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Abstract

We study the explicit Runge-Kutta methods for stiff-equation yy-Xy, where the

methods are variable coefficients formulas depending on X. They are A-stable with

respect to the model equation yJ-Xy. The analysis of eigenvalue X for some schemes
●

are carried out. Finally, some numerical tests justi丘ng the results are present

l. Introduction

The present paper is concerned with the numerical integration of stiff system of ordinary

differential equation:

t'-f(x, y), y(xo) -y｡. 1.1

A basic difficulty in the numerical solution of stiff system is the satisfying of the

requirement of stability. From the restriction of stability, implicit type methods have been

present and some explicit methods imposed the stability conditions have derived, however,

there still remain stability problem for the explicit methods, so it is the purpose of the present

paper to derive the explicit A-stable Runge-Kutta methods with respect to the model

equation. The outline of this paper is as follows: In §2, We consider two-stage of order one,

three-stage of order two and four-stage of order three explicit A-stable Runge-Kutta methods

for the fitting problem respectively. Stability analysis for arbitrary eigenvalue X are discussed
●

in §3. In §4, we propose some numerical tests.
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2. Derivation of the formulae

Consider the r-stage explicit Runge-Kutta methods:

J′

In+l-yn+k∑ biki,
1-1

ki -f(xn, un),

ki -f(xn+ci h, yn+h∑atj kj),

ci-∑an (i-2,..., r).
I

2.1

The order conditions of the R-K methods which are discussed in 【11 are listing up to

three order:

order 1:　　　　X b,-1,
I

order 2:　　　　∑ b,ct- 1/2,
t

order3:　　　　∑ bia- 1/3,
I

∑btaucj-1/6.
I

Let us now apply the r-stage, p-th order Runge-Kutta methods (2.1) to the test equation

v'=*v,

vn+i- S(z)yn,

then we have

2.5

2.6

and S(z) takes the form:

su)-｣言+ = γz¥ (z-Ah)
γ

〟-♪+1

where 7 are the function of the coefficients of (2.1).

we shall study how the function S(z) of (2.6) with (p, r)-(1,2), (2,3) and (3,4) are

expressed.

Case (1) />-1, r-2: From (2.6) we obtain the difference equation:

/ォ+i- (l+z+b2a2iz )yn,

here if we take b2a2i in the form:

∂2α21 -
∂

α+βZ I

(2.7)

2.8
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then血�"0m (2.7) and (2.8) we have

Vn+l -
α+ (α+β)*+(β+∂)Z2

Vn. 2.9

13

From the stability condition, we have β+∂-0, taking, for example, α-1, β--1 we have

1

fn+1 l-r
(2.10)

which is A-stable algorithm. Solving (2.8) with α-1, β- -1 and the order condition (2.2), we

have

82-
dil-z)
bi-l-1

(c2: free parameter)

Case (ll)クエ2, γ-3: Proceeding the same way as the case (1), we have

/ +!- a+z+蛋+haz2a2iZ2i)yn,

∂3α32α21 -

tfn+l -

2! (α+βZ)

2α+2(α+β 2+ 2β+α)z2+(β+γ)Z3

2¥{a+Bz)
yn.

2.ll

2.12

2.13

setting

we have

From the stability condition, we have

2β+α-0, β+γ-0,

which lead to the following A-stable algorithm:

2+2

Vn+l一手完yn･

Solving (2.13) and order conditions (2.2) and (2.3), we have

2.14
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2¥ a32a21(2-z)

h--1(1-

c2¥2b3c3j,

2.15

#21-C2,#31　Cz　#32,

bi-l-(b2+b3). (c2, c3, a32: free parameter)

Case (III) ♪-3, ㍗-4: Finally in this section, we concern four-stage three order method,

integrating (2.5), we have

vn+1 - [1+Z+蛋+蛋+bァa^az2a2i ZAjyn,

04 #43 #32 #21 -
3! (α+βZ)

here we set

putting (2.17) into (2.16), we have

tfn+1 -
6α+6(α+β z+(6β+3α)z2+(3β+α)z3+(β+r)z4

3! (α+βZ)

From the stability condition, we have

6β+3α-0, 3β+α-0, β+γ-0,

which lead to

Vn.

(2.16)

(2.17

α-β-0.

It follows that the assupution (2.17) is unsuitable. We now consider the following further case:

04#43#32 #21 -
∂+pz

3¥ (a+Bz+rz2)

putting (2.18) into (2.16), we have

〟

fn+1

3! (α+βZ+JZ2)
Vn

with

(2.18)
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u- 6α+6(α+β)z+ (6γ+6β+3α)22+ (6r+3β+α)Z3

+ (3r+i3+<5)24+ (r+p)25.

