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Abstract

Reduction conditions of ternary quadratic forms given by Eisenstein [J. Math.(1851), 41,

141-190] and adopted in International Tables for Crystallography, Vol. A are discussed to be

unsuitable for the reduction conditions of Bravais lattices. Electronic computer program for

obtaining the reduced cells from any given Bravais lattices is made and the forty four reduced
●                                                                                                                               ●

cells in the Tables are examined. The three kinds of errors or defects due to the reduction

conditions or their application are found by the examination. They are:

(1) Trivial error, No. 18 cell in the Tables:

(2) Violation of the principle of classification, No. 1, 9 and 24 cells in the Tables;

(3) Violation of the translation symmetry, No. 43 cell in Tables.

1. Introduction

Reduced cells were introduced by Niggli (1982), and listed in International Tables for

Crystallography (1983), Vol. A, (abridged by I. T. hereafter). His method depended on the

results of the reduction of ternary quadratic forms of Eisenstein (1851). If we can know all the

ternary quadratic forms corresponding to Bravais lattices a pr乙ori, or if any ternary quadratic

●

form necessarily corresponds to a Bravais lattice, we might obtain Bravais lattices from the

reduced cells. Many crystallographers imagined that the best way to obtain Bravais lattices

were to obtain the reduced cells at first. Even Burckhardt (1966) described as if symmetry

operations could be obtainable from the reduced cells in two dimensional space. But, he could

not extrapolate naturally the method to three dimensional space. The reduction of ternary

quadratic forms is to obtain the shortest and the nearest bases to the orthogonal bases by

exchange of the bases by linear combinations with integral coefficients of the bases, and does
●

not give any other new information than that included in the starting bases.

The condition (2. a) in I. T. has the ambiguity that the both cells of type- I and type-II

satisfy the same condition. Since lattice points b and (6+a) are translationally equivalent

witheachotherwhen a�"6 -a/2 incaseof a < b , wecannot determine the types of cells

with a-b - -a/2. Face-centered cubic cell can be spanned by (a+6)/2 , (-a+b)/2 and

(-6+c)/2 , then the cell is reduced and becomes type-II , although the cell is classified to be
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type-1 inI.T.

Krivをand Gruber (1976) proposed an- algorithm for determining the reduced cells. The

program written by Quick BASIC was made by the present author along their algorithm.

Face-centered cubic cell became type- 1 by their algorithm, and could not be reduced further.

The present authour made new program written by Quick BASIC by taking into

consideration of their algorithm and their result was tested by the program. The elements of

themetric tensor of their reducedcell given for anexamplewere A - 4, B - C - 9 }　f- 9

符- 3 and C- 4. Theelementsobtainedby thepresent author'smethod are A -4, 5 - 9

C-9, f--8,77--1,andC--4. Thebasisvectorsare a′-a,b′-b-a,c′-c-b

where a , b and c are their basis vectors.

All the reduced cells were examined from theoretical and numerical points of view. In the

course of the examination, some wrong reduced cells were found in I. T.

2. Ternary quadratic forms

Ternary quadratic form means that the set of numbers which are expressed by the following
●

form,

¢(n{, n2,サs) - n *an+n2 a22+n32 a3 +2(nln2a12+n2n^a2sJrn3nia30'　　　　(2. 1)

Theexpression (2.1) canberewrittenbyusingmatrices n - [nx n2 w3] andM- [a,-;-] by

¢(n,, n2, n-) -n Mn,　　　　　　　　　　　　　　　　　　　　　　　　　　(2.2)

where the superscript "t" indicates "transposed matrix of and a{j is the ij element of the

matrix 〟. The matrix 〟 is called metric tensor.

