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Abstract

In the present paper we shall introduce the notion of Finsler-Weyl structure [L, N, 6]
and investigate the conformal flatness of (L, N)-structures. Especially, as an application we
shall consider the conformal flatness of Finsler manifolds with (@, #)-metric.

Introduction

The notion of Weyl structure on a differentiable manifold, introduced in Weyl [10]
from a physical viewpoint, has also been studied geometrically and various interesting
results have been obtained (cf. Folland [1] or Higa [2]).

The purpose of the present paper is to generalize the notion of Weyl structure to
the case of (L, N) -structure on a Finsler manifold, and to give a condition that an (L,
N) -structure be conformally flat in terms of such a generalized Weyl struture (Theorem
3.1).

As to a Finsler manifold with (@, 3) -metric, a condition that it be locally confor-
mal to a locally Minkowski space is known for some distinguished case (cf.
Ichijyo-Hashiguchi [6], Matsumoto [9]). In the last section, we shall consider Finsler
manifolds with (@, B)-metric, and express the above results in terms df a generalized
Weyl structure (Theorem 4.1, Theorem 4.2).

Throughout the present paper, the terminology and notation are referred to Ichijyo
(4, 5] and Matsumoto [8].

The authors wish to express here their sincere gratitude to Professor Dr. Makoto
Matsumoto for the invaluable suggestions and encouragement. The authors are also
grateful to Professor Dr. Masao Hashiguchi for the helpful comments and criticism.

1. Weyl structures

First we shall here define a Weyl structure on a differentiable manifold M admit-
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ting a Riemannian metric « and a global 1-form @ as follows, where a=ai]-dxi®dxj and
6 = 6,dx' on any coordinate neighbourhood {U, (x))| of M. Let o (x) be an arbitrary

function on M. With the Riemannian metric 2=¢* “a on M we associate a 1-form &
such that

(1.1) 0=60—do

is satisfied. The family [a, 6] of the pairs (z, ) is called a Weyl structure on M.

Now, let [a, 8] be a Weyl structure on M. Then there exists a unique symmetric
linear connection ¥ such that

(12) vkal']'+2 Hkaij:O

is satisfied. This connection W is called a Weyl connection of [a, 6]. The coefficients
I'/+(x) of ¥ are given by

(]_.3> Fjik: {jikf + 6]}' 8k+ Ski H_;_ 0iajk,

where |/} are the coefficents of the Riemannian connection  of a and 8'=a" 6, (a¥)
= (a3) ' It is clear that ¥ is compatible with [a, 6 ].
The curvature tensor field Wj’}d of ¥ is given by

(1.4) W= rjikl+@(kl) {6 4B+ 0 iBu—ayB,
where i%jikl is the curvature tensor field of \ and
L 1 i — i

Here and in the following the notation @ () means the alternative summation with re-
spect to £ and /.

Then we have a sufficient condition that a Riemannian manifold (M, @) be confor-
mally flat as follows.

Theorem 1.1. Let M be a differentiable manifold admitting a Weyl structure [a, 6] .
The Riemannin manifold (M, a) is conformally flat if the following conditions are satisfied:
(1)  The 1-form 6 associated with a is closed,
(2)  The Weyl connection 7 of la, 6] is flat : Wjik,=0.

In fact, if the condition (1) is satisfied, then @ is written as 8 =d ¢ for a function

o (x) defined on a suitable neighbourhood U of each point of M. Now we consider the

~_ 20 . . )
conformal change a——a=¢""a on U. Since we can consider a function ¢* on M such
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that 6*= ¢ on U, the condition (1.1) leads us to § =0 on U. Thus, from (1.4) the
curvature tensor field of ¥ is given, on U, by

i i
—_— 1
W= Rj'n,

T , r _ :
where R}y, is the curvature tensor field of the Riemannian connection ¥ of a. So, if ¥

is flat, then v s locally flat, that is, the given Riemannian manifold (M, a) is confor-
mally flat.

