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Abstract

A new method for origin specification is described. The method makes easy the choice of
●      ●

reflections for the origin specification.
●　　　　　●

1. Introduction

Origin specification was almost perfectly solved by Hauptman & Karle (1953, 1956, 1959)

and Karle & Hauptman (1961). Their results were tabulated in International Tables for X-Ray

Crystallography (1974), Vol. IV. Giacovazzo (1974) proposed a new scheme to make the

Hauptman-Karle Tables. He (1980) explained his method in detail in Direct Methods in

Crystallography. Hovmoller (1981) gave a general rule for origin specification.

As seen from Homoller (1981), these methods depend essentially on trial and error method

for choosing starting sets of reflections. A new method, which starts from very simple reflec-
●

tions and the value of the determinant of the indices of the reflections can be fixed, is proposed.

Primitive sets can easily be obtained by this method.

2. Permissible origins and translations
●　　　　●

/

A structure factor is ordinarily expressed by the sum of the products of scattering factors
●

and trigonometric functions as follows,

F(h) - ∑X- exp(2^z/ir;) (2. 1)

-∑f)&h¥

where the trigonometric functions E(h) are formed by the symmetrically equivalent atoms

with the ; th atom and may be real or complex. This expression is somewhat inconvenient to

discuss the origin problem, since there is no room to express the positions of the atoms, so that
●      ●

the expression of the structure factor is modified to the following form,
●

F(払., ri9.) -∑fM九.. O. (2. 2)
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There are positions which do not change the forms of the trigonometric functions, thus

F(礼.. rf-ro,.) - ∑fM九., K-r0,.).　　　　　　　　　　　　　　　　　　　　(2. 3)

The positions rOs can be new origins, and they are called permissible origins or permissible
●     ●                                                                                                                                    ●     ●

(origin) translations.
●    ●                                                                       ●                                                                                                                     ●

Permissible origins of a space group are given by the positions satisfying the following

equation for all the rotations (in wide sense) of the corresponding point group,

Rro - rSmod. 1),　　　　　　　　　　　　　　　　　　　　　　　　　　(2. 4)

where 1 is the vector with components 1. The permissible origins of a space group are the

positions of multiplicity 1, which are listed in International Tables for Crystallography (1983) ,

Vol. A. The permissible origins satisfy the following relation,
●      ●                                                                             ●

exp(27rz/z(^+^-rO)) - exp(27rz7*i?(?--rO)).　　　　　　　　　　　　　　　(2. 5)

In the case of non-primitive lattices, the lattices should be transformed to primitive ones.
●                                                                                                                                                                                              ●

Then, equation (2. 5) is valid for non-primitive lattice cases. As the results of numerical
●                                                                                                                                          ●

calculation, the types of space groups required for the lattices to be transformed to primitive

lattices are turned out to be only 3P24 and 3P32. This fact can be seen also from International
I       +    +         .I           +                        1                            1I   .I                                     A             I

Tables, The other space groups with non-primitive lattices can be treated by not transforming

the representations of symmetry operations.

If two positions rx and r2 satisfy equation (2. 5), then the addition and the subtraction of

the position vectors also satisfy the equation. In general, a linear combination of the vectors

satisfying equation (2, 5) satisfies also equation (2, 5). Hence, there are independent vectors in

the vectors satisfying equation (2, 5). Acoording to the concise definition of seminvariant by

Giacovazzo (1980) is that the phase (of a structure factor) is a structure seminvariant if its

value is unchanged when the origin is moved by the allowed translations. The condition that the
●

phases are unchanged for all allowed translations is satisfied if the phases are unchanged for all

the independent ones among the allowed translations. Although there are many selections of

the independent vectors, the seminvariant is uniquely determined from these sets of the
●

independent vectors. Hence, the independent vectors with the most simple form are convenient

for obtaining seminvariants, so that independent vectors mean that the independent vectors
●

with the most simple form in the position vector of the permissible origins in this article.
●　　　　　　●

3. Choice of reflections

The i thcomponent of a permissible origin, rO , can be expressed by a fraction (mjn) with

a common denominator n in any cases. The value of hrQ multiplied by n satisfies

hmlJrkm2J^lfn3 - c(mod. n), (3. 1)
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where 0 < mh m2, ra3, c < n. Ifapermissibleorigin, rO, is assumed to beknown, thechoiceof
●      ●                        ●

reflections to specify the origin becomes to search the reciprocal lattice vectors satisfying
●      ●

equation (3. 1).

