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Abstract

The purpose of the present note is to derive certain combinatorial identities from the

evaluation of definite integrals. As an advantage of this method, we can obtain simultaneous-

ly two different identities from a definite integral as shown in the Theorem.

1. Evaluation of the integral IJin).

Un)-♂

Let

(l+cosx)ncospxdx　　　(n, p-0, 1, 2,�"�"�").

In this section we are exclusively concerned with obtaining the expressions of Ip{n)

(p-l, 2, 3,�"�"�") in terms of Io(ri). First of all we shall get explicit expressions for /o(n)

itself in three forms.

(1)

(2)

(3)

Lemma1.Foranypositiveintegern,

un)--12n

n方.去2nVt,1

nu=｡讃室温･

un)-去2n

n号+2-iU2nVw

>¥nll"
fc=l
J-/2n

2n+1¥n

Un)-^A�"U+欝2nn

2*U-1 !A!
(2k+l)l

-1*

畠も(n-2*-1)!(n+2fc+l)!(2*+l)'

where in (3) the square bracket denotes the integral part function.

Proof. In the case n-l, the validity of (2) is easily verified if we agree with the

usual convention that the empty sum means 0, and in the same case it is easy to see that

(1) and (3) also hold. Hence, in the sequel, we may suppose n≧2.
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By the integration by parts we have

Un)- (1 +cosxrcosxdx

r-ifrf
|(l+cosx)nsinxj+nl(l+cosxr-1sin2xdx-l+n|/o(n)-/i(n)}.

Ji(n)-盈un)+⊥n+r
On the other hand, it is clear that

(5)

From (4) and (5) we get

(6)

which implies

Un+l)-Un)-Ii(n).

Jo(n+l)-4rアr-Jo(n)+-

n+1--"'n+1n+V

2nn!(n+l)!
(2n+l)!

which, in turn, implies

2n-¥n-¥)¥n¥

(2n-D!

Un+1)

n-¥

/o(n)-/o(l)- ∑
h=1

2n-1(n-1)!n!

(2n-1)!
Io(n)+

2n(n!)2

2n+l!'

2kk¥(k+¥)¥
Uk+D- 2k-1{k-1)¥k¥

(2/c-1)! 亘
thatis,

笥許un)-昔n-¥
+1+H

k=¥叢‰-昔増叢‰･

Thiscompletestheproofof(1).

Inthemeantime,from(4)itfollowsthat

(7) un)-翌un)-i
Thus, substituting (7) into (5), we have

un)-黒子/i(n+ lト豊Ii(n)+

namely,

n(n+l)'

n-i
I]湯島,
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/,n+l-
n+lX2n+l

n(n+2)

Multiplying the both members of this equality by

2n(n!)2(n+2)

2n+l!
Ji(n+1)-

Hence
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2n-1(n-1)!2(n+l)
(2n-1)!

we have

2n n-1)!n!

(2n+D!
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V '<"+1)ォn)-2/,(l)
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Noting /i(1)-1H-t-, we get
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Substituting this result into (7), we conclude (2).

Finally we shall prove (3). It is known that ([1], 222)

･l+cosx)n-^( 2nn )(l+2
告　　(my

fx(n-kmn+k)¥

Therefore

un)-f

J｡(l+cosx)ndx-去2n

n号+2｣

fc=l 去In

n号n

(n!)2
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. kn

S lnぅ~
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去2n

nk･欝2:

Thusweshowthevalidityof(3).

匪]
(-1)*

ifco (n-2*-1)!(n+2&+l)!(2*+l)

Remark 1. In addition to the above three results (1), (2) and (3) we have one more

expression for /o(n) which is obtained through the expansion of (l+COSx)71 by the bino-

mial theorem. In this manner we have (see Lemma 3 on p.25)

n

Un)-∑
h=0

別
-∑

た=0

cos xdx

2k lf cos-xdx+ 1( 2/+1 ifW-rf*
-En)i2k
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¥2k+l協舘

Thecomparisonof(1),say,andthefourthresultthusobtainedyieldstwoidentities
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However, this method to obtain two identities from the evaluation of loin) in two ways is

what we wish to describe in this note from a general point of view. Thus we omit the

fourth form for loin) in Lemma 1, and (8) is a special case of the results which will be

obtained later.

Remark 2. As a by-product of Lemma 1, we obtain the following identity :

(9)
2K(k+l)l{k-1)¥

fc=l　(2k+l)¥

Because from (1) and (2) it follows that

M2n+M2n¥

2n¥nr2n¥nj

whichimplies

呂(2&+1)!
V,1 2* A;!)2

こ1-
2n

(n≧1).

