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Abstract

This article is a revised note of the lecture presented by the authors to “The XXth
National Symposium on Finsler Geometry” held at Kagoshima, with Romanian and Korean
participants, during July 29 ~ August 1, 1985. We discuss generalized Lagrange metrics,
and especially consider the problem of existence and arbitrariness of Finsler connections
compatible with a pair of such metrics.

A generalized Lagrange metric is a generalized Finsler metric (cf. Miron [10] , Hashi-
guchi [6]) which is not necessarily assumed to be positively homogeneous, and the geometry
based on such metrics is a generalization of the geometry based on Lagrangians which was
named Lagrange Geometry by Kern [8] . Generalized Lagrange metrics and their applications
have been treated in Miron [11] in detail, which was also presented at this Symposium.

This research is in line with Einstein (3] , Eisenhart [4] , Ghinea [5] , Miron-Atanasiu
[12], Ikeda [7] and Atanasiu-Hashiguchi-Miron [1, 2], etc. Since the treatment proceeds in
the same way as in our previous paper [2] , proofs are omitted. As to the terminology and
notaions we use also those in [2], which are essentially based on Matsumoto [9].

1. Generalized Lagrange metrics and Lagrange connections

Let M be an n-dimensional differentiable manifold, and x=(x*) and y=(¥%") denote a
point of M and a supporting element respectively. We put 9,=93/9x’, 9,=9/9y".

A Finsler tensor field 8:,(x,y) of type (0,2) in M is called a generalized Lagrange
metric if it is symmetric and non-degenerate:

(1.1) 8i=8n (1.2) det (8:;)=0.

Especially, a generalized Lagrange metric & (x,¥) is called a Lagrange metric if there
exists a Finsler function L(x,¥) in M such that 8;;=(9;9,L)/2.
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A generalized Lagrange metric &,(x,y) is called a generalized Finsler metric, if it is
positively homogeneous of degree O:

(1.3) 8:ix, Ay)=8:(x,y) for A>0.

Especially, a Lagrange metric 8:;;=(8;9,L)/2 is called a Finsler metric, if L is given by
L=F? where F(x,y) is positively homogeneous of degree 1.

For uniformity of the terms we shall call a Finsler connection in the sense of
Matsumoto [9] a Lagrange conmection, if it is not necessarily assumed to be positively
homogeneous, and when we use the term “a Finsler connection”, we assume it is positive-
ly homogeneous, that is, the coefficients N%, F;% C,’x satisfy the conditions
Nix, /\y)= AN Kx, ), Fi'x, /\y)szik(x, Y), Cidx,Ay)=2A""CWlx,y) for A>0.

We shall express a Lagrange connection LI’ in terms of its coefficients as
LI'=(N%, F C,%. A Lagrange connection having a fixed non-linear connection N
is also denoted by LI'(N)=(F;%, C% . And the respective h- and v-covariant dif-
ferentiations are denoted by short and long bars, e.g., 8, 8:s| x (with respect to LT7),
8% 8&us|x (with respect to LI7), etc.

Given a generalized Lagrange metric &;;, a Lagrange connection LI is called metri-
cal, if it satisfies

(1.4) 8ix=0, 8| x=0.
For a generalized Lagrange metric &;;, we have so-called Obata’s operators:
(1.5) A5i=(0507— 8182, AG=(0507+8::8")/2,

where (8”)=(8:;)"". Then we have

Theorem 1.1. Let L IO*(N )=( Ig' e (o} %) be a fixed Lagrange conmection. For a gemeral-
ized Lagrange metric 8i;, we define Finsler tensor fields Uy, U 'k by
(1.6) Ulv=—8"8:2, U= —g"ngm/Z.

