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Some specific Examples in Boolean Algebra ( I )

∫

Eiguma Shimpuku and Takuma Kinoshita

(Received October 15', 1955)

1. Introduction

The statements (sometimes called assertions or prpositions) will be denoted

by the letters p, a,r,�"�"�". When these statements are combined by grammatical

connectives "or" "and " and "not", we denote "or" by cup (U) "and" by

cap (∩) andりnot" by aprime (′). Thus

HbUa" denotes the statement "p or aサ

``♪〔¢" denotes the statement "♪ and 〟"

〃p'" denotes the statement 〃not p".

Furthermore, the statementり♪→¢ is to mean that the statement "if九then

¢　　This may be de丘ned in terms of other connectives, for "♪→〃　means that

¢ must hold unless ♪ failes, so that

(♪-<?)= (/>'Ik).

An equation such as p¥]pf-I means that p〕b′ is logically equivalent to a

●                                   ●

true statement ∫ Expressions of this sort are known as logical tautologies.

2. borne Specific Examples in Boolean Algebra

Theorem 1. // (p-*.)=J, (♪-02)-∫,

then [pぅqln<fc -∫.

Proof, (p→ql)-【♪-(qLnォo�"　-　-(1).

We may prove that the equation (1) is a tautology under (p→ォォ)-/

(bうql)-lb-(ql 〔ォ.)

-【/>'u<7.r u[/>'∪(ql〔q2)1

-【p'UQi]′ [)[(p'〕ql)∩(/>'Uォa)】

-[(*'U*i)′ UO>'U<7.)】〔【(b'UqJ)′ U(P']q-i)】

=(/>'uql)'∪(boos)

-b'uq2

=J.

Hence, if (pぅ*l)=J, and (p→#2)-∫, then [p-ql n<iサ]-r.

Theorem 2. // [p-qlnO2 -/,

then (p→tfi)-/ and (♪→$0-∫.

Proof. 【P→(ql 〔q2)】-(9-ォ.)�"　-　　�"(1).

We may prove that the equation (1) is a tautology,

lb→(ql n*0 →(b→ql)

-【9'](qI〔　′](bl ]ql)

=[(/>'uql)∩(9'uqB)㍗ U(#'Uォi)
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-[(*'Uォ0′ U(P'upi)l】](/>'U<7.)

-Ju(ru<?2)′

=J.

Similarly, [p-(ql nO2)】-(9-q-O is also a tautology.

Example. If x-a always shows numbers of coordinates [(-3, 0), (4.5,0)

between the intersection of the two curves y-l/3x2 and y--#2+2;*;+18,. then

-3<a, a<4.5 that is -3<tf<4.5.

Conversely, if -3<#<4.5, thenx-a satisfies the inequalities -3<a, and a

<4.5.

Theorem 3. 【(bl Upi)-q]-(bJ-q)-∫
､

and [(pi UP'l)→q]→(♪2→ォ)=/.

Proof. [(A UAO→q]→(b)-q)

-【(Pl[}po′ uq]′ ∪(bl′ uq)

-KPiUP*)](bl′ ]q)】mq′ ](bl′ ]q)】

=rJ.

Similary [(pi Ub2)→q]→(p*-q) -∫.

Example. If the power (cardinal numbers) of all integers is諒, then the

power of positive integers is & and so is the power of negative integers.

Because let pi denote all positive integers, pi all negative integers, and q

the power &, then

(/>. U♪･2)→q]→(bl-fl) -7　　　　　　　　　　　　　　　　　　　､

and

[<J>1 ]p-1)→q]→(Pt→<?) -/

hence we understand the statement immediately.

Theorem 4. If (pL-#)-/, and (p2うq)-∫,

then [(pi]92)→Q]-r.

Proof, (pi ]p-1)→q

=(PiUP-z)′ uq

-(V nb了)]q

-a>i′ uq)〔O/ Uq)

-∫∩′

=J.

Example. If Ei and E2 are events, then ｣¥UJV isanevent. Because, let

pi denote E}, pz denote E2, a denote an event, "bl→q" denote that HEi is an

event' "九→q" denote that HEi is an event", then the above statement is

plain from this theorem.

Lemma. If (pt→*)-/. U>*→q)-I, then [(/>,〔p-1)-Q]-T.
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Proof, (pi 〔Pi)ゥq

-(pi〔Pi)′ ]q

-{pi′ ]W)Uq

I

=J.

Example. If E¥　and E2 are events, then ElnEi is an event.

Theorem 5. (p→q)→(q′→p9) is a tautology, but (p→q)ぅ(q→♪) is not al-

ways a tautology.

Proof, (pぅq)→(q′→b')

-(/>']q)′ ][(q′)′ UP']

-(♪nq′)U(<7Ub')

-(bUQUP)∩(q′ ]q]〆)

-∫,

but (♪→¢)→(¢→♪)

=(*']q)′ ](<?'U♪)

-(♪]¢′)∩(¢′∪♪)

-ォ'U>　　　�"(1).

Hence, the equation (1) is a tautology　如hen p-q>　but is not a tautology

when ♪≒す.

Example 1. In this theorem, if p, q, pr and q denotes A-B, C-D, A≒B,

and C≒∂ respectively, then, this theorem shows that Hthe proposition of a

statement is always true." But `` (b→q)→(q→p) is not always a tautology"

shows that "the inverse of a statement is not always true."

Example 2. The obverse of a statement is not always true.

Instead of proving this statement, we may prove that (少→q)→(?'→ォ') is

not always a tautology.

(♪→〃)→(〆→¢′)

-(J'Uォ)′ ∪(bUq′)

-♪]〃′----･-(1).

and the equation (1) is not always a tautology.

Theorem 6. (p〔q〔r)ぅ(bnォ)-/.

Proof, (pnq〔r)→(♪nq)

-(♪∩¢〔γ)′ ](♪〔¢)

-(♪∩¢)′ Ur′ ](♪∩〃)

=′.

Example 1. A: the real number is enumerable,

刀: the cardinal number of the real number is the smallest in丘nite cardinal

number.
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If A and β denote the above statements respectively, then

A-ナB: if the real number is enumerable, then the cardinal number of the real

number is the smallest m丘nite cardinal number,

β/: the cardinal number of the real number is not the smallest in丘nite cardinal

number,

and A→B and B′ are true. Hence, from (A→B)nB′ we have (A-B)nB'-

(A′]β)〔β′-(A′∪β)∩(A]β′)∩(A′ ]β′).

Let A′]B-p, A′uB′-g. A]B′-:f

them, from the theorem

b〔q-(A′ ]B)∩(A′ ]B′)-A′.

Hence, we have a statement that "the real number is not enumerable.'

Example 2. IfA and B denote the following statements

A: the probability P(EvnEi) of the event EynE, is P(E,)'P(E*¥

B: events Ex and E2 are independent,

we have the following statement similarly with example 1,
●

"the probability P(E{ nEi) of the event Ex nE2 is not P(EO'P(E2)."

That is, we have the case of dependence.
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