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Summary of Doctoral Dissertation

Title of Doctoral Dissertation:

Nonlinear Phenomena in Propagation of Internal Waves

Name: Kei Yamashita

In a lake or the ocean where density stratification is well developed, not only internal long-period waves, e.g.
internal seiches and tides, but also internal short-period waves are observed. The sources of the latter include
bottom topography and interfacial instability. In coastal zones, internal waves play an important role in nearshore
environment of nutrient salts, water temperature, etc., so that it is important to know the characteristics in the
process of internal-wave propagation in consideration of both nonlinearity and dispersion of internal waves. In the
present study, numerical simulation of internal waves is performed using a set of nonlinear equations based on a
variational principle to examine the process of propagation of nonlinear internal waves. This dissertation consists
of the following six chapters:

In Chapter 1, the background and objectives of the study are mentioned with reference to the references.

In Chapter 2, the governing equations are presented for two-layer density stratification between two fixed
horizontal plates, where inviscid and incompressible fluids are assumed to be stable in still water and the fluid
motion is assumed to be irrotational. The velocity potential in each layer is expanded into a power series of
vertical elevation, after which the nonlinear internal-wave equations have been derived by applying the
variational principle.

In Chapter 3, numerical methods are given to solve two-layer problems in vertically two-dimensional cases.
The set of nonlinear wave equations are rewritten to finite difference equations, after which the time development
is carried out by applying implicit schemes. The pseudo-differential equations are derived from the finite
difference equations using Taylor series. The order of numerical error is estimated using the non-dimensional
pseudo-differential equations, where the error is caused by numerical dispersion and viscosity due to the
redundant terms of the pseudo-differential equations compared to the governing equations. Hydraulic experiments
are carried out for two-layer systems, where both the top face and the sea bottom are horizontal fixed plates or the
top face is a free water surface. The experimental data of surface/interface displacements are compared with the
corresponding numerical calculation results using the proposed model, as well as those through the existing fully
nonlinear model. A new method is proposed to describe boundary conditions at vertical walls with horizontally
arbitrary shapes considering the accurate velocity at the vertical walls inside computational cells in horizontal
two-dimensions. This method, where the component of fluid velocity is zero in the normal directions of vertical
walls, is applied to the Mach reflection of surface waves. The present method is also applicable to boundary
conditions at the sea bottom with arbitrary shapes in three-dimensional numerical calculation.

In Chapter 4, a new method is developed to obtain numerical solutions of stationary progressive water waves
based on the present nonlinear wave equations, Boussinesg-type equations, etc. Advection equations are satisfied
for physical quantities, i.e., surface/interface displacements, velocity, or velocity potential. In calculation



processes, the Newton-Raphson method is applied to find convergence solutions. Stationary solutions of traveling
surface/internal solitary waves are obtained to be compared with the corresponding theoretical solutions, as well
as numerical solutions of Euler equations, such that the accuracy of solutions through the wave equations is
verified also for large amplitude internal solitary waves. The characteristics of surface/internal solitary waves are
discussed with vertical distributions of velocity, transformation of wave energy, etc.

In Chapter 5, first, the nonlinear interactions between internal waves, i.e., both head-on collision and
overtaking phenomena of two solitary waves, are studied using the numerical solutions obtained through the
present method for stationary waves as the initial conditions including internal solitary waves with very large
amplitude. Second, internal solitary waves propagating over a uniformly sloping beach are simulated especially
for the cases of mild and long bottom slopes. The ratio of initial wave height to wave-breaking depth becomes
larger as the bottom slope is milder and the wave nonlinearity is stronger. If the bottom slope is sufficiently mild,
the wave height is restrained by wave dispersion from increasing, where the energy is provided to the following
wave train from the preceding waves. Internal solitary waves traveling from offshore deeper water to shallower
water over a continental shelf are also simulated, where the KdV solitons are generated due to the disintegration
of the BO solitons.

In Chapter 6, the discussion is integrated to mention the conclusions of the study.