Then a Lagrange conmection LI (N)=(F*%, Cj%) is metrical, if and only if the difference
tensor fields By'x, D'k given by

) O o : ) :
(1 -7) Fite= Fjik_Bjik, Cjikz C;'s— Dy
are solutions of the equations

e e
(1.8) NGBS =Usy,  AGDS=T

The above equations have solutions, and their general forms are given by

0 0 o
Theorem 1.2. Let LI'(N)=(F %, C,') be a fixed Lagrange connection. For a general-
ized Lagrange metric &;;, theve exists a metrical Lagrange conmection LI'(N)=(F;*, Cj')
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and the set of all such connections is given by
. o . . .
Fix=F'%+ 87842+ {1§§erm
(1.9) ) )
Civ=C'x+8"8rs| 2+ 4 5 Yr'x,

where X', Y,'x are arbitrary Finsler tensor fields.

2. Lagrange connections compatible with a pair of generalized Lagrange metrics

Let &:; and a;; be two given generalized Lagrange metrics. A Lagrange connection is
called compatible with the pair (8:;, @), if it is metrical with respect to both &;; and a; :

(2.1) 8in=0, 8ulx=0, aim=0, a.|x=0.

The results of Ghinea [ 5] about Finsler connections compatible with a pair of met-
rical or almost symplectical structures still hold for the pair of generalized Lagrange
metrics. We define Obata’s operators by (1.5) and

(2.2) D= (0407~ 002, 05=(0507+ 502,

where (a¥)=(a;;)"". Then we have

0 o o
Theorem 2.1. Let LI'(N)=(F %, C%) be a fixed Lagrange connection. For a pair of
generalized Lagrange metrics 8, Qi we define Finsler tensor fields Utx, Uk, Vi,
Vi by (1.6) and

(2.3) Viie=—a""a,%/2, Vie=— G"anrka-
Then a Lagrange conmection LI'(N)=(F;’x, C,%) is compatible with the pair (8, Q), if

and only if the difference tensor fields B'x, D;'x given by (1.7) are solutions of the equa-
tions (1.8) and

(2 -4) 7 é?Brskz Vjiks 7 ?}Drskz Vjik-

It is terribly complicated to solve the above equations, as a proverb says “If you
run after two hares, you will catch neither”. We shall show the case the equations have
solutions. A pair of two generalized Lagrange metrics &;;, @ is called natural, if there
exists a non-vanishing Finsler function u(x, y) such that

(2.5) 8:ir8isa" = pQ;,
or equivalently, if the commutativities
(2.6) AGOr=0GA57 (a, B=1, 2)

a B8 8 a

hold. Then we have
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Proposition 2.1. All the commutativities (2.6) hold if any one of them holds.

Proposition 2.2. Let (8:;, Q.;) be a natural pair of generalized Lagrange metrics. If there
exists a Lagrange connection compatible with the pair, the function win (2.5) is constant.

Proposition 2.3. Let 8;; be a generalized Lagrange metric. There exists a generalized
Lagrange metric Q;; such that the pair (85, Q.;) is natural by a constant u=ec® (e==+1,
¢>0), if and only if there exists a Finsler tensor field F*; of type (1,1) satisfying

(2.7) €Fi1-FTj=6\§', egTsFTist=gi,~.
The correspondence between F’; and a,; in Proposition 2.3 is given by
(2.8) F'y=cg&"ar, a:.;=8-F"jlc.

Using Proposition 2.3 we can show that for a natural pair with a constant x#=0 the
equations (1.8), (2.4) have solutions, and their general forms are given by

0 o o
Theorem 2.2. Let LI'(N)=(F;’x, Cj%) be a fixed Lagrange connection. For a natural
pair with a constant =0 of generalized Lagrange metrics 8, Qij, there exists a Lagrange.
conmection LI'(N)=(F;%, Cj'x) compatible with the pair and the set of all such connections
s given by
. o Py .

Fi'x=F x+(8"8r s+ 4;§a8tatr?k)/2+-/ll.i$; . ot Xn' ks
(2.9) ]

Ci'v=C,'xt+ (g"gnrﬁ /ll.ts;aStater)/z'{' /llfs:?:’rn Yo'

where X;'x, Y, are arbitrary Finsler tensor fields.

