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On Stability Criteria of Explicit Difference

Schemes for Heat Equations.

Katsuhiko Sanada

I. Introduction

In most practical problems we are considering the mixed problem for the

heat equation in one dimension:

(1-l.a)　ut-kux　　(o<x<L, t>0)

with the initial condition

(1-lb)　h(x, O) -/(x)  , (0<x<L)

and boundary condition

(1-lc)　h(0, 0-¢(r)　, u(L, 0-6(0　, (/>0).

We introduce a net whose mesh points are denoted by

x{-iJx　, i-l,2,　; M

tj-jJt　,j-0, 1, 2,

with Jx-L/(M+l).

Then the problem (LIa) can be approximately expressed by the explicit for-

mulation

(l-2a)　Uu+1-rUt-1.i+ Q.-2r) Uu+rUM., (/-!, 2,  , M)

(ト2b)　UI A -f,

(ト2c)　U｡.,-¢　　サUm+1J-Oj

where Uu-U(iJx,jAt), f{-f(Mx), ¢,･-¢(jJt), and d^dQAt) ; r-kJt/(Jxy and Ax-

上/(〟+1).

When we emphasize the local truncation error, (LIa) are written in the form

(1-3)　K, ,+!-/�"ォォ-_!.,+ (1-2r)uu+rui+1J+Q〔(Aty+ (At)(Axy〕　　　a-1, 2, - , M)

where Kfti-ォ(/Jx, jAi).

Then the difference equation for Eu-uu-Uu is obtainable by subtracting (l-2a)

from (ト3).

(1-4)　｣,.,ォ-/�"｣,_!.,+ (1-20JE,.,十rEi+1J+O〔 (Aty+ (Af) (Axy〕

Since U agrees with u initially and on the boundary,

(1-5)　^.｡-O　　　　　　　　(/-1,2, -,M+1)

Eq.j-Em+lj-O　　　　　0-0, 1, 2,　)
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Hense we obtain the expression

(1-6)　Ei ,+1-rEi.,.+(l-2r)Et ,+rE:…　(7-1,2, -, M)

with the error of 0 〔(Aty+(At)(Axy〕.　　　　　　　､

The system of 〟 equations consisting of (ト5) may be written in the matrix-

vector form

(L Eni -AEi

where Es and Ej+i are the M-dimensional vectors whose components are Eu and

EiJ+lJ respectively, withォ-1, 2,�"�"�", Af, and

(ト8)　A-

l-2r r

r l-2r r

And we have next stability theorem. 〔1〕　　　　　　　　　　､

〔Theorem l〕

Stability of the　丘nite di庁erence approximation is insured if all the eigen-

valuese of A are, in absolute value, less than or equal to 1.

II. Stability criteria for the problem of heat conduction in a cylinder.

The mathematical formulation of the problem is as follws: 〔4〕

(2-1)　ut-k(uxx+x~ォ,)　　　　, (0<x<L, r>0)

(2-2)　ォ(x, O) -/(x)　　　　　　　, (0<x<L)

(2-3)　8,(0, 0-0　　　　　　　　　　　　, (*>0)

(2-4)　-ux(L, t)-a〔サ(｣, /)-サ( 〕

(2-5)　ovt(i) -a〔ォ(L, 0 -サ(0〕

We shall investigate the stability of the explicit difference scheme.

･2-6)聖払-k〔旦土瑠声誓.五･旦瑞賢〕
whence

･2-7) UiJ+1-rト2/ ¥Ut-1.i+0.-2r)Utj+r¥l+擁　(7-1,2,-,M)
where U{j- U(Ux, jJt), r-kJt/(Axy and x-L/(M+X).

/                                              ＼

The diだerence analogue of (2-3) is

Vu- Uu

Ax

(2-8)　Uu- UoJ

Or

-0
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Hence from (2-7) and (2-8) we obtain the expression

(2-9) Oi.-- 1-fr¥uu,+一-rUt2.j

Further the difference approximation of (2-4) and (2-5) are

Umj Um+ij
X

-a(tfiM+l,∫-v,)

(2-10) Uu+i.,一議茄TT J- -^x

-pUMj+qvj

O型吐二生-a｣wi-- (a+6>iAx

･2-ll) vj+l-誓uu+1J+ 1-
-αuM+1.∫+&>,

(a+b) Jt
1>i

Or

and

Or

wherev,andvj+1arerespectivelyv(jAt)andv[(j+V)dt¥

Iffrom(2-10)and(2-ll)weeliminateUM+w,thenweget

vj+1-apUMJ+(β+α9)V.