From the stability condition we have

T+p-O, 3r+p+0-0, 67+3j8+a=0,

which lead to

α-3∂-3p,β=3p-♂ r--p-

If we take 5-1, p--l in (2.19), we have following L-stable algorithm:

6+22
Vn+1 -
6-42+z2

Vn

Solving (2.18) and order conditions (2.2), (2.3), (2.4), we have

84-

∂2-

1-2

#43^32 021 6-4Z+Z2

c2 ¥Cz-c2) |-(l-64 c4)c3--+b4 dj,

b3- cA2-biCt-b2Ci}'
1

tf42- hc2 (吉-b3 #32 c2一言043L

(2.19

2.20

(2.21

15

#21- C2, C3- 63I+632, CI4- Ca- (<Z42+#43).

U32, ^si, #43, c2, c4: free parameters).

3. Stability properties of the schemes (2.ll), (2.15) and (2.21)

In this section we are concerned with the analysis of eigenvalue of schemes (2.10),

(2.14) and (2.20). Let us set X9 be the approximation of X, replacing z by z'-X'h in (2.8), the

algorithm (2.10) is then

/ォ+l - [1+2+了与)yn,

Or

/サ+! - 1t(z, Z')i/n,

打U z')-l+z+了与, 3.1
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we may write (3.1) in the form
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打U z')-I吉+了与一芸),

so if z satisfies the equation

Z2(占一吉<1-

3.2

3.3)

then the algorithm (3.1) is A-stable. Setting z-reid(7r/2<d<37r/2), and using the inequality

1-2　<l+r,

in (3.3), we have

z　-z

z'-1

which lead to the following result.
●

Theorem 1. The algorithm (2.ll) with z-z'is A-stable if zy satisfies the inequality:

z'-z

z'-1
3.4

The region z'satisfying (3.4) lies in the interior of the circle with the center mi and the

radiusγ1,

･i一豊rx-c豊, 3.5

with c-l/(H-2). Taking the value of r large enough, we have the following result:

Corollary. For large value of z, the algorithm (2.ll) with z-z'is A-stabe if zy satisfies the

inequality.

z-z　<1.
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Carring the same argument to the algorithm (2.15) and (2.21), we have the following results:

Theorem 2. The algorithm (2.15) with z-z'is A-stable if zl satisfies the inequality.

完I <吉(J7i -^2). 3.6

with

zi - r-4rcos(め+4,

z2 - r2+4rcos(0) +4,

The region z'satisfing (3.6) is in the interior of the circle with the center m2 and the radius r2

C2-z

m2=　工手, r2-c

with c-2(ノ五一J云)M

lil_-_i_ ･
3.7

Theorem 3. The algorithm (2.21) with z-z'is A-stable if'z'satisfies the following inequality.

(z-z') (zz'- (z-hz') -2)

(6-4z'+z'2) (6-4z+z2)

6+2zI

6-4z+z2

4.NumericalExamples

Inordertotestthemethod(2.1),wewishtopresentsomenumericalresults.Thedescribed

methodsareprogrammedinFORTRANandrunonthePersonalComputer9801RA(NEC).

Thecomputationsaredoneindoubleprecision.

(1)サ'--1000サ,2/(0)-1,

(2)Y'-AY,y(O)-(l,1,1),

with

A-仁§●1圭0

0

12｡

(3)Y'-AY,F(0)-(1,1,1),
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Table 1

Result using (2.ll) with /z-l/23 and 1/26.

Absolute error

0.125　　　　　　　　0.500‥　　　　　　　1

h-l/23　　　　　　0.793｣-2　　　0.396E-8　　　0.157E-16

h-1 26　　　　　　　　OA71E-9

Comparison with the methods order 1 (2.ll), order 2 (2.15) and order 3 (2.21).

∫

Absolute error

0.125　　　　　　　　　0.5

(/*- l/23)

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21)

0.793｣-2　　　　　0.396E-8

0.968｣0　　　　　　0.879｣0

0.248｣-1　　　　0.379｣-6

0.157｣-16

0.774｣0

0.1443^-12

Problem　2

Absolute error

x= 0.0625　　　　　　　　　vi　　　　　　　　2/2　　　　　　　　*/3

U- l/26)

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21)

0.484｣-5　　　　　0.553｣-1

0.126｣-8　　　　　0.706E-2

0.329｣-12　　　　0.770｣-3

0.140｣-1

0.552｣-3

0.247｣-3

x=0.5　　　　　　　　　　V¥　　　　　　　　V2　　　　　　　　y*

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21)

0.371｣-4　　　　　0.946E-S 0.210E-U

0.967E-S 0.104E-10　　　　0.875E-26

0.251｣-11　　　0.183｣-11　　　0.868｣-26

x= l vi V2　　　　　　　　2/3

order 1 (2.ll

order 2 (2.15

order 3 (2.21)