J-/2n¥1

2n-1¥n/n去2n¥

n)

WU-1)!A!
fci (2k+i)i '
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f(
2n

)n-¥

2U+1)!(A:-1)!
畠　　2/c+l)!

From this result we obtain (9) at once.

Remark 3. By making use of the Stirling's formula, we observe

2n　～ヤ信

n

(

2n

n )

=ノ有2n
(as n-oo),

23

wherean-bnmeanslim-r^-l.Thecombinationof(9)andthelastasymptoticrelation

on

yields

告2nn+l!n-D!
71=1  (2n+ D!

Remark 4. Similarly, the combination of (1) and (3), also that of (2) and (3) imply

/_一.､2腎　　　(-1)*
(n!2∑氏(n-2*-1)!(n+2*+l)!(2*+l)

W 2*-W　　　　2n-
二日-

wteA+1! ⊥　(2n¥
-÷∑

1 n^2K(k-1)lk¥
2 fci (2k+l)¥

Lemma 2. For any positive integer p, there holds the following relation

10 Un)-
Aln)

(n+lXn+2)-(n+p)

Bin)

(n+lXn+2)-(n+p)'

where Ap{n) and Bp{n) a柁polynomials in n and

(ll)　　　　　　　　　deg Ap(n)-p,　deg Bp(n)-p-l.

Moreover, the sequences of polynomials ¥ Ap{n) ¥ and ¥ Bp{n) ¥ satisfy the following柁currence re-

lations :

13

wi th

個

i4o+,(n)-(2n+lMp(n+l)-(n+p+lMp(n),

Bp+i{n)-Ap(n+l)+(n+l)Bp{n+l)-(n+p+l)Bo(n),

i4i(n)- n.  JBi(n)-l.

Proof. The proof of (10) proceeds by induction in p. When p-l, (10) is clear from (4)
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and (13). Suppose (10) be true for some positive integer p. Then,

Wn)- (l +cosxrcosp+1xdx-Ip{n+ l)-Ip{n)

Ap(n+l)

(n+2Xn+3)-(n+p+l)

Ap(n)

(n+lXn+2)-(n+p)

Therefore in view of (6) and (12) we have

(n+lXn+2)-(n+p+DWn)

io(n+l)+
Bp{n+¥)

(n+2)(n+3)-(n+p+l)

Bin)

(n+lXn+2)-(n+p)

-(n+lMp(n+l)/o(n+l)+(n+l)Bp(n+l)-(n+p+lMp(n)/o(n)-(n+p+l)Bp(n)

-¥ {2n+l)Ap(n+l)-(n+p+l)Ap(n) ¥Un)

+Ap{n+l)+(n+l)Bp(n+l)-{n+p+l)BP[n)

-Ap+lUn)+Bp+1(n).

Hence (10) is true for p+1. This completes the proof of (10),

Next we shall prove (ll) also by induction in p. When p-l (ll) is clear from (13). Sup-

pose (ll) be true for some positive integer p. Then we may put

Ap(n)-aonp+{ lower terms ), ao=¥=O,

Bp[n)- 6ォnp-1+( lower terms ), bo*O.

These relations together with (12) imply

Ap+i{n)-{2n+l)(aQnp+ lower terms )-(n+p+l)(a｡np+ lower terms )

-aonp+1+{ lower terms ),

and

Bp+i{n)-{aonp+ lower terms )+{n+l){bonp　+ lower terms )

-(n+p+l){bonp *+ lower terms)

-aonp+{ lower terms ).

Thus deg Ap+i{n)-p+l and deg Bp+i{n)-p. Therefore (ll) is proved and this completes

the proof of Lemma 2.

Remark. We may find the polynomials Ajiri) and Bp{n) (p-l, 2, 3,�"�"�") on the

basis of (12) and (13). The first six polynomials Ap{n) and those of Bp{n) are as follows :

掴

Ai{n)-n9　　　　A2{n)-n2+n+l,　　　A3{n)-n3+3n2+5n,

At(n)- n4+6n3+17n2+12n+9,　　45(n)- n5+10n4+45n3+80n2+89n,

46(n)- n6+15n5+100n4+315n3+574n2+345n+225,
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個　1

25

Bi(n)-l,　　Bt(n)-n.　　B3{n)-n2+2n+4, JB4(n)-n3+5n2+13n,

E5(n)-n4+9n3+37?f+48tt+64, E6(n)-n5+14n4+87n3+238n2+389n.