We shall call a Weyl structure [a, 6] to be flat if it satisfies the conditions (1)
and (2) in Theorem 1.1. We shall here give an example of flat Weyl structures.
Example 1.1. Let H” be the upper-half space of R”, that is,
Hr={(x', =, x") & R x> 0}.

We define a Riemannian metric @ and a 1-form € on H" as

8y, 0w log(x)
dij(x)_ (xn> ’ 0i~ e - axi ’
and further define 8 ,= 6,— 86/ 3« for a=¢*“a. Since 2= (x") % is a Euclidian

metric and 6 =0, the Weyl structure [a, 8] is flat.

2. (L, N)-structures

Let L be a Finsler metric on a differentiable manifold M and N a non-linear connec-
tion on the tangent bundle 7M over M. Then the pair (L, N) is called an (L, N) -struc-
ture (Ichijyo (4, 5]).

We denote by {U, (x', )| the canonical coordinate system of TM induced from a
coordinate system {U, ()} of M, where U= 7,1 (U) (7;: the projection of TM). For
the vertical distribution on 7M, we take the local basis Y= {Y, defined by

Yi=—@G=1, " n).

oy
Then, for the horizontal distribution determined by N, we can take the local basis
X=|X)| defined by

o o
= -— N™

axl aym

X

where N';(x, y) are the coefficients of N.
If a non-linear connection N is given on TAM, then we know that 7M admits a
D(GL(n, R)) -structure P; as a reduction of the standard almost tangent structure
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(Ichijyo [3]). We shall call a Finsler connection a D (GL (n, R)) -connection 7 of P;. A
Finsler connection ¥ satisfies

VXJ.Xi:Fiijky sz;Yvi:Fiijkv
VY;XIZ Ciijkv VyleZ Ciijk,

where N, F}';, C;; are called the coefficients of 7.
If an (L, N) -structure is given on TM, then a Riemannian metric G on TM is de-

fined by
(& 0
G= ( 0 gzj)

with respect to {X, ¥}, where g; = (V;¥;L?) /2. In the following we shall denote by
YV briefly the covariant derivation with respect to X;. Then we have

Proposition 2.1. For a given (L, N) -structure, there exists a unique Finsler connection
<V = (N, F4, Ci}) satisfying the following conditions:
(1) is h-metrical, that is, Vg =0,
(2) Fjikszij,
(3) jikzo-

In fact, from (1) and (2) we get
jikzgir (A}(jgrk_i_ngjr—Xrgj )/2,

where (g¥) = (g;) 1. We call this Finsler connection the Rund-iype connection of (L, N)
and denote by %.

Remark 2.1. If an (L, N)-structure is given on TM, it is noted that the D (GL (n,
R)) -structure P; is reduced to a D (O (n)) -structure P, (Ichijyo [3]). The Rund-type
connection V of an (L, N) -structure is a D (GL (n, R) ) -connection of Py, but it is not a
D (0 (n)) -connection of P,. Thus, ¥ is not the (L, N)-connection in Ichijyo [5].

R . .
With respect to Vv, we have two surviving curvature tensor fields R}y, P/
Rjim:@u inF}‘ik_*_ijkail% ' Pjikl: Y leik-
If the all curvature tensor fields of a Finsler connection ¥ vanish identically, we say

that ~ is of zero-curvature.
An (L, N) -structure is said to be flat if for any point p of M there exists a local
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coordinate neighbourhood {U, ()} of p such that the condition
Xign=0
is satisfied on U= 75~ Y(U). Then we have easily

Proposition 2.2. An (L, N) -structure is flat if and only if the Rund-type connection v of
(L, N) is of zero-curvature.

Also the following theorem is obtained in Ichijyo [5].

Theorem 2.1. An (L, N) -structure is flat if and only if its Finsler metric L is locally
Minkowski and the following equation is satisfied:

(2.1) (Yougit) P9 =0,
where we put Pi]-k= YkN‘;—Fkij Sor %.

