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Abstract

A tangent bundle with a non-linear connection admits a D(GL(n,R))-

structure as a reduction of the standard almost tangent structure. The purpose of

the present paper is to investigate infinitesimal automorphisms of the
D (GL (n,R) ) -structure.

Introduction

Let M be an n-dimensional differentiable manifold and TM the tangent bundle

over M. The geometry of tangent bundles has been studied by many authors.

Especially, if a non-linear connection is given in TM, there are defined various

important geometrical structures on TM (Kandatsu [4], Yano-Ishihara [8,9]).

In his recent papers [2,3], Ichijyo has studied G-structures on tangent bundles

and obtained many remarkable results. The tangent bundle TM admits the standard

almost tangent structure Po whose structure group is given by

･AO'

MA,A∈
GL{n,R), B ∈ gl{n,R)

and the natural frame is an adapted frame to Po (cf. Fujimoto [1]). If a non-linear

connection is given in TM, then TM admits a D(GL(n,R))-structure Pi as a

reduction ofPo> whose structure group is given by

D{GL{n,R)) - (q-);A∈ GL(n,R)
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(Ichijyo[2]).Furthermore,ifMisageneralizedmetricspace,TMadmitsa

D{0(n))-structureP2asareductionofPowhosestructuregroupisgivenby

D(O(n))-'A<T

,OA,A∈0(n)

(Ichijyo[3]).TheseG-structuresplayanimportantroleinIchijyo'stheory.Infact,

thepropertiesoftheseG-structuresreflectsomegeometricalstructuresonthebase

manifoldM.

Ontheotherhand,theconceptofinfinitesimalautomorphismsofG-structures

isveryimportant(cf.Fujimoto[1]).LetVbeavectorfieldinTM,andlet

{ft}bethelocal1-parametergroupoflocaltransformationsftgeneratedbyV.

Thenwecanconsiderthenaturallift{ft}oi{ft}totheframebundleL(TM)over

TM.ViscalledaninfinitesimalautomoゆhismofaG-structurePifforanyadapted

frame{Za)toPthelocalframe{ft{Za)}isalsoadaptedtoP.

Thepurposeofthepresentpaperistoinvestigateinfinitesimalautomorphisms

oftheG-structuresPi,P2onTMandstudysomerelationstotheothergeometrical

structuresonTM.InSection1weshallconsiderinfinitesimalautomorphismsofthe

D(GL(n,R))-structurePi(Theorem1.1,Theorem1.4),andinSection2some

relationstosomeG-structuresdefinedbythegivennon-linearconnection(Theorem

2.1,Theorem2.2).InSection3weshallconsiderinfinitesimalautomorphismsofthe

D(O(n))-structureP2(Theorem3.1),andinthelastsectionsomerelationsto

almostHamiltonvectorfields(Theorem4.3).

Throughoutthepresentpaper,theterminologyandnotationarereferredto

Ichijyo[2,3]andMatsumoto[5].Astotheindices,weassumethatGreekindices

takethevalues1,2,---,2nandLatin1,2,---,nyand(/),(/),�"�"�"standforrespective

valuesi+n,j+n,-

TheauthorwishestoexpressherehissinceregratitudetoProfessorDr.Y.

Ichijyoforthehelpfulcommentsandcriticism.Theauthor'sattentionwasdrawnby

himtothesubjectofthepresentpaper.TheauthorisalsogratefultoProfessorDr.

M.MatsumotoandProfessorDr.M.Hashiguchifortheinvaluablesuggestionsand

encouragement.

1.InfinitesimalautomorphismsofD(6?L(w,/?))-structures

Let{U,(x*)}beacoordinatesystemonan^-dimensionaldifferentiable

manifoldMand{n-l(U),U',vO}theinducedcanonicalcoordinatesystemonTM}

wheren¥TM-Misthenaturalprojection.

Supposethatanon-linearconnectionN^ixj)isgiveninTM.Thenthere

existstheD(GL(n,R))-structurePionTMand,putting∂i-∂/ax'd{-∂/dyl

anddi-∂i-Nridr,the2w-frame{Xα)on方-1(U)givenbyX{-#andX^-

diisanadaptedframetotheD(GL{n,R))-structurePi.Thisframeiscalledthe

N-frame.Thehorizontalandverticaldistributionsaredefinedasassignmentsto
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eachpointofTMofn-dimensionalvectorspacesspannedby{XAand¥X(i))

respectively.