There is very useful theorem for solving equation (3. 1).

Theorem: If thegreatest common measure (G. C. M.) of integers ah a2,..., an is d , there

are integers xh x2i…, xn satisfying following equation,

●

alxl+a2x2+ … +anxn=d, (3. 2)

and if d - 1 , then the integers xl9 x2.…　xn areprime to one another.

●

Since, the G.C.M. of mh m2　and m3　can be assumed to be 1, if a vector h satisfies

equation (3. 1) for c - 1 , thenvectors satisfyingequation (3. 1) for c^ l are ch. Vectors

satisfying equation (3. 1) for c - 1 can be obtained as the sum of a special solution of equation

(3. 1) for c - 1 and thegeneral solutionof (3. 1) for c - 0. Then, vectorswhich are special

solutions of equation (3. 1) can specify the origins.

For example, when r0 - (2/3, 1/3, 0) , then the vector (0 1 0) satisfies equation (3. 1) for

c-1, and thevector (1 1 0) satisfies equation (3. 1) for c-0, hence thevector (1 2 0)

satisfies also equation (3. 1) for c - 1

When the number of the independent permissible origins are p , the reflections to specify

●

the origin can be obtained by solving p equations of the form of equation (3. 1). But, the value

of the determinant of the matrix formed by the indices of the reflections thus obtained are not

necessarilynon-zero. Forexample, reflections (1 0 2), (0 1 1) and (1 -1 1) satisfy h - 1

k - 1 and 1 - 1 , respectively, but thevalue of the determinant is 0.

The reason that the reflections in the above example can not specify the origin is unsuitable

●

choiceofthesolutions h -0, k-0 and / - 0. This defect can be avoided by forming an

equation for the linear combination with coefficients 1 of all independent vectors for c{ - 0

Seminvariants are obtained from the p equation with c{ - 0.
●

For example, three vectors for the types IP and lP222 can be obtained by the following

three equations,

h - Krnod. 2),

k- Krnod. 2),

I- Krnod. 2),

and one equation,

h+k+l- O(mod. 2).

Wecanchosespecialsolutions (1 0 0), (0 1 0) and (0 0 1) for theabove threeequations. The
three reflections to specify the origins are given by the following forms,

●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

(1+hkO, (h ¥+k 0 and(h kl+l),

where h+k+l - 2n ¥n is an integer). The seminvariants are given by

(3. 3)
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h-O(mod. 2),

k-O(mod. 2),

/-Oimod. 2).

The value of the determinant of the matrix composed of a diagonal matrix with the three

elements a , b and c and of a matrix consisting of the column submatrices with the same

elements h , k and I is abc+hbc+akc+abl. Hence, the value of the determinant of the

matrix formed by indices given by equation (3. 3) is l+2n. For example, the vectors (1 1 1),

(0 2 1) and (0 1 2) satisfy the aboveequations. The determinant of the matrix formed by the

indices is 3. We can easily choose primitive sets of reflections by setting h+k+l - 0.
●

When the valueof the determinant is 1 for p - 3, i.e. h+k+l - 0, the three reciprocal
●

vectors obtained thus can span the reciprocal lattice.