3. Finsler-Weyl structures and conformal flatness

In this section, we shall generalize the notion of Weyl structure to the case of
(L, N) -structure on a Finsler manifold (A, L), and from the standpoint we shall in-
vestigate the conformal flatness of (L, N) -structures. We shall define

Definition 3.1. Let an (L, N) -structure (L, N) and a global 1-form 8 = 6;(x, »)
dx’ be given on TM. Let o (x) be an arbitrary function on TM, dependlng on (x)
alone. With the Finsler metric Z = e’ L and the non-linear connection N = N, we
associate a 1-form 8 = ;(x, y) dx’ on TM such that
(3.1) 6=0—do

is satisfied. The family [L, N, 8] of the triads (L, N, 8) is called a Finsler -Weyl struc-
ture on TM.

Then we have

Proposition 3.1. Let [L, N, 8] be a Finsler- Weyl structure on TM. Then there exists a
unique Finsler connection %= (N‘] Wjik, C}ik) such that

(i) Vigyit+2 0 =0, (i) Wi,=w, (iii) C/,=0
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are satisfied.

In fact, the condition (i) is equivalent to
Xigy—&oW k= gyWikt2 Org=0,
from which and the condition (ii) we have
3.2) = Fj o 0 0,4 81 0,— gy

where Fjik are the coefficents of the Rund-type connection % of (L, N) and 6'= g0, 1t
is clear that V is compatible with [L, N, 6].

We shall call this connection v the Finsler-Weyl connection of [L, N, 8]. The sur-
viving curvature tensor fields of V are given by

Kjiu:Rjikz“'“ @ 1 5ikBﬂ+ 3ijBkl—gjkBi1} )
(3.3)
Fiy=P/ytY,(8,0,+ 8% 0,,— O'gn),

. . R
where Ry, P}y, are the curvature tensor fields of the Rund-type connection ¥ of (L, N),
and

1 S

Now we shall define

Definition 3.2. An (L, N)-structure is said to be conformally flat if, for any point p
of M there exists a local coordinate nighbourhood {U, (x’)| of p and a function & (x) on
U such that the structure (L, N) is flat, where L=¢° 'L and N=N.

Now we shall characterize the conformal flatness of an (L, N) -structure, where L is
a non-Riemannian. For a conformal change L——L=¢ L, the tensor field (Ygim) Py
occured in Theorem 2.1 is changed as follows.

(Yj~im) i)mkz)’rzezd (Y}gim) (P, — 0,0™— 048"+ 07g,)y,

where we put 0,= 90/ 9 x' and 6'=g"0, Moreover, if we put C,=g"(Yigin) /2 and
C*=g"C,, we have

C kﬁCvmemeyTZcf2 ’ (CkaP""k,y’—- O',y’C'ka).
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So, if we put B=C,,P",,C"y’/C* and C*=C,,C ™, the 1-form 8 = @,dx' defined by
(3.4) 6;(x, ») =Y.B

satisfies (3.1) (cf. Ichijyo [5]). Thus the given (L, N) and the 1-form @ define a
Finsler-Weyl structure [L, N, 8] on TM. Then we have

Theorem 3.1. Let L be a non-Riemannian Finsler metric on M and N a non-linear connec-
tion on TM. With respect to the Finsler-Weyl structure (L, N, 6] defined by (3.4) Sfor (L, N),
the (L, N) -structure is conformally flat if and only if the following conditions are satisfied:
(1) @ is reduced to a closed 1- -form on M,
(2)  The Finsler- Weyl connection %of [L, N, 6] is of zero-curvature.

Proof. We suppose that the (L, N) -structure is conformally flat. By definition
3.2, for each point of M there exists a neighbourhood U and a function ¢ (x) on U such
that (L, N) is flat. Then we have B=0 from Theorem 2.1, that is, § =0, and hence 6
is closed. Moreover, from Proposition 2.2, we see that R/, =0, P/;,=0 and Bij:O on U.
Hence, by (3.3) we see that Vis of zero-curvature.