A setエof all crystal lattice vectors is expressed by

L- {nla+n2b+nzc¥-∞<nl9n2, n3< ∞}.　　　　　　　　　　　　　　　(2.3)

The basis vectors a , b and c can be chosen infinite many ways if the basis vectors span the

lattice. Square of a lattice vector v becomes

v -nx a +n2b +n?c +2(nln2a*b+n2nzb'c+n*nlca).　　　　　　　　(2.4)

Comparing equation (2. 1) with (2. 4), the set of squared lattice vectors becomes a ternary

quadratic form. The squared lattice vectors can be expressed by

- n'Mn

where n - [_nxn2n3] and M isgivenby

M- [a][a]',

wherethematrix [a] is [abcl.

(2. 5

(2. 6)



59

Reduced cells of Bravais Lattices, Hidewo Takahashi

3. Conditions of reduced cell

●

To make the off-diagonal elements of the metric tensor M be possibly smaller by keeping

the quadratic form unchanged, that is, the set of the numbers is unchanged by the change of the

elements, is called reduction of quadratic forms.

According to I. T., reduced cells are classified into two type, type-1 and type-II , by the
●

signof T,

T- (a-b)(b'c)(c-a),　　　　　　　　　　　　　　　　　　　　　　　　　　　(3. 1)

where a , 6 and c are a (reduced or not) basis of the lattice. For the type- 1 cell, the main

coditions are :

a･a≦b･b≦c-c; b-c　≦(6-6)/2; a*c　≦(a a)/2:¥a b　≦(a-a)2　　　(3.2)

b e>0: a c>0; a b>0.

For the type-II cell, the main conditions are:
1

In addition to (3. 2),

Qb'C +　a-c¥+　a-bV)≦(a-a+b-b)/2

b･C≦0: a-c≦0; a b≦0.

(3. 3)

These conditions were proposed by Eisenstein (1851).

Eisenstein's conditions, adapted in I. T., are ambiguous for the distinction of the types,

since they do not decide uniquely the types of cells. Face-centered cubic lattice has reduced cells
●

both type- I and type-II. The origin of the ambiguity is too elementary, because the equality
●      ●

in (3. 2) must be removed from the either condition of the two main conditions. If the value of

a�"b is equal to a-a/2 , the lattice point of which lattice vector b-a is translationally

equivalent to the lattice point of which lattice vector is b. Hence, we must choose one of the
●

vectors for basis vectors. Since axial angle B of monoclinic lattice is obtuse and the angle γ of

hexagonal lattice is 27r/3 , it is natural to put the equal symbol like in (3. 8). Then, the equal

symbols in (3. 2) for the type-1 should be removed.

According to Minkowski (1883), when we rewrite his notations in vector forms, the

necessary and sufficient conditions are :

a･a′≦b･b≦cc　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(3.6)

(｣,a+｣26+｣3c) ^ -A,　　　　　　　　　　　　　　　　　　　　　　　　　(3. 7)

where A isa*a, b*b or cc if ex, e2or e3 is 1, respectively. We obtain necessary sufficient

conditions from (3. 7) :

-a a/2≦a b<a a/2;-6-6/2≦b-c<b-b/2;-a-a/2≦a c<a a/2　　　(3.8)

(ela+e2b+c) ≧cc　　　　　　　　　　　　　　　　　　　　　　　　　　(3.9)
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where ｣1 and e9 areOor ±1. Thecondition (3. 9) showsthat thecondition (3. 4) for type-

E should be satisfied for both the type- 1 and type-II.

The bases and tensor elements are denoted as follows in the succeeding description. Basis
●                                                                                                                                                                                                                          ●

vectors of the primitive cell of a Bravais lattice are denoted by a, b and c , where primitive

cells mean the cells with the minimum volume of which apexes are at the lattice points. The

basis vectors of a reduced cell are denoted by a , b'and c. The diagonal tensor elements are

denotedby A,BandC, where A-a/･a′　B-b′･b′　and C-c′･C′. The off-diagonal

elementsaredenotedby D,E and F,where D-b'*c , E-d�"c'and E-a�"b.

4. Equivalence of reduced cell

There are two kinds of symmentries in metric tensors:

(1) Forms of the two metric tensors are the same;

(2) two metric tensors can be transformed to each other by suitable renumbering of the

basis vectors.

