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Abstract

As an estimator of a real estimable parameter, we consider a linear com-
bination of U-statistics which include V-statistic and limit of Bayes estimate
(Toda and Yamato [9]). In the case that the kernel of the estimable param-
eter is degenerate, we show functional limit theorems (invariance principles)
for the linear combination of U-statistics. As their applications we give the
asymptotic distribution of a linear combination of U-statistics.
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1 Introduction

Let 8 = O(F) be a real estimable parameter or a real regular functional of a dis-
tribution F" and g(xq, ..., xx) be its kernel of degree k. Let Xj,..., X, be a random
sample of size n from the distribution F'. U-statistic U, is well-known as estimators
of 6(F'), which is given by

Un:<Z)_1 S 9K X)), (1.1)

1<j1<<gp<n
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where Zl <jy<-.<jo<n denotes the summation over all integers ji,. .., ji satisfying
1< < <jr <n. We put

¢j<1‘1,...,$j) = E[g(Xl,,Xk) | X1 = Il,...,Xj = Ij], ] = ]_,...,]C
U?:VQT[¢j<X1,...,Xj)], j:].,,k

In this paper we assume that
oj=-=03,=0 and o3>0 (d<k).

That is, the U-statistic and/or the kernel ¢ is degenerate of order d — 1. So
Evy(Xy, ..., Xq) = 0 and almost surely (a.s.) ¢¥1(Xy) =6,...,%q-1(X1,..., Xa1)
= 6. We put

gV (1) = ¢1(I1) -

§ar, .12 = il . zzgf Do) — 0
1 (c.4)
for c = 2,3, ..., k, where the sum Z(CJ.) is taken over all integers such that 1 <1 <
- < i; < c. By the degeneracy, gV) = -+ = ¢V =0, g = ¢, — 0. (See, for
example, Lee [6], and Koroljuk and Borovskich [4].)

Let D[0, 1] be the space of all real functions on [0, 1] which are right continuous
and have left-hand limits. We consider a random process given by {U[nt} 0<t<
1} which belongs in DJ0, 1], where [z] is the greatest integer not greater than z.
The functional limit theorem based on {U[nt] :0 <t < 1} is given by Theorem
5.5.4 of Koroljuk and Borovskikh [4]. We take the sub-space D[0,1] instead of
D[0,00) of Theorem 5.5.4 of Koroljuk and Borovskikh [4]. Under the condition
Eg(X1,...,Xp)? < oo, n¥2t4(Up,y — 0) converges in distribution to (%) Ji(g?) as
n — oo in the space D]0,1]. That is,

2 U~ 0) 2 () 406 (12)

where

,’:18

Z Z f €iy - eld

i1=1 ig=1

Hrl(i) (Wj (t)a t) )

N
Il
—_

€1, €a, ... is an orthonormal basis of Lo(F'), wy(t),w2(t),... are independent standard
Brownian motion on [0,1] such that Ew;(t) = 0, wi(t) =t (j = 1,2,...), and
r(i) = Z;j:l I(i; = 1) is the number of indices among i = (41, ..., i) equal to . H is
the Hermite polynomial of two variables whose generating function is given by

X m

z
m!

m=0

expleTny — 22Tn2/2] = Hp(To1, Ta2)



(Borovskikh and Korolyuk [2]). J4(f) can be also expressed by the multiple stochas-
tic integral (see Borovskikh [1], pp.178-179). The other functional limit theorem for
U, is as follows ( Borovskich [1], pp.176). For the U-statistic U,, we consider a
random process {U,(t) : 0 <t < 1} given by

U, (t) = Zk: <IZ) <Z>_1S[nﬂ,6, 0<t<, (1.3)

c=d

where Sppy.. = 21§i1<~-.<icg[nt] 99Xy, ..., X;,). The random process {U,(t) : 0 <

t < 1} belongs in D[0, 1]. Under the condition E | g9 [?/Z~d< oo for c =d, ..., k,

n?207, (1) 2, (2) T (g®). (1.4)

As an estimator of §(F'), Toda and Yamato [9] introduce a linear combination
Y, of U-statistics as follows: Let w(ry,...,7;;k) be a nonnegative and symmetric
function of positive integers rq,...,7r; such that j = 1,...,k and ri +--- 4+ 1; =
k, where k is the fixed degree of the kernel g. We assume that at least one of
w(ry,...,r;;k)’s is positive. We put

+

d(k,j) = Zm—i—-u—i—r-:kw(rl’ o1y k)

for j = 1,2, ..., k, where the summation Z:rl F— is taken over all positive integers

r1,...,r; satisfying r; + --- +7; = k with j and k fixed. For j = 1,...,k, let
g(j)(ZBl, ...,xj) be the kernel given by

1 + - r;
9o (@1, ... x5) = a0 7) Zr1+...+7~j:kw(rl’ kgt .oz, (1.5)
where
g, ) :g(ml,...,my...,:Ej,...,xi-).