LetVbeaninfinitesimalautomorphismoftheD(GL(n,R))-structurePiand

{ft)thelocal1-parametergroupoflocaltransformations/*generatedbyV.Ifwe

denoteby{/,}thenaturalliftof{ft}totheframebundleL{TM)overTM,thenthe

localframe{ft(Xa)}isalsoadaptedtoPi.Hencewesee

(J-t(xα(ft(x,y))))-{Xα､＼{X'y))¥OA(x,y,t))'

where(A(x,y,t))∈GL(n,R).SotheLiederivativeofXαwithrespectivetoVis

writtenintheform

･｣vXa(x,y))-(Xαuv))汁(A`昌y,t)O

A(x,y,t)ド(苦汁It.

Consequently,ifweput∠-vXα-TPαxβ,wehave(Tβα)∈D{gl{n,R)),thatis,

T*j-Tォw,T'(i)-rォ,-O.

PuttingV-V{Xi+V(i)Xu)withrespecttotheAf-frameXa,becauseof

fvXα-[v,xα]wehave

･｣vxα)-(xa)(-djV*

nv^brN'j-djV*vrdjニdjVt

¥~dル(i,
where Rlrj - djNlr - drN{j is the curvature tensor of the non-linear connection N.
From this we have

Proposition 1.1. A vector field V - V{Xi + V(i)X(i) in TM is an infinitesimal

automoゆhism of the D {GL¥n,R) ) -structure Pt on TM if and only if the following

conditions are satisfied:

tsV* - djV^ - VdjN>
●

djV>-　0,
●

VrR¥j - V^drN'j - djV�"-0.

From (1.2) we see V* - F'"(#), that is, V is fibre-preserving. So the condition
●

(1.1) is written in the form dJVi - ∂jVo) - vrN'r). Fromthiswehave V(i) -

VrN*r - (djVi)yJ + B'(x) with arbitary vector field B'(x). Hence V is written
m the form
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V - (VHx) ∂/dx')0+ (B'ix) ∂/acO-,

wherethefirst(resp.second)termoftheright-handsideisthecomplete(resp.

vertical)liftofavectorfieldV*(x)∂fdxl(re砂B*{x)∂/dxl)inthebasemanifold

M.Conversely,avectorfieldVwrittenintheform(1.4)satisfiestheconditions

(1.1),(1.2).

Givenanon-linearconnectionNijinTM,wecandefinealinearconnectionon

TMwhosecoefficientsF/k,C/kwithrespecttotheN-framearegivenbyF/k-

●djN¥,C/k--0.IfwedenoteacovariantderivativeofavectorfieldTlinTMby

(1.5)N
vjT{-AT*+T'drNl;,

thenthecondition(1.3)iswrittenintheform

1.6

〟

X7jV^ - VrR'rJ.

Thuswehave

Theorem1.1.InatangentbundleTMwithanon-linearconnectionNljfa

vectorfieldV-V*Xi+V^'Xa)inTMisaninfinitesimalautomoゆhismofthe

D(GL(n,R))-structurePiifandonlyifthefollowingconditionsaresatisfied:

(1)Viswritteわintheform(1.4),

(2)Vsatisfisfies(1.6).

InsteadofamatrixofD(GL(n,R))andtheiV-frame{Xa},ifweuseamatrix

oftype(jdj^jandthenaturalframe,inthesamewaywecanderivethefollwing

the｡remobtainedbyIchijy6[2].

●
●

Theorem1.2.AvectorfieldVinatangentbundleisaninfinitesimalautomor-

phismofthestandardalmosttangentstructurePoifandonlyifViswritteninthe

form(1.4).

〟
Ontheotherhand,sinceよ蝣vX^-W^Xh-(▽iVw-VrR¥j)X(h)>the

condition(1.6).hasageometricalmeaningthat^preservesthehorizontaldistribution.Thus

Theorem1.1isrestatedasfollows.

Theorem1.3.Inatangentbundlewithanon-linearconnection,avectorfield

isaninfinitesimalautomoゆhismoftheD(GL(n,R))-structurePiifandonlyifthe

followingconditionsaresatisfied:

(1)VisaninfinitesimalautomoゆhismofthestandardalmosttangentstructurePo,
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(2) V preserves the horizontal distribution.

By virtue of the expression (1.4), we shall consider the two cases where V are

the complete and vertical lifts of a vector field in M.

In the case of V - (vHx) ∂/dx{)c, the components of V with respect to the

N-frame {Xa} aregivenby Vl - v{{x), V{i) - ymdmvi + A^vz;7". So wehave

〟                                                  ｡

▽jVォ> - VrRirJ - ykdj∂蝣kv* + vr ∂*N<j + yr∂,Vm∂Jf'j - (∂lVi)Nmj + (djVVN'n

By the definition, the right-hand side is the Lie derivative of the non-linear connec-

tion N(j with respect to the vector field v - v{(x) ∂/dx* in M (cf. Yano [7]). So

we see that the condition (1.6) is equivalent to

(1.7)　　　　　　　　　　　　｣vNiJ -　0.