The first kind of metric tensors are found in metric tensors of triclmic cells. The reduced

cells of No.31 and 44 in I. T. are of this kind. The second kind of metric tensors are those of

monoclinic cells of No. 33, 34 and 35.

Two reduced cells satisfy (1) or (2) are symmetrically equivalent to one another.

Symmetrically equivalent cells should be classified as the same cells.
●

5. Program of reduction

The main defects in the program written by the algorithm of Krivをand Gruber (1976) are:

(1) The reduced forms depend sometimes on the sequential order of the reduction of the

two dimensional lattices (algorithm 5. 6. and 7.) ;

(2) The cells with equal lengths of basis vectors are not reduced sometimes.
●

The main part of their program lies in obtaining the vectors satisfying the two dimensional

condition (3. 8). The former defect can be removed by adjusting three dimensionally the three

vectors to satisfy the three dimensional condition (3. 9) after two dimensinoal reduction.

The latter defect can be removed by simplifying the algorithm 1. and 2. by eradicating the

procedures for the diagonal tensor elements being equal. Their algorithm introduced groundless

procedures in algorithm 1., 2. and 8.

The program were very simplified and the list of the program except subroutines which give

the tensor elements of centered lattices is shown in Appendix.
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6. Examination of the reduced cells of I. T.

61

Tnchniclattice

ThereistworeducedcellsinI.T.Thesecellsareequivalenttoeachother.Theyarenumbered●

byl.

Monocliniclattices

(1)Primitivelattice

SincemonoclinicaxialangleBisobtuse,whenc>α,theangleshouldsatisfy

O>cosB>-fl/(2c)

whereaandcaretheabsolutevaluesofaandc

Thebasisvectorbisunique,aandccanbesettobec>a.Thepossiblecombinations●

oforderofthelengthsofthebasisvectorsare(≧c>allc>b≧aand(iii,

C>a≧b.Thesethreebasesarereduced,andareequivalenttooneanother.Theyarenumbered●

by2.

2C-centeredlattice

ThecenteredplaneisassumedtobeofC-face.Thecenteringvectors(a+6)/2and

(-a+6)/2aredenotedbytxandt2.Thevalueofccannotbeassumedtobelargerthan

αsothattherearetwocases,c≧αandα≧c.Theprimitivecellsspannedbythebasis

vectorsa,bandcarereduced,iftheangleBsatisfies

cosB≧-α/(2c)forc≧α,

Or

cosB≧-c/(2α)forα≧C,

Twodimensionallatticespannedbycandtxarereduced,if

(c+*,)2-c:>Oforc2>t2
1ithatis,cosB>-(a+6)/(4ca)

Or

(c-tO2-tx>Ofortl>c2,thatis,cosB>-c/a.

SincecosB>-a/2c(c>a)or-c/2a(a>c),thecellspannedbycandtxcanbe

reducible,if

-(a2+&2)/(4ca)>cosB>-a/2cforc>a

Or

＼-(a2+b2)/uca)>cosB>-c/2afora>c.

Thereisnopossibilityfor(c+f,)<tx2
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When al≧f, ,then 673≧a ,andwhen b ≧　　then 36'≧a. Hence, therangeof

α is divided into the four cases:

(i) 673≧a2;

Cii) b2≧a2>b2/3:

(iii) 3&2≧a'>V

(iv) a2>3b2

Thecellsspannedby a, tx and c arereducedinthecase( i ) andby tu t2 and c inthecase

ii). They are numbered by 3 and 4, respectively. The cell spanned by tu t2and c can be

reducibleif a >c and -(a2+b2)/(Aca) >cosB > -c/(2a),andif c>a and -{a2+b2)/

(4ca) > cosB > -a/2c in (iii). Then, thebasis vectors become tu t2 and c+tl , the reduced

cell is numbered by 5. The other cells in this case are reduced, the cells are spanned by tu t2 and

c , and are numbered by 4'. These cells are equivalent to cells of No. 4. The basis vectors become
●

6, c and tx in (iv). Thecells spanned by the basis vectors are reduced under the same condition

in (iii). Thecellsspannedby 6, c and tl arenumberedby6andthecellspannedby 6, tx and
●

c+tx is numbered by 7.

