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ON THE WEAK CONVERGENCE OF MEASURES ( I )

By TAKUMA KINOSHITA

Kagoshima University

§1.Introduction.Inthispaperweshallinvestigatetheweakconvergenceofmeas-

ures.Yu.V.Prohorov,andRobertBartoszynskihaveshownmanyconditionsfortheweak

convergenceofmeasuresinseparableandcompletemetricspaces,whichareexpressedin

termsofconvergenceofmeasuresgeneratedinfinitedimentionalEuclideanspaces.Inwhat

followsRwilldenoteacompleteseparablemetricspaceandC(R)thetotalityoffunctional

f(x)whicharecontinuousandboundedonR.DenotebyM(R)thespaceofallfinite

measuresdefinedontheBorel<r-fieldofsubsetsofR.Asequence/JnofelementofM(R)

willbecalledweaklyconvergentto/iGM(R)ifforeveryboundedandcontinuousfunction

/(*)onR

(1,1)禁昆(x)jUn(dx)-良(x)u(dx).

Weakconvergenceof/JntojuisdenotedbythesymboljuH手〟LetFbeanyclosedset.

DenotebyFetheopensetS(F,e).Definethenumbersel>2,｣2,1asthegreatestlowerbound

ofthoseaforwhich,forallclosedsetF⊂R,〟(F)≦fiH{F*)+e,

respectively/～(F)≦juア(F*)+e.Let

(1.2)

ThefollowingTheoremcanbefoundin[I],[2].､

THEOREM.ThefunctionL,definedby(1.2),isametricinthespaceM(R),andthe

conditions〟n手juoandL(un9jUo)-0areequivalent.Moreover,M(R)withthemetricLisa

completeseparablespace.

Weshallfirstintroducesomeelementaryfacts.

§2.Someeleme‡痛aryfacts

Theoremi.LetT∈M(R)(k=l,2,-蝣,m;n-0,l?2,---).//limL(ぷ*)(*

n9Uこ)-o
nう〇〇

(*)HIand{ci,C2,-',Cm}isafinitesetofpositiverealnumbers,then,UmL(∑Ck/tn,∑Ck〟<*}--0.
nう∞*-1*-1

PROOF.Letmax(L(ふ1)(1

n,JUこ(2)(2
),L(juH,/i二＼),蝣-(IB)

,uftn,芸こ))=e,then,f｡rallcl｡sedsetF⊂R
(*)m(*).(*)桝桝m(∑ckfin)(F)-∑CkuI(F)≦∑CkQt｡{F*)+e)-≡(*)
CkJu｡(F*)+e∑Ckand(∑C>/!｡)(F)≦∑CkJUn
k-1　　　　　　　　　　　　k-l k-1

〝l

(F')+e ∑Ck,
k-l

Recieved October 25, 1963.
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(*) _.        (*)

on the other hand we have (∑CkMn(F)≦(∑ (*)　　′-∑　　　　′
*-1　　　　　　　　　　k-l

m    (*).          (*)

and (∑ Ckふ:V)≦∑ctfi. (F*〝) +e〝･
*-1           k-l

If we write e -the greatest lower bound of those e',
0

and e'-the greatest lower bound of those err,
0

A-1

then,岩ckふ｡)-max(e^ep≦max(s,s去co,

*-1*-1k-l

hencelimL(孟ckJk)

n9孟(*)
C*A｡)=O.l*-1k-l

Corollary.//Hmlc〟9M｡)-0andlimL(リn,リ｡)-O,

nうCOnうCD

thenlimL(/in-¥-vri〟｡+リo)-0.{Thatistosay/iH+リn手p｡+yo).

nう〇〇

COTheorem2.//∑L.(〟,M｡)<-,then〟n手p｡.

n=1
/

Proof.//∑L(jun,M｡X-,thenL(ju形,M｡)→0;

thedesiredresultfollowsfromTheoremof§1.1

COの
Theorem3.//∑L(jUn,〟)<∞and∑I(A.,v)<-thenju…L,.