Since the products of odd numbers and even numbers are even and the products of odd

numbers and odd numbers are odd, another set of reflections can be obtained from a set of

reflections sufficient to specify origin by multiplying the same odd numbers to the indices of the
●      ●

reflections. For example, if the threereflections (1 1 1), (0 2 1) and (0 1 2) can specify the

origins, then thereflections (3 3 3), (0 2 1) and (0 3 6) can also specify theorigins.

Theabovemethod for p - 3 canbeextended easily to thecases of p < 3. For example, the

independentpermissible origins are (0, 0, 1/2) and (2/3, 1/3, 0) for type 3P32. Then, the

equations for c{- 1 are:

2h+k- Krnod. 3),

I-Kmod. 2).

The special solutions of these equations are (0 1 0) and (0 0 1), respectively. The equation for

c{ - 0 becomes

2(2h+k)+3l - 0(mod. 6).

The reflection (1 1 -2) satisfies this equation. Hence, the two reflections (1 2 -2) and (1 1

-1) can specify the origins.

There are other cases that independent vectors are continuous. Types IP202　and IP220
●

are for the case of one continuous element. The invariant positions given in International Tables

for Crystallography (1983), Vol. A are:

1P202:(0, y, 0);(0, y, 1/2);(1/2, y, 0);(1/2, y, 1/2).

1P220:(0, 0,z):(0, 1/2,z)¥(1/2, 0, 2):(1/2, 1/2, 2).

It is impossible to choose independent vectors from these positions, so that the invariant

vectors for these space groups should be deduced from the positions and the independent vectors

should be:

1P202:(0, y, 0);(1/2, 0, 0);(0, 0, 1/2).

1P220:(0, 0,2);(1/2, 0, 0);(0, 1/2, 0).
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Theequationsfor c, - l(i- 2and3) inthecaseof lP202 are:

h - l(mod.

I - ¥¥rnod.

)
　
　
)

2
　
　
2
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Specialsolutionsoftheequationsare (1 0 0) and (0 0 1). Inaddition, ky - 6, where 6 isan

arbitrary number. The value of k is set to be 1 for unique determination of y. The equation
●

for cy-0 is:

h+l-O(mod. 2).

The vectors obtained are:

(1+h 0 0, (010)and(h 01+0,

Or

(l+/iO/), (hl 0 and(h 01+/),

where h+l - 2n (for thedeterminant tobe 1, h+l - 0 ). Not only the first tripleof vectors

can specify the origin, but also the second one does.
●      ●

In the case of the two continuous elements for p - 2 , the type lP020 and the permissible

origin (x, 1/2, z) , to choose two reflections corresponding to the independent vectors with

continuous elements is quite analogous to the case of one continuous element. That is, the

reflections to specify the origin are:
●

(1+/?0 Z), (010)and(h 01+0;

Or

(l+/j OI), (hl 0 and(h 01+Z);

where h+l- 2n (forthedeterminanttobel, h+l -0

4. Remarks

The merits of this method is to-be able to know the values of the determinants formed from

the indices of the reflections and that the primitive set of reflections can be obtained easily
●

without calculation of the value of determinant. The other methods, for example the method

of Hovmoller (1981), choose possible reflections to specify the origin and reduce the indices and

calculate the determinant. If the values are non-zero, the trial successes.

If it is allowed to calculate the value of the determinant, the choice of reflections becomes

verywide. Forexample, thereflections (1 0 0), (0 1 1) and (1 0 1) arespecialsolutionsofthe

first example. The value of the determinant is 1. We can obtain various reflections by adding
●                                                                                                                      ●

the elements to even numbers of h , k and I by reversing procedure of the ordinary reducing,
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or by adding the numbers h, k and I under the condition h+k+l-2n, where n is an

arbitrary integer.

Centric reflections are obtained by the reflections (1 o 0) , (0 1 6) and (c 0 1) or

(1 0 a), (6 1 0) and (0 c 1). Thedeterminant of thebothcasesis l+abc. Hence, the

value of the determinant to be 1, the value of abc becomes 0, and the value to be -1, the value

of abc becomes -2.
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