The cell 43 in I. T. is not translationally equivalent to the cells of C-face centered lattices.
●

Orthorhombic lattices

(1) Primitive lattice

There is only one reduced cell and the cell is numbered by 8.

(2) C-face centered lattice

This lattice can be treated by simplifying the case of C-face centered monoclinic lattice.

The basis vector c is always one of the basis vectors of the reduced cells. The other vectors are

chosen from a, tx- (a+6)/2, t2- (-a+b)/2andb. Since we can assumed that b >a

there are two cases:

(i) 6V3>a2

(ll) b2>a2>62/3.

Thecellsspannedby tu t2 and c arereduced in thecase ( i ), and numbered by9. Thecells

spanned by a, tx and c are also reduced in the case (ii), and numbered by 10.

(3) Body-centered lattice

Theordinarycenteringvectorsaredenotedby t, - (-a+b+c)/2 , t, - (a-b+c)/2 and

ts - (a+6-c)/2. The vector t - (a+b+c)/2 is also thecentering vector. All the lengths

of thecentering vectors areequal to one another,tx - t22 - ts2 - t2 - (a +b +c2)/4.

When b and c areputtobe xa and ya , respectively, the following inequalities are
●              ●

obtained:

(1)x>1 from b>a¥

(2)y>x from c>b¥



63

Reduced cells of Bravais Lattices, Hidewo Takahashi

(3)x+y>3　from t,2>a2

(4) l+y>3x from t?>b2

These inequalities can be solved graphically. The symbol ">" is replaced by "- in order

to draw lines. The region surrounded by the lines (2), (3) and (4) satisfies a2 < t. The cell

spanned by a , tx and t2 is reduced and numbered by ll. The region surrounded by the lines (1)

and(4)satisfies a < b < t. Thecellspannedby a, b and t isreducedandnumberedby12.

Theregionsurroundedbythelines (1), (2) and (3) satisfies c2 > b2 > a > t. Thecellspanned
●

by tx, t2 and t3 isreduced and numberedby 13.

(4) Face-centered lattice

Thethreecenteringvectorsare tx - (a+6)/2, t2- (6+c)/2 and t%- (c+a)/2. Two

centering vectors are necessary to span this type of lattices. The absolute values of the basis
●

vectors a , b and c areassumedtobe a < b < c. Thesquaresofthecenteringvectorssatisfy
●

t2<t32<t22

When tx >a ,thatis, &2/3>a2,thecellspannedby a, tx and ｣3 isreduced. The cell

is numbered by 14.

Thecellspannedby tly t2 and tz isreducible. When tx - (-a+6)/2, the reduced cell

is spanned by tx , tx and ts , and numbered by 15. Compare the cell with the face-centered cubic

cell.

Tetragonal lattices

(1) Primitive lattice

The cells spanned by a , b and c are reduced, and numbered by 16.

(2) Body-centered lattice

Thebody-centering vectors are tx - (-a+b+c)/2 , t2- (a-6+c)/2 and t3- (a+b

-c)/2,where t2-t22- t32- (a2+b2+c2)/A. Thevector t- (a+6+c)/2 isalso used as
●

the centering vector.

If thecentering vectors are longer than the length of α　that is, (2α:+c2)/4 > α　hence

c　>2a , thecellspannedby a, b and t isreducedandnumberedby 18.

The vector c becomes shorter than the centering vectors when　3c　> 2a . Hence, when
●

2a　>c　>2a/3 , the centering vectors are shorter than a and c. The centering vectors

become thebasis vectors. Thecell is numbered by 17. Thecells of No. 6 and 7 in I. T. correspond

to thiscell.