3. The case of a generalized Lagrange metric with an additional structure

The previous results for a pair of generalized Lagrange metrics &;;, Q;; are gener-
alized to the case a;; is degenerate. A differentiable manifold M endowed with a general-
ized Lagrange metric &;; is called a generalized Lagrange space. Let a generalized Lag-
range space (M, &) admit a symmetric (or alternate) and degenerate Finsler tensor
field ay; :

(3.1) Q= TQ s,

(3.2 rank (a;;)=n—k,

where 7=+1 and k is an integer and 0<k<n. Then (M, &;;) is called to havé an
additional structure of index k. The case of a generalized Lagrange metric a;; is contained
in the following discussions as the exceptional case £=0.

The results of our previous paper [ 2] about a generalized Finsler space (M, &)
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with an alternate additional strucure a;; still hold for the case with a symmetric one a;;.

The matrix (g;;) has the inverse (8°%), but the matrix (a;;) is not regular. So we shall
construct some matrix (a’*), which plays the role similar to the inverse matrix. If (&) is
positive-definite, then on each local chart there are exaktly £ independent Finsler vector
fields €5 (a=1, -«--,k) with the properties

(3.3) 0:i;66=0, 8ifut=0a (@, b=1, - k).

If (&) is not positive-definite, we assume that there exist such vector fields £5 Then we
define local Finsler covector fields 7y (a=1, +++,k) by

(3.4) ni=8i;h
If we define local Finsler tensor fields /%, and m’; by
(3~5) lij=Z§3777s mi.izag'_ lth
a

then I°; and m'; are independent on the choice of £; and globally defined as the respec-
tive projectors on the kernel K of the mapping a;; : £ — a:;€’ and the orthoganal H
to K with respect to &;;. Then a global Finsler tensor field a’* is uniquely determined
from (&, @) by

(3.6) a,; 0’ =m", I}a’*=0.

A Lagrange connection of a generalized Lagrange space (M, §&;;) with an additional
structure a;; is called compatible with the pair (&, @), if it satisfies (2.1). Then the
condition that a Lagrange connection LI" is compatible with the pair (8:;, @) is given
by Theorem 2.1, if we define V%, V% by

Vite=—(a" arSn+3 s 1°0— 15502,
(37) 0 0 0
Vix=—(a"ar | k310 lsil K liil 02,

and Obata’s operators 0 v (a=1, 2)by
G=(0807— 041", — I's05+31%:1",— asa™)/2,

1

(3.8)
55=(0507+ 051"+ 107 —31% 1"+ ass;0")/2,

2

and impose on the B;,’x and D,’ the additional conditions :

(o)
1";046;B+°v=—1":G+5x, I":as5D°k=—1":Qr; l ks

3.9) )
ltsmTjBrskz - lts lsj?ks llsmTjDrskz - lls lsj | ke

If we define the naturality of a pair (8, @) by (2.5), or equivalently (2.6)
where 0 i are defined by (3.8), then Propositions 2.1 and 2.2 still hold. Corresponding
to Proposition 2.3, the condition that a generalized Lagrange space (M, &;;) admits an
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additional structure a;; of index k such that the pair (&, @) is natural by a constant
u=cec® (e=+1, ¢>0)is given by the existence of a Finsler tensor field F%; of type
(1,1), k Finsler vector fields &, (a=1, :++,k) and k Finsler covector fields 7¢ (a=1,
-+« k) satisfying

EFirFT =3§—§fﬂ7?, TEgTsFrist:gij_§77?77?9
(3.10)
ﬂgFij= ’ Fijs‘lilzo, 7]?52:32-

The existence and arbitrariness of Lagrange connections compatible with a natural
pair (8, a:;) with a constant #=0 is given by Theorem 2.2, if we replace the respec-
tive terms 037 and a**au%, a*a:r|xin (2.9) by Qﬂ‘ of (3.8) and a**au%x+31°%:1%%

1 9 )
- lsr?k, aStatrl k+3lstlter— lsrl k-
Lastly, it is noted whether the naturality is necessary in order that the system of
equations (1.8), (2.4), (3.9) with unknowns B, D, has a solution is an open
problem.
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