0.706｣-4　　　　　0.898｣-16

0.184｣-7　　　　　0.18LE-21

0.479｣-11　　　0.475｣-22
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Absolute error

^= 0.0625　　　　　　　　　2/i　　　　　　　　2/2　　　　　　　　　2/3

(h-1 2ォ)

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21)

0.491D-5　　　　　0.055｣+0

0.127か　　　　　　　0.706か-2

0.333D-12　　　　0.770D-3

0.014か+0

0.552Z)-3

0.247か-3

x=0.5　　　　　　　　　　vi　　　　　　　　2/2　　　　　　　　m

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21)

0.4118-4　　　　　0.9468-8

0.106D-7　　　　　0.104D-10

0.278D-11　　　　0.183D-ll

0.2100-14

0.875D-26

0.868D-26

x= 1　　　　　　　　　　　2/i yz y*

order 1 (2.ll)

order 2 (2.15)

order 3　2.21)

0.864Z)-4　　　　　0.898D- 16　　　　0.443D-29

0.224D-7　　　　　0.181Z>-21　　　　0.0

0.585｣-11　　　　0.475Z)-22　　　　0.0

19

Finally we consider a variable step algorithm. Let yn and yn denote the approximation to the

i-th component at x-xn using step size h and h/2 respectively.
●

Defining

EST-hn-身n tI

-max　よi)-jj(i)
I

●                                                                                                                                                                                                             ●

we use the following step size control policy for a given local accuracy requirement e.

1. If EST>e, reject the solution and half the step size h.

2. e>EST, accept the solution and keep the step size h fixed.

3. EST<e/50, accept the solution and double the step size h.

To test our automatic step control policy, we consider the problem (II) and (III) with

e-0.1E-4. and the initial step size h-l/16.
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Problem　2

number of steps

x=0.00244...　　　　　　　　　　　　　　yx

Absolute error

O2　　　　　　　　　2/3

order 1 (2.ll)

order 2　2.15)

order 3 (2.21)

0.5880-8　　　0.685D-3　　　0.050Z>-1

0.480｣-13　　0.449｣-5　　　0.888｣-4

0.138E-16　　0.276｣-7　　　0.120｣-5

*=0.051...　　　　　　　　　　　　　　　　ui V2　　　　　　　m

order 1 (2.ll

order 2 (2.15)

order 3 (2.21)

0.122｣-6　　　0.124E-2　　　0.282｣-3

0.100｣-11　　0.821｣-5　　　0.532｣-5

0.971E-16　　0.680｣-6　　　0.765｣-6

#=0.107...　　　　　　　　　　　　　　　　vi V2　　　　　　　y*

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21

0.255E-6　　　0.588｣-3　　　0.687｣-6

0.362｣-11　　0.214｣-5　　　0.354｣-7

0.167｣-14　　0.884｣-6　　　0AIOE-7

Problem　3

number of steps

^=0.0024.‥　　　　　　　　　　　　　　　　yl

Absolute error

2/2　　　　　　　　　m

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21)

0.603｣-8　　　0.685｣-3　　　0.050｣-1

0.489｣-13　　0.449｣-5　　　0.888｣-4

0.227｣-16　　0.276｣-7　　　0.120｣-5

.r= 0.051 …　　　　　　　　　　　　　　　　yi　　　　　　　2/2　　　　　　　2/3

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21)

0.127｣-6　　　0.124｣-2　　　0.282｣-3

0.103｣-11　　0.821｣-5　　　0.532^-5

0.194E-15　　0.680E-6　　　0.765E-6

#=0.107...　　　　　　　　　　　　　　　yi V2　　　　　　　ys

order 1 (2.ll)

order 2 (2.15)

order 3 (2.21)

0.249｣-6　　　0.209｣-3　　　0.147｣-5

0.416｣-11　　0.185｣-5　　　0.218｣-7

0.185E-14　　0.884｣-6　　　0.410E-7



Efficient Explicit Runge-Kutta Methods for Stiff Systems 21

References

1 ] Butcher, J. C. (1985): The Numerical Analisis of Ordinary Differential Equations, John Wiley and

Sons.

【 2 ] van der Houwen, P. J. (1973): Construction of Integration Formulas for initial Value Problems, North-

Holland, Amsterdam.

【 3 1 Nakashima, M: On the Stability of Variable-Formula Explicit Pseudo Runge-Kutta Method. Intern.

Confere. 1992 at Benin Univ., Nigeria.

4 ]　　　Variable coefficient A-stable explicit Runge-Kutta Methods. Intern. Confere. 1994, Chiba,

Japan.

[ 5 ]　　　Variable coefficient explicit Runge-Kutta Methods for Stiff Systems (submitteed).