When 2a /3 > c , c becomes shorter than thecentering vectors, so that c and the two

centering vectors become the basis vectors. This cell is numbered by 19. This reduced cell should
●

correspond to the No. 18 cell in I. T. The basis vectors of the No. 18 cell are (a+6+2c)/3

(-a-b+c)/3　and (2a-6+c)/3. The tensor elements obtained from these basis vectors

contradictwiththosegivenin Table 9.3.1 of I.T. When α2- 100 and c -40 , the tensor

●

elements become A-40, B-60, C-60, D-10, ｣--20　and F--20　by the

numerical calculation. These tensor elements accord with the values obtained from Table 1.

Since this cell should be the type- 1 of I. T., the obtained elements do not contradict with those
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obtained from Table 9. 3. 1 of I. T‥

Hexagonal lattice

The cells spanned by a , b and c are reduced, and numbered by 20.

Rhombohedral lattice

Thelatticeparametersofthislatticeshould be α - ∂ - c and α -β - γ. When 1/2 ≧

cos α > -1/2 , the results of addition and subtraction of any two basis vectors are equal to or

longer than the basis vectors. Then, the two dimensional lattices spanned by the basis vectors

a, b or c arereduced. If (a+b+c)2>c , thevalueof cosa shouldsatisfy

cosα≧ -1/3.

Hence,if

l/2≧cosα≧ -1/3,

thecell spanned by a , b and c arereduced. This cell is numbered by 21 and corresponds the

cells of No.2 and4inI.T‥

When -1/3>cosa > -1/2,then　{a+b+cf<c2. Since (a+6)2>V, the shortest

vectorinthelatticeis a+b+c. Thecellspannedby a -a+b+c, b'-a and c -b is

reduced and numbered by 22.

When cosα>1/2, then (a±6) <a . The cellspanned by a′-cL　′-b-a and

c　- c-a is reduced and numbered by 23.

Cubic lattices

The primitive and body-centered cells are reduced, the basis vectors are a , b and c , and
●

*.- (-a+b+c)/2, t2 - (a-b+c)/2 and tz - (a+b-c)/2, respectively.

Quite similarly to the face-centered orthorhombic lattice, the face-centered cell is reducible,

and the reduced cell spanned by tx- (a+ft)/2 , f/- (-a+6)/2　and t2 - (-6+c)/2

accords with the result of the calculation. The basis vectors can be chosen many ways.

In summary, the contradicted results between the present study and the Tables 9. 3. 1 and 9.

3. 2 are the cells of No. 1, 18 and 43 except the difference due to the types. The basis of No.18

in I. T. indicated in Table9. 3. 1 maybewrong.

The results of the examination of the 44 reduced cells in I. T. are listed in Table 1. The

Numbers in the first column are the Number of the reduced cells proposed in this article. The

Numbers of the second column are the Numbers of reduced cells in I. T‥　The third column is for

lattice symmetry. The fourth column is for the Bravais lattices of the reduced cells. The fifth

column is for the basis vectors of the reduced cell. The basis vector a is the shortest and c is

the longest. The sixth, seventh and eighth columns are for the elements of the metric tensors,

D- b''�"c , E- c'�"a and F-d�"b. Thebasesaresetinaccordancewiththeresultsofthe

calculations. The reduced cells in I. T. surrounded by horizontal lines are equivalent to one
●

another.
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Table 1

65

N0●

IT.

