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We consider the丘rst order differential equation

(1)

y′ -f(x, y) ,

y(*サ) - Vo�"

Andin[5]wehavetriedtoapproximatetileequationbysomedifferenceequation,which

isofopentype,andhaveconsideredthepropagationoferroroftheformula.Herewe

considertheclosedtypeapproximationformula,i.e.,Adams-Bashforthtype,andinvesti-

gatethepropagationoferroroftheformula.Wedenotethevalueofthesolutionofthe

differentialequation(1)atthepointxnbyy(xn)andthei-thapproximationtoy(xn)byy¥n�"

Weshallnowtrytoapproximatetheequation(1)bythedifferenceequation

(2)yfrォ+x)-y(お,)+*ffササ+iサy{xォ+i))+Tn(rn-‡hy(xn+dnh),o≦ォ<:i),

y&V'-y.+Afa.ri-i.y-Vi).(n-O,i,-)

wherewedenotethetruncationerrorofn-stepbyTn.

Andthecalculatedvalueofynwillbegiv飢bytheformula:■

(3)Y<vV'-Fサ+/5/K+1,F認1)一概t+1)

whereRJii+vistheround-offerrorofthe(i+l)-thiterationofn-step

Andifthedifference

Lよ*+l)-rよ*+n-Yよi)

issmallerthantheconstantL:

lLよ*+l)I.≦L,

thenweset

Yn+1-7詰+1)
1蝣

Fromtheequations(2),(3),weobtainther殖tion

y(xn+1)-Y&¥サ-y{xn)-Yn+hf{xn+1,y(xn+1))

-hf(xH+1>Y拙)+Tn+Rii+サ.

Andifか,y)exists,wehavetherelations
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/K+i,1?(a;M+1)卜f(xn+1,Y&r)=掌(vn+vvn+l)(y(*サ+l卜yc#>¥

1n+l)>
ay

forsome‰whichliesbetweenY拙andy(xn+l),

and

rjW'-yfcru)-?㌦-y(zォ+l).

Ifweset

e舛蝣蝣y(xn)-Yn,eo-0

wよ*>-T舛+Rl"+鰭(xォ+i,%+i)(Yn-Y^),

thenweobtaintherelation

･4)o*+l-6*+鰭(#ォ+!>りt+l)en+1+W(x+(n+l)h)-.

Andbyusingthebackwarddifferenceoperator,theaboveequationmaybewrittenin●

theform(forsomeconstantp)

(5)　　　Vォサ+i - ptn+x + (h
壁
ay
(a-, nn+1トpje^x + W&t.

Here we discuss the asymptotic behavior of the differenOe equations (4), (5).

Theorem 1 Under the following assumptions,

(I)　¥fy(xo+サh可,I≦¢<*) (-∞<y<+∞)

where ¢(x) is a continuous function satisfing the fonowing condition

'K>0, *h>0　芸hS(x｡+ph)≦K for O<h≦ha, and ¢(x)≦M,
y=l

●●

(II)呈岬�"!"l≦E for O<h≦hl,

we have

-eJ^C for O<　≦minmo?^1?
C-CK-E

CM

Proof.

The proof is derived by mathematical induction.

Let us assume

fe,!≦c　　(サ-l,2,3,...n-1)J

and we shall show

IenI≦C.
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From (4), we have the inequality

n-¥

I(1 -hfJxo+nh, vn))enl<* S ¥fy(xo+m vv)ev¥

n

+ s ¥wt<t)
y=1

and taking the constant h small, we have

I*.I≦C.
Q.RD.

Nextweshallinvestigatethepropagationoferrormoreexplicitly.

Lemma[11

Thesolutionoftheequation

(6)∇z(xo+nh)-Anz(x｡+nh)+B(xo+nh)z(xo+nh)+W(xo+nh)(n-1,2,3,�"�"�")?

z(x｡)-方｡>w.串1:n-l,2,...),

●IS

ft-1
z{xo+nh)-ZOY(xo+nh)+Y(zo+nh)｣{5(a^+p+l)^)T-ixo+vh)z(xo+(v+l)h)}

〟-1
+Y(xo+nh)∑Y-1(ォ�"+"*)^(ai.+("+!)*).

y=O

whereY(x)isthesolutionofthefollowingdifferenceequation

∇Y(xo+vh) - AvY{xo+vh)　[v - 1, 2,�"�"�"),

y(ガ｡) -l -

Proof.

