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Abstract
In [1] we have introduced an iteration scheme of modular type of higher order, and
have shown the characteristics of schemes. In this paper some examples of the schemes
are presented, and some relations induced from the examples are proved.
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1. Examples of iteration schemes of modular type of higher order.

See [1] for notations and definitions. Let us show some examples of iteration schemes
of modular type of higher order.
First we shall consider the schemes

P2,50,(1.0.k) = <Z50y f> (k=071’293)4)5) .
where fis a function from Zs, into itself defined by
f(x)=x%+k mod 50 (reZs) (k=0,1,2,3,4,5).

The iteration graphs of the schemes are shown in appendix 1. (a) ~ (f). Depending on
the values of k, the graphs are changed variously.

Next we consider the iteration graph of the scheme Pgz150,a,0,1), the iteration graph of
which is shown in appendix 2.

From these examples we can induce the following relations:

Proposition 1.1. Let f be a function from Z,, into itself defined by
fx)=x*+k modm (x€Z,),
where k is a given element in Z,,. Then for each non-zero ¢ in Zn, we have
fe)=f(m—c).

Proof. Obvious.
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Corollary 1.2. We have the same result for
f(x)=ax®+b mod m (x€Z,),
where a (+0) and b are elements in Z,, that is,
fm—c)=f(c) foreachc (#0)<EZ,.

Proposition 1.3. Let m be a natural number satisfying the relation m=2 (mod
4), and let f be a function from Z,, into itself defined by f (x) =z2+1 mod m (XEZn).
Then we have for each x in Z,, the equality:

f@+m-mwn0;ﬂw+%‘mwnu

2
Proof.
f<x+% mod m>=<x+%>2+1 mod m
=x2+mx+%2+1 mod m
=x2+1+m72 mod m
=f(x) -i-LZi mod m

From the relation =2 (mod 4) we have

4| m—2).

So we have

2

%E% (mod m),
since

m_m_m—2

4 2 g ™
Thus

f<x+% mod m>=f(ac)-l—!2ﬂ mod m.

(Q.E.D)
Next let us consider a function f from Z, into itself defined by
f(@)=ax?+b mod m (x€Z,),

where @a(#0) and b are elements in Z,. We have the following relations for the func-
tion by simple calculations:
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1. If m satisfies the relation
m=2 (mod 4),

then we have for each x in Zy
fz+% mod m)=f(@)+Z% (mod m).

2. If a and m satisfy the relation
a=0 (mod 2) and m=2 (mod 4),

then we have
m _
f<x+7 mod m) =f(x) (xEZm).
3. If m satisfies the relation m=0 (mod 4), then we have for each x in Zy

f(x+—2”1 mod m>=f(x) @eZy).

4. If a satisfies the relation =0 (mod 4), then we have for each x in Z,,
f(z+2 mod m)=f (@) @eZm.

5. 1If the relation f (z+7% mod m)=f(z) holds, then
am=0 (mod 4)
From these relations we have the following propositions easily by simple calculations:

Proposition 1.4. Let f be a function from Z,, into itself defined by f(x)=ax*+b
mod m (x € Z,), where a and b are elements in Z,,. Then the relation f(x+ m/2
mod m) =f (x) (xEZn) holds if and only if m is an even number and am=0 (mod 4).

Proposition 1.5. Let f be the same function as in proposition 1.4. Then the ve-
lation f (x+m/2 mod m)=f(x) +am/2 mod m (x€Z,) holds if and only if m is an
even number and a(m—2)=0 (mod 4).

2. The longest length of cycles and the longest length of transient paths of
iteration graph of iteration scheme of modular type of higher order.

Let us consider the longest length of cycles (L.C.for short) and the longest length of
transient paths (L.T.for short) of the iteration graph of the scheme P, m a. We have
the following theorem.

Theorem 2.1. Let m be a natural number such that

— plipl I
m=py'ps* "D,
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where p1, s, ,px are prime numbers such that py <p,<---<pi, li, ls,**,lx are positive
integers, and k is an integer greater than or equal to 2. Let m; be a number such
that mj=p" (j=1,2,-,k). Let us construct the following iteration schemes:

Puma =<Zm >,

a :(ao, ah...’an)ezr;:l’

fx) =>"0aix”" mod m (xEZy),

P"’ m, a; <Zm,-» f}>»

a; = (a(()i), a;j)...’afzj)) ezzz”tl’

fi(x) =2"0ax"" mod m (xEZn),
G=1,2,+k).

Here assume that the numbers a” satisfy the relations

ai=a (mod my)
(1=0,1,2,*,m; j=1, 2,*,k).

