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We consider the first order differential equation
¥y =fl@y),

(1)
Y(®@o) = 4o -

‘And in [5] we have tried to approximate the equation by some difference equation, which

is of open type, and have considered the propagation of error of the formula. Here we

consider the closed type approximation formula, i.e., Adams-Bash forth type, and investi-

gate the propagation of error of the formula. We denote the value of the solution of the
differential equation (1) at the point z, by y(z,) and the ¢-th approximation to y(z,) by yi.
We shall now try to approximate the equation (1) by the difference equation

) Y(@r) = Y(@2) + Hf@urs, y@0r0) + T (T = % Wy (@, +0,h), 0<0,<1),

y;i”il)=y”+kf(w”+1’y’£:’)1)’ (n=0) 1, -o.)

where we denote the truncation error of n-step by T,.
And the calculated value of y, will he given by the formula:
©) Y450 = Y Wf@ang, i) — R,

where RV is the round-off error of the (¢+1)-th iteration of n-step
And if the difference

L,;i+1)= Y';i+1)__ Y,‘,"’
is smaller than the constant L:

|Lii+tv | L,
then we set

Y =Y.
From the equations (2), (3), we obtain the relation
Y@ur1) — YA = y(@,) — Yo + B (@pi1, Y(@0r1))
— hf{@us, Vi) + Ty + BY5HY,

. 0
And if é (z, y) exists, we have the relations
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. 0 .
f(xn+1y n(wn'l‘l)) _f(mn+1’ Yfgtl-)l = b_; (wn+1; nn+1) (:l/ (wn+1) - Y’:!F)l) ’

for some 7,4+, which lies between Y%, and y(%,+,),
and

Y0 — g(am)) = Yors — Y(oaa)
If we set

en=y($n)_Yn: el):O’
) . of .
W1(1” = Tn + Ro‘” + h a_y— (wn+1a nn+l) (Yn_ ng”) 9
then we obtain the relation
0 .
(4) Cutr=¢€y +h 3‘5 (Tnt1s Mpty) €nty + W+ (n+1) ) D,

And by using the backward difference operator, the above equation may be written in
the form (for some constant p)

0 .
(5) Ven+1 = Plut+1 + (k 3‘5‘ (@pt1s Mpsy) — P) €ty + ;i'+’1 .

Here we discuss the asymptotic behavior of the difference equations (4), (5).

TrEOREM 1  Under the following assumptions,
D 1Stk 1| =B@) (—00<y<+o)

where ®(z) is a continuous function satisfing the following condition

‘K>0, ‘h>0 ilkdi(wo+vk)§K' for 0<h=h,, and P(r)<M,

(IT) §1|W,~'>|§E for 0<h=<h,

we have
le,]<C  for 0 < h=<min ko,kl,—g:g—llf—llE— .
Proor.
The proof is derived by mathematical induction.
Let us assume
le,|=C (»=1,2,3,---n-1),

and we shall show

le,| = C.
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From (4), we have the inequality

n-1
[(1 — Afy(wo+nh, 1,)) e, < h §1 | fy(@o+2h, m,) e,

” .
+ X IWE,
v=1

and taking the constant % small, we have

le,| =C .
Q.E.D.

Next we shall investigate the propagation of error more explicitly.

Lemma [1]
The solution of the equation
(6)  wamo+nh) = A,2(wg+nk) + B(@o+nh) 2(xy+nk) + W(zg+nk) (n=1,2,3,-::),
2(®g) =2y, (dpx+=1l:n=12-...),

s

2o+ k) = 20 Y (w0 + 1) + Y (zg+nh) ”5;;1 (B@o+v-+1) B) Y-z +vh) oo+ (v+1) )}

+ Y(zo+nh) ,g: Y1 (@o+vh) W(ze + (w+1) ),

where Y(x) is the solution of the following difference équatz'on
vY(xy+vh) = A, Y (x+vh) »=12-...),
Y(:vo) == 1 .

Proor.

The proof is derived by the well-known method, namely the variation of parameters.
Let

2w+ nh) = Y(xo+nh) w(ze+nh),

then
V2(@y+nk) = v { ¥ (@, +nh) ulzy+nh)}
= (VY (2o+nh)) u(@o+nk) + Y(wo+(n—1) k) vulay+nh)
= A,Y(xy+nh) u(zy+nh) + Y(xo+(n—1) k) yu(z,+nh)
= A,2(xy+nh) + B(xy+nh) 2(xy+nhk) + W(xe+nk) .
Thus

vl +nh) = Y-Yzo+(n—1) k) { B(zy+nh) 2(zy+nk) + W(ze+n)h)},

and hence
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w(@y+nh) = u(x,) + é"l Y Y zoy+ (v—1) h) B(xy+vh) z(zy+vh)

+ 5 Yoo+ - 1) B) Wiag+oh)

where
2(xo) = Y (o) ()

= u(%,) .
Thus we have the solution '

Ao+ nh) = Y (xy+nh) w(zy+nh)

= 2(x,) Y(xy+nh) + Y(xy+nh) g: { Y Yxo+vh) B(:i0+(v+ 1) &) z(xy+ (»+1) h)}

+ Yoyt nh) S, Y-3aotoh) Wiopt@+1)R)
Q.E.D.
Lemma [2]
In the equation (6), if there exist constants pn, C, N,, Ly, Ly, which satisfy the following con-
ditions :
(I | Y (xy+vh)| =< C (C; constant),

where Y (x) is a solution of the difference equation

vY(2y+vh) = p,Y(zy+7h), (p,%1).

Y(@)=1,

Ms

(1) | Blay+vh)|< Ly ,

v

I
=

(III) | W(xy+vh)| <a,ehrtat+va (»=0,1,2,...),

where iav <L, Li+L,<|1-p,—B®@+mnh)] (n=1,2,.++)" and
'(1_5011,)'—1 ée)\'H—l K (n= 1’ 27 33 ° ")'3
then we have
|2(Ty+1h)| < g(my) erthatst+dy (=12, 8, .+1),

Proor.

The proof is derived by mathematical induction.
Let us assume '
|2(zg+mh)| < g(x,) eMr+r+atistec ety (m=1,2, - --n—1),

and we shall show that the above inequality holds for m=n.
From Lemma [1], we have
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{1—Y (o +nh) Y-Y(zy+ (n—1) h) B(zg+nh)} 2(ze+nh)

— o{ay) Y(wg+nh) + ¥(@,-+nh) gj Blag+w-+1) b) Y-z +vh) 2ag+(v+1) )

+ Y(zy+nh) ”zi:i Y -Y(zy+ k) W(zo+(w+1)h) .

And hence we have the inequality
| (1—pu— B(&o+nh)) 2(wy+nh)| = g(zo) e'r+*s++ (L + L) ,
and from the condition (3), we have

| 2o +nh) | < glay) er+0at+0n
Q.E.D.

From the above Lemma we may derive the next theorem.

TaeoreM 2 Consider the difference equation (5). If the following conditions are satisfied:

(I WS | <a,eh+tat+v for O<h<h, (»=12,.-.),
where 3 la, <L, X lpl =Ly,  |(l—py)t| et
v=] v=]

and i1+z2 <1 ,
D) 1 fylwe+rh, n,)| SB(@) (—co<y<+oo),

where ®() is continuous satisfing following conditions
20 ho(zy+vh) <1—L,—L, for 0<h=<h, and O(x)<K
then we have

lea] < g(wo) 1+?a+is+ =+ for 0 < h < min {ho, by, 71{] :
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