サ-1w-1

ToprovethisTheoremweneedthefollowinglemma.[1].

Lemma.Let/Jl,〟and/∫beelementsofM(R).Then

(a)L(/h,〃2)≧0,L(〟1,釣)-0,andL(〟i,ii2)-L(ju2,〟1).
I

(b)L(jul9juQ)≦Urn,〟2)+L(ju2.Us).

(C)′∫上(〃1,〟2)-0,then約一二-/∠2.

Proofoftheorem3.if∑L(/*ォ,/0<-and∑Uti.,v)<∞,thenL(/ft)→Oand

lL(/Ln,リ)-0,respectively.

ByLemmaL(〟,リ)≦L(/'I,/in)+L(jUH9V)

henceL(/I,V)≦KmL(〟,〟,,)+limL(//.,v)-0,

L(u,v)-0,^二V.I

00 ◆●

Theorem 4. //∑ L(〃n, 〟)<- and L(/i, v)-0, then ∑ L(a.,v)<-.
n S1 n-1

PROOF. Since, for every positive integers n,

L(jUn,リ) ≦ L(un, U)+L{〟, v)- L(〟nyjU),

therefore ∑ L(〟n,リ)≦ ≡ L(〟n,〟)<-. I

O〇

From Theorem2, we may investigate the convergence of ∑ L(机,ju｡) instead of jun手po.
ォ-1

We shall describe some theorems below and the proofs of these theorems are omitted, since

they can be found in books of series, for instance L5].

COく:0

THEOREM 5. // yォL(jun, M｡) is convergent series,then so is ∑ αnL(jUn,M｡), *'/ the
サ-1
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factors α　satisfy the inequalities O<Cαn≦k for every n.
＼

CO                            o〇                                              coわ

Theorem6. Let ∑ L(〟　M｡) and ∑ L(リn,リ｡) be twoseries. If∑ L(un, β｡) and ∑
n=1

L(リ　vo) satisfy, for every nj>a number m,

(a) the condition L(/In, Uo)≦ L(リn, yo),

(b) and speaking generally L(/Ln, /L.) ≦ c L(vn9 vo)(c; positive constant) then, the series
CO                                                                                OO

∑ L(/in, /*o) is convergent, when the series ∑ L(リn, yo) is convergent.
A-1　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　n-l

O〇                                CO

THEOREM 7. The two series ∑ L(〟ォ, juq) and ∑ L(yn,リ｡) are either both convergent
サ-1                n=1

or both divergent provided lim 77託霊*O,… exists.
0〇

THEOREM 8. ∑ L(〟　ju｡) is convergent when扇V'
n-ア　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　nう∞

L(〟n, ･o) or無を‡言霊道<1･
§ 3. Equivalence relations and continuous mappings

In order to cotinue our study, we introduce the follwing definition.

Definition i. two sequences {βn} and {リn} of point of M(R) are equivalent

CO

if∑L(〃n,リn)<-.
サ�"=!

THEOヱEM 9. Let M(R) be a metric space with the metric L, then

(1) Any sequence of M(R) is equivalent to itself.

(2) Ifi〟,} and {リ} are sequences ofM(R), then {〟n} is equivalent to -Tリ} //and only if

fリ} is eqivalent to {/in}.

(3) Let {fiA, {リn}9 ¥^n} be sequences ofM(R). If{/in} is equivalent to {vn} and {vn} is

equivalent to {ス}, then ¥jLin} is equivalent to {An}.

PROOF. FromthedefinitionL(/tn,〟.) - max (e v e un)

where eJUn y　- the greatest lower bound c＼f e, that for all closed F ⊂R, we have

Mn(F)≦リ　C^)+s,

and evn, / - the greatest lower bound of a, that for all closed F⊂R, we have

リn (F) ≦fin (F^+e,

CO

hence (1) L(juH, 〟n) -0 (n-l,2,-　�"), therefore ∑ L(〟., /in)-O.
n=l

(2) If∑L(〟n,リn)<-, then∑　L(リn, 〟n) - ∑L(〟　v.)<-, and conversely.