So we have the following characterization of (1.7).

Theorem 1.4. Let v be a vector field in M and Nlj a non-linear connection in

TM. The complete lift of v is an infinitesimal automo坤hism of the D (GL(n,R)) -

structureP2, if and only if v satisfies (1.7).

In the case of V- (vHx) ∂/dxi)v, the condition (1.6) is reduced to

1.8
〟                .

▽jVl - djvl+ vr∂rN'j-　0､.

Thus we have

Theorm 1.5. Let v - v^x) ∂/dx* be a vector field in M and N*j a non-linear

connection in TM. The vertical lift of v is an infinitesimal automoゆhism of the

D(GL{n,R)) -structurePj, if and only if v satisfies (1.8).

2. Almost product N-structures and almost complex N-structures

The(1,1)-tensor field P on TM, given by

(2.1)p-吉0

-E

withrespecttotheN-frame{Xa},definesanalmostproductstructureonTM.We

shallcallPthealmostproductN-structure.AvectorfieldVinTMsatisfying

JVP-OissaidtobeaninfinitesimalautomoゆhismofP.

PuttingV-V'Xi+V^Xu)>Vsatisfiesよ¥P-0ifandonlyif



18

2.2

Tadashi Aikou

〟

V*- V'ix), ▽ V�"-　VrR{rj-

SoTheorem1.1isalsorestatedasfollows.

Theorem2.1.Inatangentbundlewithanon-linearconnection,avectorfield

VisaninfinitesimalautomoゆhismoftheD(GL(n,R))-structurePiiftheonlyif

thefollowingconditionsaresatisfied:

(1)VisaninfinitesimalautomoゆhismofthestandardalmosttangentstructurePo,

(2)VisaninfinitesimalautomoゆhismofthealmostproductN-structureP.

Ontheotherhand,the(1,1)-tensorfieldFonTM,givenby

(2.3)F-0-E

E0

withrespecttotheN-frame{xa},definesanalmostcomplexstructureonTM

calledthealmostcomplexN-structure(Matsumoto[5,§23]).Ingeneral,avector

fieldVsatisfyingよ7F-0foranalmostcomplexstructureFissaidtobealmost

analytic.Kandatsu[4]obtainedtheconditionsthatthehorizontalandverticalvector

fieldsarealmostanalytic.Weshallstudythegeneralcase.

PuttingV-V'Xi+V^Xu),wehave

〟...
/VrR¥j-VjVM-djV*djV{+V

｣vF-...n
^fijV*+V'djN'r-djWdjV{+V:avjご二言y<O.

rJDi)
Soweget

､

Proposition 2.1. Let F be the almost complex N-structure on TM. A vector field

V　-　V{Xi +　V{i)X<i) in TM is almost analytic if and only if the following

conditions are satisfied:

〟       .

VrR*rj- ▽V(i)- ∂jV'-　0,

●                           ●

AF'+ V∂jN'j- ∂jV(i)-　o

The condition (2.5) coincides with (1.1), and also the condition (2.4) coincides

with (1.6) under the assumption V* - V{{x). Hence we have

Theorem 2.2. In a tangent bundle TM with a non-linear connection, let V be

a fibre-preserving vector field in TM: V( - V'ix). V is an infinitesimal automor-
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phismoftheD{GL{n,R))-structurePiifandonlyifVisalmostanalyticwith

re砂ecttothealmostcomplexN-structureF.

3.Infinitesimalautomorphismsofか(0(〟))-structures

Weshallconsiderthecasewhere〟isageneralizedmetricspacewitha

generalizedmetricg{j(x,y)inthesenceofMiron[6],andsupposethatanon-linear

connectionN^ix^y)isgiveninTM.Ifweput

･3.1)G-｡冨ij.'

withrespecttotheAf-frame{Xa},the(0,2)-tensorfieldGisaRiemannianmetric

onTManddefinesanO(2n)-structure.ThentheD(0(n))-structureP2onTMis

definedastheintersectionofthis0(2n)-structureandtheD(GL(n,R))-structure

iMlchijyo[3]).