Ifwerewrite(2-9)intheform

(2-10)*Ui,+1J+1-pUltJ+l+qvj

andeliminatevjandvj+1from(2-10)*,(2-10)and(211),weget

(2-12)U,
M+1J+1-β+α<J)UM+ij+pUMj+i-Pβu,MJ

Ifin(2-12)wereplaceUMJ+lbytheexpression

tfjr.y+i-r1--｣f¥uM-1J+0--2f)UuJ+r¥1+-%-%+,.,

from(2-7)with～-〟,weultimatelyget

〔1寸UM(2-13)　UM+1.ルi-pr 1 -2r-β)UMJ+ pr¥l+ -^-j +P+ctq ¥UM+1J

-PUm-1.,+ QUi,j+SUm+1J

Starting with the values of Uu for y-0, equations (2-7), (2-9) and (2-13)

will generate in succession the values of UtJ for j-l,2,�"�"�"and i-l,2,�"�"�", M+l.

Similarly, starting with v(i)-V for f-0, equation (2-ll) will generate in

succession the values of v*-(jAi),
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The system of M+l equations consisting of (2-7), (2-9) and (2-13) with the

errors Eu written for the Uit/s may be written in the matrix vector form

卑+1-A現

where

(2-14)　A-

1+i'

1-2M

p

If we assume

(2-15) 0<r≦与
then it is clear from (2-14) that the sum of the absolute values of the elements

of the丘rst 財rows of A is equal to 1.

Further more, if we assume that

(2-16) l-2r-β≧O and pr+β+αq≧0　,

then it follows from (2-13) that

(2-17)　¥P¥+¥Q¥+¥S¥-p-pP+S+aq

-ト等(11去〕<1 ＼
Thus, if (2-15) and (2-16) are satis丘ed, the largest of the sums of absolute

values of the elements of the rows of matrix A is equal to 1. Therefore it follows

from Gerschgorin's theorem and [theorem l] that the difference scheme under

consideration is stable.

The inequalities (2-15) and (2-16) may be written

kJt

昔≦与

2昔≦誓!-♂

i怠[&･事.〔ト空≧ O　､
From the three inequalities,
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(2-18) (JxY ≧蓋

(2-19)　{At) ≦ min
(Ml

2ka+b

Inconclusion,ifwechoosetheintervalsAxandAtsatisfingtheinequalities

(2-18)and(2-19),thestabilityofthedi庁erenceschemeunderconsiderationwill

beinsured.

＼/＼
III.Variablecoefficients

＼▲
Weareconsidertheequations

(3-1)ut-auxx+bux+cu^rd㌧

wherea,b,canddarefunctionsofxandtonly,andwithboundaryconditions

㌧(3-2)pux+qu-v

㌔

wherep,qandvarefunctionsoftonly.

Anexplicitformulafor(3-1)isgivenby

(3-3)U.M-CIUt+u+CoUlj+C-1Ul-,.+kdij

where

c-1-lratJ+-jbuh

(3-4)Co-l-r(2alj-cl.Ji)

C,-r¥atj-アbuh¥

andh-Jx,k-dt.Andtheformulationiscompletedbytheboundaryconditions

(3-5)UoJ-P,Ul.t+Rj

u.
Af+l.i--Q,ux.,+S,

andbytheinitialcondition

(3-6)VtA-f4

ThenthepropagatederrorEuduetoaninitialerrordistributiongtisspecified

bytherelations.

1
(3-7)2?**+i-≡Cn(i,j)El+nJ

n--1

(3-8)>O.r-PjEuEm+u-QjEmj

Ei,o-gi

Ifthecoe氏cientsC_i,C｡andCxarenonnegativeforallrelevantvaluesof/

andJ

(3-10)Cn(i,j)≧0(n--1,0,1)
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and if their sum does not exceed unity

1

(3-ll)　∑CMJ) ≦1　　,
M--1

Then we may deduce from (3-7) the relation

1

Ei.i+1 1 ≦　∑CM,j)∫ *t+hj¥ ≦ maxIEi+nJ¥
w--l n

0-1,2, -,〟)

Hence, when (3-10) and (3-ll) are satis丘ed, the magnitude of the propagated

error at any interior point on the (ノーhl)th net line cannot exceed the magnitude

of the largest of all the errors at points on the /th line. If also it is true that

(3-12)　Pj ≦　　　Qt ≦　　　　　0-1,2,-)

the relation (3-8) written with　ノreplaced by ∫+1 ensure that the preceding

statement applies also to the propagated errors at the boundary points on the

(ノ　　　net line.

〔Theorem 2〕

If the conditions (3-10), (3-ll), and (3-12) are satis丘ed for all relevant values

of / and j¥ then the errors propagated by a single line of initial errors can never

exceed the largest mital error in magnitude, so that the formulation is stable. 〔3〕

As an example, we are consider the equation

(3-13)　ut-a(x)uxx+b(x)u

Then using in associating (3-2) with (3-1) the following explicit formula is

obtained

(3-14) UiJ+1-r(at+ア;hb¥ui+1,i+Q--2radU-+r[al一昔hbAU.--

where r-k/h2.

If U satisfies (3-12) at the boundary conditions, then sufficient conditions for

stability of (3-14) are of the form

(3-15) ≦-棉

r≦-棉
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