(3) If ∑ L(jUn,リn)<… and ∑ L(リn, An)<-, then, by the triangle

property L(〟n, An)≦L(〟　v.)+ L(リ　Xn) we have

∑L(〟n,An)≦∑L(〟　v.)+　∑L(リn,スn)<-.I

THEOREM IO. Let M(R) be a metric space with the metric L and ju ∈ M(R).
のCO                                                           O〇

If∑ L(jUH9　〟)<…　then ∑ L(リ, tt)<- //and only if∑ L(〟n,リn)<-.
M-1

proof, if∑ L(〟n, 〟)< ∞　and ∑ L(yn, 〟)<∞, then

∑L(〟n, yn) ≦∑L(un9 〟)+　∑L(yn, 〟)<-,
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conversely, if ∑ Lifin,リn)<…, ∑ L(〟n,〟)<…,

then∑L(リn, 〟)≦∑L(リ〝　M.) + ∑L(〟n,V) <….I

THEOREM ll. Let M(R) be a metric space with the metric L and 〟 ∈ M(R). If{jun}

is equivalent to {リォ}, then an卓〟 if and only ifリn⇒〟.

proof, k Mn⇒〟, then, by Theorem of §1- L(〟n, /i)-う0.

From hypothesis, ≡ L(jun,ソn)<-, therefore,

L(リn,〟)≦L(リ　M,)+L(/　u),

lun L{y V) ≦lim L(リn, 〟n) + lim L(juH9 ju) - 0,

henceリn⇒ p.

conversely, ifリn⇒ 〟, then

L(〟n, 〟)≦L(〟n,リ:) + L(リn, 〟)
∫

Km L(〟n, 〟) ≦lim L(〟n,リ.) + lira L(リn,〟) - 0,

hence an手〟. I

Let ^* be a complete separable metric space and let /∫ ∈ M(R). If / is a contmuous

function mapping R into R*9　then, the condition juf(A) - 〟 {J-HA)} for the /～ rmeasurable

/-1(A) defines the measure yf ∈ M(R*). PROHOROV has introduced the following

theorem.[1J. (We shall write BARTOSZYNSKI's form [2]).

THEOREM. The condition a.⇒ju｡ holds if and only if for every real /卜almost everywhere

continuous function / ｡n R we have 〟f⇒ pf.

We shall introduce the notion of a continuity in the sense of the weak convergence of

measures.

Definition 2. Let /: R→jR* be a continuous mapping, and jU｡ a point of M(R). Then

/ is continuous (type 1) in the sense of the weak convergence of measures at the point jUQ if

oo

and only it given any sequence {〟n} of points ofM (R) satisfying ∑L(Mn, Mo) <…　the
n=i

OO

sequence {/in} satisfies ∑ L(〟 /4x- The mappingfis continuous in the sense of the weak
ォ=1

convergence of measures if and only if f is continuousat at the point p. for every 〟 in M(R).

Form the definition of metric L, for / is continuous in the sense of the weak convergence

of measures, it is sufficient that, for all closed set A⊂R* (f-HA)Y⊂ f'HAO.

Example. The mapping /: R-R defined by f(x) - x for every x ∈ R is clearly continu-

ous (type 1) in the sense of the weak convergence of measures.

theorem 12. Let /-. r-R* be a continuous mapping　{type 1) in the sense of the weak
CO                                          CO

convergence. If∑ L(〟n, 〟o)<…　and ≡ L(v. 〟.)<∞　then {//} and {リn} areequivalent.
n-i

proof, if ∑ L(〟n, A｡X…, ∑ L(リn, M｡X… and/is a continuous (type 1) in the

sense of the weak convergence of measures, then ∑ L(/n, fQ<-　and∑ L (リ　/｡) <….