N 0●

Lattice

sym m etry

Bravais

type

Basis V ector

V D E E

1 31 Triclinic aP a b c ∂C0Sα CαC0Sβ do cos r

44 a b c b cosa CαC0Sβ do cos r

2 33 M onochnic m P a b c 0 CαC0Sβ 0

34 - b 0 0 CαC0Sβ

35 - α α C CαC0Sβ 0 0

3 28 M onoclinic m C - a CαC0Sβ/2 - α2/2 ーca cosβ

29 - a CαC0Sβ/2 ●CαC0Sβ ーα2/2

30 c a t2 ｢ α2/2 CαC0Sβ/2 ■CαC0Sβ

4 25 M onoclinic m C C tx to (62- a2)/4 ■CαC0Sβ/2 CαC0Sβ/2

20 c tx t2 (∂2- α;)/4 - CαC0Sβ/2 CαC0Sβ/2

4, 14 M onoclinic m C t, to C - ca cosβ/2 CαC0Sβ/2 (62- a2)/4

10 h U c - CαC0Sβ/2 CαC0Sβ/2 (b2- a2)/A

5 17 M onoclinic m C U U - c - U - (a2+ b2)/4

- CαC0Sβ/2

- (b2- a2)/4

+ CαC0Sβ/2

(b2- a2)/A

6 37 M onochnic m C - b CαC0Sβ/2 ⊥67 2 0

39 - b CαC0Sβ/2 0 -67 2

41 - b - 67 2 CαC0Sβ/2 0

7 27 M onoclinic m C ⊥ t, c+ t. (a2+ b2)/A

+ CαC0Sβ/2

-67 2 - 67 2

8 32 Orthorhom bic 0P a b c 0 0 0

9 13 Orthorhom bic 0C t¥ to C 0 0 (b2- a2)/i

23 C tx to (bz- a2)/4 0 0

10 36 Orthorhom bic 0C - a 0 ■α2/2 0

38 - a tx c 0 0 ■α2/2

40 - a - α2/2 0 0

ll 8 Orthorhom bic 0Ⅰ t¥ t2 to (a2- fe2- c2)/4 - (a2- c2+ &2)/4 - (a2 -b2+ c2)/4

12 19 Orthorhom bic 0Ⅰ d t¥ to (az- b2+ c2)/4 ーα2/2 - α2/2

13 42 Orthorhom bic 0Ⅰ b - t - 67 2 - α2/2 0

14 16 Orthorhom bic 0F t t. - α2/4 aV 4 (b2- a2)/2

15 26 Orthorhom bic - a α2/4 - α2/2 - α2/2

16 ll Tetragonal tP a b c 0 0 0

21 c a b 0 0 0

17 6 Tetragonal tⅠ Z¥ To ｣3 ー:7 4 - c7 4 (- 2α!+ c2)/4

7 tⅠ T¥ to 3̂ ;7 4 - c7 4 (- 2α:+ c2)/4

18 15 Tetragonal tⅠ b - t ■α2/2 ーα2/2 0

19 18? Tetragonal tⅠ - c u t :2/4 ー:V 2 - c7 2

20 12 Hexagonal hP a b c 0 0 - a7 2

22 a 一α2/2 0 0

21 2 R hom bohedral hR a b c αCOSα αCOSα αCOSα
4 a b c αCOSα αCOSα αCOSα

22 24 R hom bohedral hR a+ b+ c a αCOSα α:(1+ Z cosα) α'(l+ Z cosα)

23 9 R hom bohedral hR a b- a c- b - a (1- cos a) 0 - α!(1- cosα)

24 3 Cubic CP a b c 0 0 0

25 5 Cubic CⅠ *¥ h h - α2/4 - α2/4 - α2/4

26 1 Cubic CF t t t 'fi Co l¥ - a7 4 0 ■α2/4
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Table 2

N 0● I.T.N o.

Bravais

type

Basis Vector

b' D E E

A = B = C

■24 3 CP α ∂ C 0 0 0

25 5 CⅠ ti to to - α2/4 - α2/4 - α2/4

26 1 CF f, t ' t ' ーα2/4 0 - α2/4

21 2, 4 hR a b c αCOSα αCOSα αCOSα

17 6, 7 tⅠ t¥ to to - cV 4 -c7 4 - c'/A

ll 8 0Ⅰ h h h (a2- &2- c2)/4 (■α2+ ∂- c2)/4 (- α2- ∂:+ c2)/4

A + B , no condition on C or B = C , no condition on A

22 24 hR a+ b+ c a αCOSα α1(l+ 2 cosα) α(1+ 2 cosα)

23 9 hR a b- a c- b - α(I- cosα) 0 - α!(1- cosα)