AvectorfieldVinTMisaninfinitesimalautomorphismofP2ifandonlyif

VisaninfinitesimalautomorphismofPiandVsatisfies

3.2£G-O

Inordertocalculate岩,G,weshallusethelinearconnection▽onTMwhose

coefficientsF/k,C/kwithrespecttotheN-frame{Xα}aregivenby

F/
jk-gir¥8｣rk+dkgn-drgjk)/2,

●●●C/k-gir(djgrk+∂kgrj-∂rgjk)/2.

Itisknownthat▽isaG-connectionwithrespecttoP2yandmetrical,thatis,

gij¥k一触ij-girF/k-grjFS*-0,

●gijlk-∂kgij-girC/k-grjCSk-0,

wheretheshortandlongbarsdenotethetwokindsofcovariantdifferentiations.

PuttingV-VIXi+VU)Xu)>wehavewithrespectto▽

●
昨viU+v,

vl-VrCw-V憲二豊vl-V'Cn,一暮VrRirj+V-

t-vrpirj-ニVォR*
ijr>

rPjri
where we put P{jk - ∂kN(j - Fk*j, Vt - girVr, V(i) - girV(f>. So weget



20 Tadashi Aikou

Proposition 3.1. A vector field V - V{X{ + V(OX｡ in TM satisfies (3.2) if

and only if the following conditions are satisfied:

(3.3)ViU+Vnt+V"
i¥jM∂rgij-0

(3.4)拓)¥j+V,Ai-VrPiri-VrPiri-0

(3.5)VL-VrQrij-VrR+v,m+v^pijr-o

In the case of V{ -　Vi{x); it is easily seen that

〟

(3.6)　Vh- VTCm- VrRirj+ Vu)U+ V^Pijr - gir(▽jVM- VR'v).

Hence the condition (3.5) is equivalent to (1.6) if V* - V{{x). So we have

Theorem 3.1. Let ¥M,gJ) be an n-dimensional generalized metric砂ace. In the

tangent bundle TM with a non-linear connection, a vector field V - VIXi +　V(i)*

Xu) is an infinitesimal automoゆhsirn of the D (O (n) ) -structure P2 if and only if the

following conditions are satisfied:

(1) V is an infintitesimal automoゆhism of the D (GL(n,R)) -structure Pi,

(2) V satisfies (3.3) and (3.4).

We shall consider the case where V - V*Xi + F(OZo is the complete lift of

a vector field v -vi(x) ∂/dx{ in M. In this case, since the components of V are

givenby V{ - vl{x), V(i) - v'∂%vl + N¥vr, thecondition (3.3) isequivalentto

(3.7)　　　　　　　　　　　　｣vgu -　0,

that is, v is a Killing vector field in {M,gi3), and because of V^y - ^-y + frP2-ri +

(ymdmvr + Nrsvs) Crij, the condition (3.4) is equivalent to

(3.8)　　　　　vtu + vju + 2{yn∂,vr+ iv sU )y^rij -

Consequently we have

Theorem 3.2. Let {M,gij) be a generalized metric space. In the tangent bundle

TM with a non-linear connection N{j, the complete lift of a vector field v - v'ix)

∂/dx* in M is an infinitesimal automorphism of the D (O(n))-structure P2 if and

only if the following conditions are satisfied:

(1) v is a Killing vector field in (M,gij)

(2) v satisfies (1.7) and (3.8).
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If gij is a Finsler metric, the condition (3.8) is equivalent to (3.3).

Cororally 3.1. In the condition (2) of Theorem 3.2, the condition (3.8) is omitted

if gij¥X>y) is a Finsler metric.

Next we shall consider the case where V is the vertical lift of a vector fieldが-

vHx) ∂/dxi in M. In this case, the conditions in Proposition 3.1 are written in the

formsvrdrgij - 0, v^ + vrPirj - 0, vt¥j + v3¥{ - 0. Becauseofv乙- v*(x),these

conditions are written in the forms

(3.9)　　　　vrdrgij - 0,苗,vi- 0, vrCrij - 0.

The second condition in (3.9) expresses the condition (1.6). So we have

Theorm 3.3. Let (M,gij) be a generalized metric砂ace. In the tangent bundle

TM with a non-linear connection, the vertical lift of a vector field v - vi¥x) ∂/ax*

in M is an infinitesimal automoゆhism of the D (O(n)) -structure P2 if and only if

v satisfies (3.9).

Cororally 3.2. In (3.9) of Theorem 3.3, the first condition coincides with the

last if gij{x,y) is a Finsler metric.