An application of Theorem 10 completes the proof. |

Definition 3. Let /-. r→R* be a continuous mapping, and juQ a point of M(R). Then
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/ is continuous (type 2) in the sense of the weak convergence of measures at point ju｡ if and

only if-　given any sequence -f〃n} of points of M(R) satisfying lira L(/iH9　〟o) - 0, the
ォー>oo

Zi:

sequence {ju{} satisfies ∑ L(〟　uix-　The mapping f is continuous {type 2) in the sense
サ-1

of the weak convergence of measures if and only iff is continuous at the point 〟 for every

Min M(R).

THEOREM 13. Let f: R-^R* be a continuous mapping {type 2) in the sense of the weak

convergence of measures and ju｡ a point of M(K). Then, if L(〟 , JUq)→0, fin手pf.

proof, if u仇, JUo)→0, then by hypothesis, ∑ L(〟　ASK-, and therefore,

L(/｡, Mf｡)→O, by Theorem of §1, u{手/｡.¥

THEOREM 14. Iff is a continuous mapping {type 2), then f is a continuous mapping

(typel).

proof, h ∑ L(un, U｡X- then Km L{〟　#｡)-O, by hypothesiis, lim Lノ(〟 , A｡)-0

implies ∑ L(〟�"H9 Mo) -0. This implies that / is a continuous mapping (type 1).I

DEFINITION 4. Two continuous mappings f and g are called equivalent in the sense of the

OO

weak convergence of measures if ∑ L(〟f, 〟君)<… for any sequence {〟n).
サ-1

THEOREM 15. Let /, g and h are continuous mappings, then

(1) f is equivalent to itself.

(2) /is equivalent to g if and only if g is equivalent to f.

(3) // /is equivalent to g and g is equivalent to h, then fis equivalent to h.

PROOF. (I) and (2) are obious. To prove (3), we denote that

L(〟E, 〟君)≦ L(fi{, u雷)+L(〟芝, 〟雷). From the definition

L(/n, 〟雷) - max(｣/,#, %,/), where

e/,s - the greatest lower bound of those e, that for all closed GeもF⊂R, we have

〟i(F)≦〟;(**)+ e,

and eg,f- the greatest lower bound of those e,地at for all closed set F⊂R, we have

〟雷(F)≦ 〟{(*蝣') + e.

Similarly, L(jubH9 ju君) - max (eg,h, eh,g), where, eg,h and eh,g denote the greatest lower

bound ｡f these s, that for every closed set F⊂R we have a烹(F)≦ 〟乞(F｣) + e and ju雲(F)

≦ p乞(F｣) + e respectively, and moreover L(〟5, p雷) - max (e/, h9 eh, /),where e/,h and

eh f denote the greatest lower bound of these e, that for every closed set F⊂R we have

/(F)≦〟号(F｣) + e and ju烹(F) ≦ /in{Fl) + ｣ respectively.

s*,a

Hence 〟((F) ≦〟慧(Flf.s) + effg≦p烹(F-f,g)+｣fg≦juサ(F--f-e ) +sf,g+eg,h
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≦^/�"s+ e^

sffh ≦ ｣/,#+%A

similarly ehj≦ %,/ + t0.g,

From those equations, we have

max(e/>, ehj) ≦max(e/,gr, %,/) + max (eg,h, eh,g)

namely, L(//H9 ju乞) ≦L(pて,A) + L{〟乞, 〟7:)

andhence ∑ Uf/n, M)≦∑ L(〟E,め+∑ L(ju雷, 〟)<-.1

THEOREM 16. ///and g are continuous {type 1 or type 2) at /jlq ∈M(R), and

equivalent, then ju｡ - /A-

PROOF. By hypothesis, if ∑ L(Mn, A｡)<… (or lim L(〟n,U｡) - 0 ),

then∑L(〟　fi{)<∞, ∑L(〟亨, 〟宅)<-, and∑L(〟　　　∞;

hence L(juQ9 〟言)≦L(〟　4)+L(〟f,め+L(〟gn9 〟g)→ 0

L(/A, 〟｡)-O, we have /i'｡ -二三A｡-I
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