Conversely, if the conditions (1) and (2) is satisfied we can show that (L, N) is con-
formally flat in the same way as in Theorem 1.1.

Q. E. D.

We say a Finsler-Weyl structure to be flat if it satisfies the conditions (1) and (2) in
Theorem 3.1.

4. Applications to Finsler spaces with (&, B)-metric

Let L(@, B) be an (@, B)-metric, that is, L(@, B) be a (1)p-homogeneous function
of two variables

a (x, ) = lay ()i V2, B(x, ») =b;(x)y"

where a; is a Riemannian metric and 4; (x) is a covariant vector field on M (Matsumoto
[8]). As to a condition that a Finsler manifold be locally conformal to a locally Mink-
owski space, we know some results in Ichijyo-Hashiguchi [6] and Matsumoto [9]. In
this section we shall express these results in terms of a Finsler-Weyl structure.

For any (@, 8) -metric L (@, 8), where B #0, we define a 1-form 6 = 6,(x) dx'

. 1 mk ™ 2 i
(4.1) 0= e (b7 b " be), 16l>=a?b.b;.
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Given an (@, B) -metric L (@, B), it is shown that [a, 8] is a Weyl structure (cf.
Ichijyo-Hashiguchi [6]). The coefficients I'j4(x) of the Weyl connection < of [a, 6]
are given by (1.3) for 6; defined by (4.1).

If we put
(4.2) ]Vij-_—ykpkij,
then N"j give a non-linear connection N on TM, independent on the choice of (z, §) &
la, 8]. For the (L, N) -structure such that the non-linear connection N is given by
(4.2), we can define a Finsler Weyl structure [Z, N, 8] by (4.1). We shall call [Z, N,
6] the induced Finsler-Weyl structure.

Now we shall seek the condition that the connection v = (N}, I'j}, 0) given by
(1.3) and (4.2) be the Finsler-Weyl connection of [L, N, 8]. In this case, the h-co-

variant derivation YV, with respect to ¥ and the usual derivation by Y; are commutable.
Then we have

oL oL
Vigi=Y.Y; (L L) = Yin(L—a—a‘Vk"‘ +va18 ).
Since I'f; (x) is the Weyl connection of [a, 6], we have v, @ = — §,@ . So, if we
assume
(4.3) Vb= — 0ibs,
that is, v, 8 =— 6,8, we have
oL oL
Vg = YiY; <L<6—a(— 6ka)+W(_ 6:8)))

Thus WV is the Finsler-Weyl connection of [L, N, 8]. The converse is also true, and
we have

Proposition 4.1. The Finsler connection (N';, I 4, 0) given by (1.3) and (4.2) is the
Finsler-Weyl connection of [L, N, 8] if and only if the condition (4.3) is satisfied.

Thus, in the same way as in Theorem 1.1 we have

Proposition 4.2. In a Finsler manifold (M, L) with (@, B) -metric such that Hbﬂz#o, if
the condition (4.3)is satisfied and the induced Finsler-Weyl structure [L, N, 6] is flat, then the (L,
N) -structure is conformally flat.
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In genaral, the converse of Proposition 4.2 is not true. In the case of Randers met-
ric L= @ + B, however, by the well-known theorem of Kikuchi [7], we have the follow-
ing theorem due to Ichijyo-Hashiguchi [6].

Theorem 4.1. A Randers space (M, L) is locally conformal to a locally Minkowski space
if and only if the condition (4.3) is satisfied and the induced Finsler-Weyl structure [L, N, ] is
Slat.

In Matsumoto [9], a Finsler manifold (M, L) with (@, 8) -metric such that

Kikuchi’s theorem holds good is said to be flat-parallel. Theorem 4.1 is generalized as
follows.

Theorem 4.2. A Finsler manifold (M, L) with Slat-parallel (a, B) -metric is locally con-

Sormal to a locally Minkowski space if and only if the condition (4.3) is satisfied and the induced
Finsler-Weyl structure [L, N, 6] is flat.
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