E[g,, ,(x,)gS, ,(yl)g,, ,ur, ; y,)]

1284(8-1)
E[gu yl)g｡. 1( Y,)g｡, ,( yl. y,)]

E[g,, o(x,)g,, o(x2)go, ,(y,)g,, ,(x,, x2 ; y,)]+

xgo, i(Y2)g., 2Ui ; Yh Yi)]+

4s4 s-lXs-2

4r4 r-lXr-2

m-

12γ283(8-1)

mn
E[gI, ,(x,)g(M( yI)

E[g,, ,(X,)g,, o{Xt)gh o(X3)g3, 0(X, Xt, X3j]

E[go, l( Yl)go, l( Yi)go, 1( Y3)go, 3( Yh

xgh l(Xl ; Yl)gi, <,(Xh X2)]+

12γ284

mn

24γ283(8-1)

ran

m n
Ui)&. iUi)

E[g,, o(Xt)go, ,(Y2)gh ,(X, ; y,)go, ,(7,, 7i)]

E[go, i(y,)g,, mgi, ,tf, ; YJgu ,(X, ; 72)]+

xgl,,Ul ; yl)gl,1(X, ; y,)]+

1284(8-I 1

12γ4(γ-Il

m3

12γ482

m n
E[g,,. α.)*.. , α2)

E[g, ,(X,)g,. o(X3)g2, 0(X, X,)g,. o(Xh X,)]

E[go, ,(Y2)go, ,(Y3)go, ,(y,, y2)go, ,(y,, y,)].

This Xm,n(t) satisfies the equation (3.2). Inverting xm,n(t)y we have a formal Edge-

worth expansion Qm, n(x) such that

Qォ. n(x)- *(x)- 0(x)[吾(x2-1)+意(x3-3x)+^-(x5-10x3+ 15x)
where ¢(∫) and ¢(∫) denote the distribution function and density of the standard normal
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distribution.NotethatKz-O{N-i)andK4-0{N*).ThenQm,n(x)istheexpansion

withremaindertermo{N).

4.Conditionsforthevalidexpansion

InordertoprovethevalidityoftheformalEdgeworthexpansionQm,nix),weshall

applyEsseen'ssmoothinglemma[3].Fromsmoothinglemma,wehave

s曾p¥P(<Tn*nU,77i,n≦x)-Qm,n(x)|≦三上:.?;¥t¥-1¥xn,n(t)-xm,n(t)¥dt+o(N-1)

whereQm,n(x),xm,n(t)andXm,n(t)aredefinedintheprevioussection.Sincetheproof

forthenegativepartoftissimilartothatforpositiveone,weshallfindtheconditions

whichensure

rmogNrl¥xm,n(t)-xm,n(t)¥dt-o(N-

Letusdefine

xflt)-E[exv‖t∑ka,b(m,n)Aa,b¥¥

l≦a+b≦4
and

､,;Ui)-E[exp吊∑kcLbim,n)Anb¥l

l≦a+b≦5
ThenfromLemma2.3andka,&(m,n)-O{N圭(a+by'),wehave

rl¥xn,n(t)-iXllt)¥dt-o(N-1)

and

rmo

Jnt/i::rl¥xm,fit)-iX刷dt-o(N-1).

Thenputting

(1)-/J｡NJ/lOgNrl!誹)-xm,n(t)¥dt,

･H)-ぷyiogjvi

¥｡gN州dt,rmo
(DI)-/,:Nl招佃
and

(IV)-/rl¥xn,n(t)¥dt,

JIogN

wehave

^NIOgN-xm,n(t)-xm,n(t)¥dt≦d)+(n)+(i)+(]V)+o(iv-1).

InSection2,wehaveprovedthat(I)iso(Nx)underthecondition(Cl).Itim-

mediatelyfollowsthat(IV)-o{Nl)underthesamecondition(Cl).