The proof is derived by the well-known method, namely the variation of parameters.

Let

2極Q+nh) - Y(xo+nh) u(xo+nh),
【誕Mil

∇z{x｡+nk) ∇ {Y(x｡+nh) u(x｡+nh)}

- (∇Y{xo+nh)) u{xo+nh) + Y(xo+(n-1) h) ∇u(xQ+nh)

- AnY(x｡+nh) u{xo+nh) + Y{xo+(n-1) h) ∇u(xo+nh)

- AA∬o+nh) + B(xo+nh) z(x9+nh) + W(xo+nh).
Thus

yu{x｡+nh) - r-1(サ｡+(n-1) h)¥B(x｡+tih) z(x9+nh) + W(xo+n) h)} ,

and hence
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n
u(xo+nh)-u(x｡)+∑Y-^xo+iv-1)h)Bfa+vh)z(xo+vh)

雌専一

n+∑Y-i(xo+(r>-1)fi>)W(xo+ph)),

v=l

where

z(x｡)-Y(x｡)u(xo)

-u(x｡).

Thuswehavethesolution

z(xo+nh)-Y(xo+nh)u(xo+nh)

-z{xo)Y(xo+nh)+Yfo+w*)"I!{r-1(aso+i'A)B(a!o+(iサ+l)A)z(xo+(v+l)h)}

y=｡

n-1
+Y(xo+nh)∑Y-1(x｡+ph)W(x9+lv+l)h).

v-0

Q.E.D.

Lemma[2]

Intheequation(6),ゲthereexistconstantsp仰,a,九Ll9Lfrwhichsatisfythefollowingcon-

ditions

(I)¥Y(xo+vh)¥≦C(C;constant),

whereY(x)isasolutionofthed聯ヲfenceeqtmUon

i

∇Y{xo+vh) - PVY(x｡+vh) , (pv幸1).

Y(x｡) -1 ,

◆●

(II)　∑ ¥B(xo+vh)¥≦Ll ,
y-0

(Ill)　¥W(x｡+vh)¥ ≦ave入l'入2+...+Aγ+i　(*-0,l,2, -),

蓋av≦L2, L-i+L包<ゝ-トpn-B(a>o+nh)¥　匝-1,2,-) and

l(1-pサ)¥-x≦e入n'l　′ (n-1,2,3, -)I,

we

¥z(x｡+nh)¥ ≦g&o)e九l+久虫十人.-+-+A沖　(n-1,2,3, -い

Proof.

The proof is derived by mathematical induction.

Let us assume

巨極o+mh)¥ ≦gfro)e入1十人+2+入3+-+A- ′ (m-1,2, -㍗-1),

and we shall show that the above inequality holds for m-n.

From Lemma [1], we have
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tトY(x｡+nh) Y-^xg+in-1) h) B{x｡+nh) ¥ z(x｡+nh)

n-2

- z(x｡) Y(xo+nh) + Y(xo+nh) ∑ B(xo+(v+l)k) Y-i(xo+vh)z(xQ+{v+l)h)
y=l

n-¥

+ Y{xo+nh) ∑ Y-Hxo+vh) W(毎+{v+l)h).
i!室EJ

And hence we have the inequality

I (l-pn-B(x｡+nh)) z{x｡+nh)¥ ≦ g(ョo) e入+A2+...+入サ(L,+L望) ,

and from the condition (3), we have

¥z(x｡+nh) I ≦ gfro) e九l+入2+'-+Xn.

Q.E.D.

From the above Lemma we may derive the next theorem.

Theorem 2　Consider the difference equation (5). If the following conditions are satisfied :

F<ォ>　≦aye入1十人1+-+入y+i for O<h≦h, (*-1,2,�"�"�")>

where

00                          00

∑　av ≦el,　∑ lpvI ≦L2,　I(I-pn)-H ≦eAw+i
v=l               v-l

and li+I｡<1　　､

(II)¥fy{xo+�">恥)I≦¢*)(-∞<y<+-),

where¢(x)iscontinuoussatisfingfollowingconditions

◆●2h<P{xo+ph)

v=o≦1-L-L望forO<h≦hoand¢(x)≦K

thenwehave

舶≦gfro)e入1+A2+入3+*-+入forO<h≦-inA｡A,封･
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