4. Almost Hamilton vector field

Let (M,gij) be a generalized metric space, and suppose that a non-linear

connection N*j is given in TM. There exists an almost complex structure F defined

by (2.3) and a Riemannian metric G defined by (3.1), and the pair {F,G} defines

an almost Hermitian structure on TM. If we put

(4.1)　　　　　　　　　　　　　6>- GF,

the (0,2)-tensor field 也 on TM is skew-symmetric, and it defines an almost sym-

plectic form on TM. A vector field V in TM satisfying

(4.2)　　　　　　　　　　　　　｣yQ0 -　0　　　　　　　　′

is called an almost Hamilton vector field of oo (Ichiiyo [2]).

Putting V - V'Xt + VU)X(i), the left-hand side of (4.2) is written in the form



22 Tadashi Aikou

W^^^^^^^^^^^^^^^^^^^MVl

&r( VHRrv- ▽jV") -grA VhR¥ - ▽iVォ)
●                 ●

VM-ftriV'+ V"∂rgij+ (∂iV^&r

- Vn+PnV'- Viわ∂rgu- (djV")gir
●                              ●

OjVngrj- (diVr)grj

where the covariant differentiations are those with respect to the G-connection

defined in the previous section. So we get

Proposition 4.1. A vector field V - V{X{ + V{i)Xu) in TM satisfies (4.2) if

and only if the following conditions are satisfied:

〟                       〟

(4.3)　　　gir(VhRrhi - ▽jV")-grAVhRrhi-▽iV(f>) -　O,

(4.4)　　　　　VM - PirjVr+V"drgij+ (djV�")gir - 0.

(4.5)　　　　　　　(djV)gtr- (diVr)grj -　0.

Now we shall investigate some relations between the almost Hamilton vector

fields and the infinitesimal automorphisms of the D (O (n) ) -structure P^. We shall

restrict our considerations to the two cases where V are the complete and vertical

lifts of a vector field in M.

First we shall consider the case where V is the complete lift of a vector field

v - vHx) ∂/dxi in M. Then the condition (4.5) is trivial, and we can easily show

that the condition (4.4) is equivalent to (3.3), that is, 〟 is a Killing vector field in

{M,gi]).　　　　　　　　　　　　　　　　　N
On the other hand, because of the equation VrRirj- ▽ y<0-｣vN(j obtained in

Section 1, the condition (4.3) is rewritten in the form

(4.3′　　　　　　　　grA£vN¥) -gir{£｡Nrj) - 0.

It is noted that (4.3) or (4.3′) is equivalent to the condition (2) in Theorem 9 of

Ichijyo [2]. Thus we have the following theorem obtained by Ichijyo [2].

Theorem 4.1. Let {M^gJ) be a generalized metric砂ace, and suppose that a

non-linear connection Nlj is given in TM. The complete lift of a vector field v in

M is an almost Hamilton vector field if and only if the following conditions are

satisfied:

(1) v is a Killing vector field in (M&j),

(2) v satisfies (4.3′).

Next we shall consider the case where V is the vertical lift of v-vHx) ∂/dx{
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in M, Then the conditions in Proposition 4.1 are written as follows:

〟        〟       ｡

(4.6)　　　　　　　　gir▽jVr-grj▽iVr, Vr∂rgti- 0�"

Thus we have

Theorem 4.2. Let {M,gij) be a generalized metric砂ace, and suppose that a

non-linear connection is given in TM. The vertical lift of v-vi(x) ∂/dx* in M is

an almost Hamilton vector field if and only if the conditions (4.6) are satisfied.

Let gij be a Finsler metric. If we use the Cartan connection ▽　determined by

gih the conditions (4.6) become the following conditions in Theorem 13 of Ichijyo

[2]:

●

▽*jVt=▽*iVj, Vr∂rgiJ- 0.

Lastly, we shall mention a relation between the almost Hamilton vector fields

and the infinitesimal antomorphisms of the D (O (n) ) -structure P2. For any vector

field V in TM, we get from (4.1)

£蝣W-(｣vG)F+G(｣yF).

So by virtue of Theorem 2.2 and Theorem 3.1, we see that any infinitesimal

automorphism of P2 satisfies (4.2).

Conversely, if an infinitesimal automorphism of the D (GL (n,R) ) -structure Pi

satisfies (4,2), it satisfies (3.2). Thus we have

Theorem 4.3. Let (M&j) be a generalized metric亜ace, and suppose that a

non-linear connection is given in TM. Then any infinitesimal automoゆhism of the

D (O(n) ) -structure P2 is an almost Hamilton vector field of oo.

Conversely, if an almost Hamilton vector field of oo is an infinitesimal automor-

phism of the D (GL (n,R) ) -structurePi, then it is an infinitesimal automoゆhism of

the D (O (n) ) -structure P2
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