Toobtainanorderof(II),weshallconsiderfollowingdecomposition.For

O≦u≦m-a+1andO≦V≦n-6+1,letusdefine
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Da,b{u,v)-Ba,b{u,m-a+2,�"�"�",m;v9n-6+2,�"�"�",n),

um-a+2
Ha,b{u,V)-Z｣

jl=lJ2=M+l-La豊n-b+in-6+2n
yly�"�"�"yl^fyLaLaZj6a,bvA^,
+lJl=V+lJ2=Ji+lJb=Jb-1+l--in¥Y蝣
iaiIJllYJb),m-a+im-a+2mvn-b+2n
ub(u,v)-EE-EES-Eg-tf,,,-,xfa;y,,,

ii=w+H2=ii+lia=ia-i+lJi=U*2=Ji+lJb=Jb-i+l-IJbJ

and

m-a+im-a+2n-b十1n-6+2
Ra,b(u9V)-∑∑･･･∑∑∑･･･∑8a,b¥Xin�"*�",Xia;Yjiy�"�"�",Yjb).

i¥-u+li2-ii+lia-ia-i+lJi-v+lJ2-Ji+lJb-Jb-i+1

ThenAa,b-Datb(u9v)+Hcltb(u9v)+La,b(u,v)+Ra,b(u,v).HereHa,b¥U>v)and

Yu-�"サYv¥areindependent.SimilarlyLa,b(u9v)and{Xu'�"',Xu¥areindependent.

FurthermoreRq,b(u,v)andlXu##>Xu9Yu-�"サYv¥arealsoindependent.From

Lemma2.3,wehave

E¥D,b(u,v)¥'≦OduvfiN号(a+b-2)%

Andweget

E¥Ha,b(u,v)V≦E¥Ha,b(u,V)+Da,b(u,V)-Da,b(u,v)¥>

≦2p-1¥E¥Hc,b(u,v)+Da,b(u,v)¥p+E¥Da,J<utv)V

-o(tAv*we-1)).

Similarlywehave

E¥Lcub(u,v)¥'≦O(v*N争a+b-i)¥

Hencewecanobtainanappropriateupperboundfor2XrAt)bythesimilarwayofLemma

4asCallaertetal.【11andLemma3asMaesono【6】.Theboundandtheproofofitare

rathercomplicated,andwillbeomittedhere.

Inadditionto(Cl),weassumethat

(C2)limJ7(t)<1andlimi/(i)<1.

1tl一∞Itl一00

ThenbythesameargumentswhichhavebeendescribedinCallaertetal.【1】pp308-

309,wecanprovethat(II)iso{N~undertheconditions(Cl)and(C2).

Letusdefine

?(xi,X2)-W2,｡{xux2)-i(r-2)/(r-1)圧wh｡{xi)+wh｡{x2)]

/uivuvi)-W｡,2(2/1,2/2)-|(S-2)/(s-1)圧t^｡,i(2/i)+W｡f1(2/2)].

Thenifweassumethefollowingcomplicatedcondition,itwillbepossibletoshowthat●

(Ill)isoiN-1).

(C3)Thereexistpositiveconstantsci<landc2<1suchthatforu-[ma]and

v-¥β1,whereO<α<l/8andO<β<l/8,

p(|E[exp|it(A,,.｣tUi,Xj)

¥j=u+i
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n

+*,,, ∑ *,,,(*, ; y,))H*W+l>　　Xmi Y¥V+l)　Yn¥l≦cl,
j-V+l

n

or, E[exp‖t(k｡,: ∑ u(Yu Yj)
j-V+¥

m

+&1.1 ∑ gui(Xj; Yi))¥¥xu
J-U+l

≧1-0

-,品, ‰+1, -,矧≦C2)

A

uniformly for allほ[Ⅳ与/logiV, JVlogJV].

This is an extension of the conditions which are given in Callaert▲et al. 【1] and

Maesonol6L It may be hard to check the validity of (C3) in most of the examples en-

countered in statistics. Then it is desirable to obtain simple condition which ensures

(m　-o(iv-1).

From the discussion above, we have

Theorem.　If the conditions (Cl), (C2) and (C3) are satisfied, then

Slip | p(<rm,1nL/m, n≦x)-Qn, n(x)¥ - o(N-1).
X

Remark. Instead of condition (Cl), the asymptotic expansion may be valid under the

existence of a fourth moment of kernelん. Lin【5】 has proved it in the case of one-sample

U-statistics with kernel of degree two.
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