N ~~
T1 Tj

Let UY) be the U-statistic associated with this kernel g (@1, ..., x;) for j =

1,..., k. The kernel g¢;)(z1, . .., ;) is symmetric because of the symmetry of w(ry, ..., 7;; k).

If d(k, ) is equal to zero for some j, then the associated w(ry, ..., rj; k)’s are equal

to zero. In this case, we let the corresponding statistic U be zero.
Then the linear combination Y,, of U-statistics is given by

1 A (T 776)
Y, D<n7k)2d(k,j)<j)Un, (1.6)

J=1



where D(n, k) = Zle d(k,7) (’;) Since the w’s are nonnegative and at least one of
them is positive, D(n, k) is positive.

If w(l,1,...,1;k) = 1 and w(ry,...,r;; k) = 0 for positive integers rq,...,r;
such that j = 1,...,k — 1 and ry +--- 4+ 1; = k, then d(k, k) = 1, d(k,j) = 0
(j=1,....k—1) and D(n,k) = (Z) The corresponding statistic Y, is equal to
U-statistic U,, given by (1.1).

If w is the function given by w(ry,...,7;; k) = k!/(r1!---r;!) for positive integers
ri,...,r; such that j = 1,...,k and r + --- 4+ 1; = k, then d(k,j) = jIS(k, )
(j=1,...,k) and D(n, k) = n*, where S(k, j) are the Stirling number of the second
kind. The corresponding statistic Y, is equal to V-statistic V,, given by

Vn:%Z---Zg(le,...,Xjk).

J1=1 Jk=1

If w is the function given by w(ry,...,r;;k) = 1 for positive integers rq,...,r;

such that j = 1,....k and r; + --- +7; = k, then d(k,j) = (’;j) (j=1,...,k)
and D(n, k) = ("H]j_l). The corresponding statistic Y, is equal to the limit of Bayes

estimate (LB-statistic) B, which is given by
n+k—1\" . ,
Bn: ( k» ) Z g(Xll,...,Xnn),
ri+-+rn==k

where Zrl +yr,— denotes the summation over all non-negative integers ry, ..., 7,
satisfying r + --- +r, = k (see Toda and Yamato [9] and for the limit of Bayes
estimate see Yamato [10]).

In the following, for D(n, k) we suppose that

is nondecreasing and converges to as n — oo. (1.7)

D(n, k)

For the V-statistic V,,, relation (1.7) is satisfied because of d(k, k) = k! and n*/D(n, k)
1. For the LB-statistic B,, relation (1.7) is satisfied because of d(k,k) = 1 and
n®/D(n,k) = n*/("**~"). On the other hand, the U-statistic U, does not satisfy
relation (1.7) because of n*/D(n, k) = n*/(}) and so the U-statistic is not included
in the following discussion.

For the U-statistic and the V-statistic with the non-degenerate kernel, their
functional limit theorems are discussed by Miller and Sen [7], Sen [8], Denker [3]



and Koroljuk and Borovskich [4]) and others. Kondo and Yamato [5] discusses the
functional limit theorems for a linear combination Y,, of U-statistics with a non-
degenerate kernel.

For the U-statistic with a degenerate kernel, the functional limit theorems are
given by Koroljuk and Borovskich [4] and Borovskikh [1], as stated in the previous
paragraph. In Section 2, we show functional limit theorems for a linear combination
Y, of U-statistics with a degenerate kernel.

As an application of these functional limit theorems, in Section 3 we give the
asymptotic distribution of Y,. In Section 4, we give the proofs of lemmas and
theorems in the previous sections.

2 Functional Limit Theorems for Y-statistic
For the kernel g¢)(z1,...,2;) given by (1.3), we put forc=1,...,jand j =1,...,k

¢(j),c(xla ...,IL'C) = E[g(])(Xl, ,X]) | Xl =T, ---7Xc = .TC]
1
d(k, j)

The U-statistics UT(Lj), J = 1,...,k corresponding to to the kernel g(;) have the
following properties.

+ .
. 71 T Tce41 Tj
E rl+m+rj:kw(7’1, oo k) Eg(at o ws, X X)),

Lemma 2.1

or

Lemma 2.2 The order of degeneracy of U is at least d — 2j—1for1 <7<
(d—1)/2 and

V(hg).d—2i(T1, o Ta—gj) = 0+ (2.1)
1 k—d+j i o
—_— 15=27 9J. | L L V—p
d(l{},/{} —j) ( j >w( ’ ’ )[Qod,d 2](‘7“17 y Ld 2]) ],

where for 1 < j < (d—1)/2

Cad—2j(T1, s Ta—aj) = Eba(1, ..., Ta—2js Xa—oj+1, Xa—2j+1s -, Xa—j, Xa—j)] (2.2)



and
w(1",2% k) =w(l,1,---,1,2,2,--- | 2;k).