16 ll, 21 tP α ∂ C 0 0 0

18 15■ tⅠ b - t - α2/2 - α2/2 0

19 18 tⅠ - c �"7 4 - c7 2 - cV 2

20 12, 22 hP a b c 0 0 - α2/2

9 13, 23 0C Zi ?2 C 0 0 (62- a2)/4

14 16 0F h t, h - α2/4 α2/4 (62- a2)/2

4 10, 14, 20, 25 m C C U U (∂2- α!)/4 - CαC0Sβ/2 CαC0Sβ/2

5 17 m C to C X¥ - Ca2- 62)/4

- CαC0Sβ/2

- (∂2- α!)/4

+ CαC0Sβ/2

(∂2- α:)/4

N o condition on A , B , C

8 32 0P α ∂ C 0 0 0

10 36, 38, 40 0C - a 0 - aV 2 0

12 19 0Ⅰ t¥ to (az- b2+ c2)/4 - α2/2 - α2/2

13 42 0Ⅰ b - t - b'/2 ｢ α2/2 0

15 26 0F - a α2/4 ーα7 2 - α2/2

2 33, 34, 35 m P a b c 0 CαC0Sβ 0

3 28, 29, 30 m C - a CαC0Sβ/2 ーα2/2 - CαC0Sβ

6 37, 39, 41 m C ーb e t, CαC0Sβ/2 - 67 2 0

7 27 m C t, C+ L (a2+ b2)/4

+ CαC0Sβ/2

- 6V 2 - 67 2

1 31, 44 aP a b c be cosa CαC0Sβ α∂C0Sγ

7. Discussions

There are three kinds of errors or defects in I. T.

(1) Trivial error

The No.18 cells in I.T. belongs to the type-1 and the tensor elements are D -A/A

E-A/2 and F-A/2.Thebasisvectors deduced from these values are a -c, b - (-a

+6 +c)/2 and c - (a+6+c)/2. Then, the three planes corresponding to the vectors in the

eighthcolumnbecome 0 -1 1/-1 1 1/1 0 0. ThethirdplaneindicatedintheTable9. 3. 1 is

1 1 0. This may be dueto trivialerror.
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(2) Violation of the principle of classification

Themaincondition (2, a) in I.T. is common to the type-1 and type-II. This raises a

question that a cell can belong to the two types. The examples are the No. 1, 9 and 24 cells in

I. T. Since one of the tensor elements of the No. 1 and 9 cells can be made to be zero, and one of

the elements of the No. 24 can be made to be negative, these cells belong to both the type- I and

type-II. This violation is due to the ambiguity of the condition of Eisenstein (1851).

(3) Violation of translation symmetry

The No. 43 cell of I. T. is body-centered. The body centered lattice can not be derived

translationally from C-face centered lattices.

Reduction of ternary quadratic forms is carried out by replacing the vectors not satisfying
●

the conditions (3.8) and (3.9). This means that the reduced basis vectors are linear

combinations with integral coefficients of the starting basis vectors. Hence, we can not obtain

new Bravais lattices from the reduction. Bravais lattices of different kinds are not transla-

tionally equivalent to one another.
●

We can choose the body-centered lattice as the Bravais lattice of monoclinic system instead

of the C-face centered lattice. Then, the same number of the reduced cells arises as that of the

reduced cells in case of C-centered lattice.

We can see that the types of cells do not have any meanings, since triclinic cells of the two
●

types have the tensor elements of the same forms. In addition, we can deduce reduced cells from

the symmetries of the tensor elements obtained by experiments. At first, we study the number

of equal values ofdiagonalelements, A　β　and C, then do the relations between the off-

diagonal elements, D, E and F. We do not matter if C is larger or smaller than A , when

A - β　Thus, the distinction of the cells with the same symmetry is practically meaningless,
●                                                                       ●

hence, theoretically also meaningless. The Table 1 is rearranged according to the values of

diagonal elements of the metric tensor into Table 2.
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Appendix

DECLARESUBREMETRIC (A#, B#, C#, X#, Y#, Z#,IA)

DECLARESUBREDUCE (A#, B#, Z#, X#, Y#)

DECLARESUBREDUCE2 (A#, B#, C#, X#, Y#, Z#, IAA!)