Let I* and I¥ be the longest lengths of itevation grvaphs of the schemes Py, m, o and P,
m, a; Yespectiwely (j=1,2,---,k). And let t* and ti* be the longest lengths of transient
path of iteration graphs of the above schemes Py m,a and Pu m, o, G=1,2,+,k), re-
spectively. Then we have

l*:l.c.m.{l}k};=1,2,...,k,
(I.c.m. means the least common multiple.)

and
t*=max {If,*}j=1,2,-~,k,

Proof. We obtain easily the above conclusion from the definition of products of
schemes and the result of main theorem in [1].

(Q.E.D.)
Example 2.1. Consider the scheme

P2,150,(1,0,1>: <Z150, f> ’
where f(x) =x%+1 mod 150 (x€Zs0).

From the iteration graph of the scheme (see appendix 2), we have
L.C.(P2,150,1,01) =6,

and
L.T.(P2,150,a.00) =3.

From the relation 150=2 X3 X 52, let us consider three schemes:

P22 00 =<Z, >,
P00 =<Zs, f,>,

and
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Pyos 0= <Zss, f3>
where
filx)=x*+1 mod 2 (x€Z,),
fo(x)=x%+1 mod 3 (x€Z),
and
fs(x)=x%+1 mod 25 (x€Zys),

The iteration graphs of these schemes are as follows:

P22a00: 0 1

P2sa0n: 0—1—2 Q
and

Pz,zs,(1,0,1)3 24 23

//\\
/\ /\ /\ /\

17 13 12

/\ / JAWAY

16 11 13

Then
L.C.(P22,a,00) =2, L.T.(P2za00) =0,
L.C.(P23,a00) =1, L.T.(P2sa,00) =2,
L.C.(P225,a,00) =3, L.T.(P22sa,00) =3,

Then we have from the theorem

L.C.(P21s0,a,00) =l.c.m.{2,1,3} =6,

and

L.T.(P3150,1,0,0) =max{0,2,3} =3.

41
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The results corresponds to the values of the scheme Ps,150,a1,0,1)-

Example 2.2. In appendix 3 we show the table of values of L.C. and L.T. of the
schemes Py 1,01, where m=2(1) 25 and the other particular values we compute.

Example 2.3. The longest length of cycles of the iteration graph of iteration
scheme Ps3,111546435,01,0,0 is 12, since we have

111546435=3 X5X7X11 X13X17X19X 23

and from the following table of L.C.’s and the theorem we get the result.

m L.C.
3 1
5 3
7 1
11 2
13 4
17 6
19 1
23 2
111546435 12

So we get
L.C. (P3,223092870,1,0,0) =12,
since 223092870=2X111546435 and
L.C(P22a.00) =2.

Remark. It is essential to study the case when m is a power of prime number, e.g.,
m=2%3% 5% ---(k=1,2,--").

Examples of the case when m =2° and m =2 of the iteration graph of the scheme
P2m,a,01 are shown in appendix 4

We have the following results:

(@) L.C.(P22¢,0,00) =1 (k=1,2,-++),

(b) L.C-(PZ,Z",(I,O,I)):Z (k:1’29.“)9
1 k=1

(¢) L.C.(P220,0,10) = { k-1 Ek:2?3,'”) ’

(d) L.C.(Pa2v,a0) =21 (k=1,2,-"),

the proof of which follows from inductive reasoning for iteration graphs of these
schemes.
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Appendix

Appendix 1
(a) The iteration graph of the case when
f(x)=x% mod 50 (x&Zso)
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(c) The iteration graph of the case when
f(@)=2%+2 mod 50 (xeZs)
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(b) The iteration graph of the case when
f(x)=x22+1 mod 50 (reZs)
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(d) The iteration graph of the case when
f(x)=224+3 mod 50 (reZsy)
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(e) The iteration graph of the case when
f(x)=z%+4 mod 50 (reZs)
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Appendix 2
The iteration graph of the case when

f(@)=2%+1 mod 150 (x=Zs0)
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(f) The iteration graph of the case when
f(x)=x?+5 mod 50 (xcZsy)
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Appendix 3
The table of values of L.C. and L.T. of schemes
Pomaon
m L.C LT
2 2 0
3 1 2
4 2 1
5 3 1
6 2 2
7 1 3
8 2 2
9 3 2
10 6 1
11 2 4
12 2 2
13 4 2
1 2 3
15 3 2
16 2 3
it 6 3
18 6 2
19 1 7
20 6 1
21 1 3
22 2 4
23 2 6
24 2 2
25 3 3
27 3 2
30 6 2
32 2 3
35 3 3
64 2 4
70 6 3
81 9 2
121 20 4
125 3 6
128 2 5
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Appendix 4
(a) The iteration graph of the scheme P32, a,0,1)
f(x)=x2+1 mod 64 (xeZes)
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(b) The iteration graph of the scheme Pzz27,a,01)
f@)=x%+1 mod 128 (r&Zz)
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