) )
(.

We note that for 1 < j < (d—1)/2,
E@d,d—?j(Xla ceny Xd_gj) = 9 (23)

From Lemmas 2.1 and 2.2, we have the following results: If d = 2] + 1 and [
is a positive integer, then EUék) = EUT(Lk_l) = ... = EUT(Lk_Hl) = EUék_l) = 0.
The orders of degeneracy of Uék_l),..., Uék_lﬂ), U are at least 2(1-1),...,2,0,
respectively. If d = 2] and [ is a positive integer, then EUék) = EUék_l) =... =
EUE Y = Ul — 9. The orders of degeneracy of Uék_l),..., T(Lk_l”), {e=t+1)
are at least 2l — 3, ..., 3, 1, respectively.

Lemma 2.3 In case of d = 21,

BEUFD ¢ = m (:_ Cll)w(ﬂ“—d, 2L k) [Eva(X1, Xy, ..y X1, Xp) — 0], (2.4)

For the statistic Y,,, we consider a random process given by {Y[nt} :0<t< 1}
which belongs in D|0, 1]. We shall show the functional limit theorem for Y, based
on {Yjg : 0 <t < 1}. For this purpose, we must consider at the same time the
functional limit theorems of the U-statistics U, U™ . U™ (d = 20+ 1) and
Ul U oY (4 = 20). So we suppose that Elg(X;,, Xjy, .y X;,)?] < o0
for all j1, jo, ..., jr such that 1 < j; < 50 <--- < g < k.

Theorem 2.4 We suppose that

E[.g(X]UX

jos

Xjk)g] <0

for all ji, jo, ..., jx such that 1 < j; < jo < -+ < jp < k. We assume (1.7).
Then in case of d =21+ 1 (I =1,2,...), in the space D0, 1] we have

k! , 1 w(1F2 27 k)
nd/ztd(Y[nt} —0) N Zt] ~ L T i (Caa—2j),  (2.5)
(k—dl = (@=-2))  w(kk) ’
where
. d—1
§a.d—2i(T1, oy Ta2j) = Paa—2j(T1, s Ta—gj) =0 (0< 7 < 2 )-



In case of d =21 (I =1,2,...), in the space D|0, 1] we have

D k! , 1 w(1F2 27 k)
nH Yy~ 6) = (k — d)!{Z Pa= T ek k) Jiay(Eai-2)
p

+lw(1"”_d, 2L k)
I w(lk k)

We note that w(1¥727,27; k) /w(1%; k) = 1/27 for the V-statistic and w(157%7 27; k)
Jw(1%; k) = 1 for the LB-statistic, respectively.

[Eva(X1, X1, ..., X1, Xp) — 6]} (2.6)

Corollary 2.5 In case of d=2l+1 (I =1,2,...), in the space D[0, 1] we have

Kooy, 1
/24 B § : t ,
t (V 9) (k’ —_ d)' ~ t] (d — 2])']‘2] Jd—Qj(gd,d—QJ)‘

In case of d =21 (I =1,2,...), in the space D[O7 1] we have

nd/Qtd(v[ D

1
l'2l [Ewd(XlaXla . 7XlaXl) - 9]}
Corollary 2.6 In case of d=21+1 (I =1,2,...), in the space D|0, 1] we have

k! , 1
n/24( By — 0) b Z o T} o (Eqa—2j)-
(k—d)! =" (d—25)l517"%

In case of d =21 (I =1,2,...), in the space D[O, 1] we have

-1
D

nd/2td(v[

_2 (de 2])

1
+l—'[Ez/;d(X1,X1, e X1, Xp) — 0]}

We consider another functional limit theorem for Y,,. Let K be the Y-statistic
given by (1.6), based on the kernel g(). We consider a random process {Y,(t) : 0 <
t <1} which belongs in DJ[0, 1]:

-2 () s



Theorem 2.7 We suppose that

E” g(XJI’XJQ’ "‘7Xjk) |2] < o0
for all ji, jo, ..., jx such that 1 < j; < jo < -+ < jp < k. We assume (1.7).
Then in case that d =21+ 1 (I =1,2,...), in the space DI]0,1] we have

d/2Y (

! o
w(197%,27,d)
Z : Ja—2;(8d,d-27)- (2.7)
=0 o 2] w(lda d) /

In case that d =21 (1 =1,2,...), in the space D[0, 1] we have

El L 1 w(142%,27; d)
nY2Y,,(t) 2 {Z t’ — g0 (Eda-2))
—d)! = (d—27)!5! w(14; d) J

1 w(2d)

+l_!m[Ewd(Xl,Xl, XL X) - 0]} (2.8)

We put

k k [nt}—i—c 1) ©
Z() ne nt]’ Z() n+cl)K[}

c=d c=d C

where forc=d,--- | k, K‘(,Czl and K](;)n are the V-statistic and the LB-statistic based
on the kernel g(©), respectively. We note that w(197% 27; d)/w(1% d) = 1/27 for the
V-statistic and w(197%,27:d) /w(1%d) = 1 for the LB-statistic, respectively. By
Theorem 2.7 we get the asymptotic distributions of V,,(t) and Bt), respectively.