ABAS- "####.### ####.### ####.### ####.###　####.###

####.###サ

CALLRHOMBHDR (A#,B#, C#, D#, E#, F#)

X#-2#*D#:Y#-2#*E#:Z#-2#　*F#

'INPUT"A#,B#,C#,X#,Y#,Z#";A#,B#,C#,X#,Y#,Z#

CALLREMETRIC (A#, B#, C#,X#,Y#, Z#,IA)

REDCl:

IA　　-0: CALLREDUCE(B#,C#,X#,Y#,Z#)

CALLREMETRIC (A#,B#, C#, X#,Y#,Z#,IA)

IAA　-0: CALLREDUCE2(A#,B#,C#,X#,Y#,Z#,IAA)

IFIA　-1　ORIAA-1 GOTOREDCI

IA　　-0: CALLREDUCE(A#,C#,Y#,Z#)

CALLREMETRIC (A#,B#, C#, X#,Y#,Z#, IA)

IAA　-0: CALLREDUCE2(A#,B#,C#,X#,Y#,Z#,IAA)

IFIA　-1　OR IAA-1 GOTOREDCI

IA　　-0: CALLREDUCE(A#,B#,Z#,X#,Y#)

CALLREMETRIC (A#,B#, C#,X#,Y#, Z#,IA)

IAA　-0: CALLREDUCE2(A#,B#,C#,X#,Y#,Z#, IAA)

IFIA　-1　OR IAA-1 GOTOREDCI

LPRINT "REDUCED CELL"

LPRINT USING ABAS;A#;B#;C#;X#;Y#;Z#
END

SUBREDUCE (A#,B#,Z#,X#,Y#)

IF Z#<-A#OR Z#>-A#THEN

SX-SGN Z#):B#-B#+A#-SX*Z#

x#-x#-SX*Y#:Z#-Z#-SX*2# *A#

END IF

END SUB

SUB REDUCE2(A#,B#,C#,X#,Y#,Z#, IAA)

IF X#-Y#-Z#+A#+B#<O THEN

C#-A#+B#+C#+X#-Y#-Z#

x#-2#*B#+X#-Z#:Y#--2#　*A#+Y#+Z#

CALL REMETRIC(A#,B#,C#,X#,Y#,Z#, IA):IAA-1

END IF

IF-X#+Y#-Z#+A#+B#<O THEN

C#-A#+B#+C#-X#+Y#-Z#

x#--2#*B#+X#+Z#:Y#-2#　*A#+Y#-Z#

CALL REMETRIC(A#,B#,C#,X#,Y#,Z#,IA):IAA-1

END IF

IFA#+B#-X#-Y#+Z#<O THEN

C#-A#+B#+C#-X#-Y#+Z#

X#-Z#-x#+2#　*B#:Y#-2#*A#+Z#-Y#

CALL REMETRIC(A#,B#,C#,X#,Y#,Z#, IA):IAA-1

END IF
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IFX#+Y#+Z#+A#+B#<O THEN

C#-A#+B#+C#+X#+Y#+Z#

X#-2*B#+X#+Z#:Y#-2*A#+Y#+Z#

CALL REMETRIC(A#,B#,C#,X#,Y#,Z#, IA):IAA-1
END IF

END SUB

SUB REMETRIC(A#,B#,C#,X#,Y#,Z#, IA)
IA-0

SWAPl:
AAA-0

IF (A#-B#)>.0000000001#THEN

SWAPA#,B#:SWAPX#,Y#:AAA-1:IA-1
END IF

IF (B#-C#) >.0000000001#THEN

SWAPB#,C#:SWAPY#,Z#:AAA-1:IA-1

END IF

IF AAA-1THEN GOTO SWAPI

END SUB
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