2. Derivation of the combinatorial identities.

In this section we derive two combinatorial identities from a definite integral dealt

with in section 1. We require two simple lemmas.
●

Lemma3.Foranynon-negativeintegern

f<cos2nxdx-2n

n

cos2n+lxdx-

Lemma 4. Let a, 6, C and d be rational numbers. If an-¥-b-cn+d, then a-C

and b-d.

Lemma 4 gives us a clue to conclude two identities from an identity.
●

Theorem. Let p be any even positive integer. Then

(16

Tn
h¥2k2k+p

ォ　IU,

JL[2n

2n¥n

(2/c+p+l)

Ap(n)

(n+lXn+2)-(n+p)'

cnAp( n) Bp(n)

(n+lXn+2)-(n+p) (n+lXn+2)-(n+p)

Furthermore, let p be any odd positive integer. Then

18

19

)2/C+p- 1

(2k+p)

2n-2ft

n

Ap(n)

n+lXn+2)-(n+p)'

C71* 1p¥ Tb) Bp(n)

(n+lXn+2)-(n+p) (n+lXn+2)-(n+p)'
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where Ap{n) and Bp{n) are given by (12) and (13) in Lemma 2, and cnis given by

n-i
cn=｣ 畠も(2k+1)1

Proof.Weshallprovethefirstpartonlyofthetheorem,sincetheproofofthe

secondpartcanbecarriedoutinasimilarfashion.

Letpbeanevenpositiveinteger,sowemayputp-2ra,say,wheremisaposi-

tiveinteger.Then,inviewofLemma3,wehave

pr
lp(n)-I(l+cosx)ncospxdx-畠侶fcosk+2mxdx

-｣¥2A:ir(cos21c+2mxdx+ft=｡n

2&+1)/Tcos2K+2M+1xdx

-方fl(n¥(2k+2r

&>¥2kl¥k+m
2/c+2w

m

-nn2k+p

^^^HW-b

,,*+　+!蝣　g-J

On the other hand, by (1) and Lemma 2

IL,( n)

+

AL,( n)

(n+l)(n+2)-{n+p)2n

CnApi n)

(n+l)(n+2)-(n+p) 2n

2A+1

71

2k+l

>2*;+ 27n

(2k+2m+l)

)2fc+p

(2A+p+1

Bin)

(n+lXn+2)-(n+p)

Taking into account of Lemma 4 and the last two equalities, we get (16) and (17) im-

mediately.

Remark 1. We mention the following results which are easily obtained from掴,個
and the Theorem.

rf+n+1
n+lXn+2)'

n4+6n3+17n2+12n+9

(n+l)(n+2)(n+3)(n+4)

(p-2 in (16))

(p-4 in (16))
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)2fc+2

(2A+3
(

2A;+2

k+1

>2fc+4

(n+lXn+2 '

n4+6n3+17n2+12n+9

(n+l)(n+2)(n+3)(n+4)

+
n3+5n2+13n

(n+lXn+2Xn+3Xn+4),

27

(p-2 in (17))

(p-4 in (17))

F呈]
∑
～-0

匪]
∑
tfSi

m

/n¥2k+2

¥2k+lAk+1

/n¥2k+4

¥2k+l¥k+2

1　　1

)2fc+l

^^蝣1
)2fc+3

(

)2fc Cn 2n

＼n

>2fc+2

(

n3+3n2+5n

(n+lXn+2Xn+3),

島+志,
2n

ォ+ォ(サ｣サ) ^n

n3+3n2+5n

(n+lXn+2Xn+3

+
n2+2n+4

(n+lXn+2Xn+3

(p-l in (18))

(p-3 in (18))

(p-l in (19))

(ォ-3 in (19)).

Remark 2. When p-0, taking into account of (10), it is natural to interpret

Ain)

(n+lXn+2)-(n+p)
1　and

Bp{n)

(n+lXn+2)-(n+p)

in other words,

Aln)-¥　　and Bp(n)-O.

Under these conventions (20), (16) and (17) in the Theorem still hold when p-0, since in

this case (16) and (17) reduce to (8), which were established earlier. Thus, as already men-

tioned in section 1, (8) is a special case of the Theorem.

Remark 3. In the proof of the Theorem, if we use (2) or (3) instead of (1), we obtain

similar results. But we omit the details here.

～

Remark 4. Along the same line of arguments, we are also able to derive simul-

taneously four identities from a definite integral. The details will be published elsewhere.
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