Corollary 2.8 In case of d=2l+1 (Il =1,2,...), in the space D[0, 1] we have

/2
V( k‘ d 'Z _2] |2]Jd QJ(de 2])

In case of d =21 (I =1,2,...), in the space D[0, 1] we have

-1

PP 1
n?V,(t) = = d)!{zﬁmﬂ_zj(&m—y)

J=0

1
l'2l [Ewd(Xla Xla ) Xla Xl) - 9]}



Corollary 2.9 In case of d=21+1 (I =1,2,...), in the space D|0, 1] we have

v o K o
n"?B,(t) = = d) > = Qj)!j!‘]é—Qj(gd,d—Zj)’
3=0

In case of d =21 (I =1,2,...), in the space D[0, 1] we have

-1

Z d 2] ' d 2]($dd 2])

d/ZB(

1
+l—'[Ez/;d(X1,X1, e X1, Xp) — 0]}

Thus, we know that for the V-statistic and the LB-statistic the asymptotic dis-
tributions of n® 2tV — 0) and n®/ 214V — 0) are equal to the ones of n2V,,(t)
and n%?B,(t), respectively.

3 Asymptotic distribution of Y-statistic

The Hermite polynomial H,,(71,72) of two variables with 7, = 1 is equal to the
Hermite polynomial H,,(m) of one variable. We use the notation J,(f) given by

= Z . Z(f’ ey - 'eid)HHrl(i)(Zg)
=1

=1 ig=1

where Z,7,,... are independent standard normal random variables. The asymptotic
distribution of n%2(Y,, — #) can be obtained from Theorem 2.4 by putting ¢ = 1, as
follows.

Theorem 3.1 We suppose that
Elg(X;,, X;

j2sr

Xjk)z] <0 (31)

for all ji, jo, ..., jk such that 1 < j; < jo < --+ < jp < k. We assume (1.7). Then in
case of d=21+1 (1 =1,2,...), we have

Ko 1 w(1¥=2% 29 k)
(Y, — 0 ) i (€aany). (32
( ) (k' d I ]2:; d — 2]) w(lk,k) d 23<§d,d 2j) ( )
In case of d =21 (I =1,2,...) we have
=1 k2§ 9j. I
a2y _ w17, 25 k) |
(Yo —0) (k — d I{JX: _ 2j w(1F; ) Ja—2;(8d.a-25)



w(1k=4, 2% k)

+W[Ewd(X1,X1,...,Xz,Xl) — 0]} (3.3)

We have that w(1¥7% 27 k) /w(1%; k) = 1/27 for the V-statistic V,, and = 1 for the
LB-statistic B, respectively. Therefore, we get the asymptotic distributions of the
V-statistic V,, and the LB-statistic B, respectively (Yamato and Toda [11]):

In case of d=2l+1 (I =1,2,...) we have

Ko 1
n?2(V, — 0) > ] 2; @i i) (3.4)

1=

In case of d =21 (I =1,2,...) we have

n®2(V,, — 6) '{Z _2] R Ja—2j(€a.d-2;) (3.5)

1
o Ba(X0, X0, X, X0) = 6]}

Incase of d=2l+1 (I =1,2,...) we have

Ko o 1
nd2(B, — ) A Z ~Ja2j(€a.d—25)-
(k —d)! & (d - 24)!5!

J=

In case of d =20 (I =1,2,...) we have

nd/Q(Bn— ,{Z , Ja— 2](§dd 2])

1
ol Ba(X, X0, X0, X0) — 6]}

The asymptotic distribution of Y,, can also be derived directly by same methods as
the asymptotic distribution of B, by Yamato and Toda [11].

If we put t = 1 in V,,(¢), we have

-3 ()i

c=

which is the expression of V-statistic corresponding to the H-decomposition of U-
statistic, where K9 is the V-statistic based on the kernel ¢'® which contains 6 for

10



c=d,...,k. Thus Corollary 2.8 also yields the asymptotic distribution of V;, given
by (3.4) and (3.5). The asymptotic distribution of V-statistic is also given by

<2> /_Z.“/_Z{%_@}Q(dfﬁl)“'Q(dxd),

where ) is a centered Gaussian random measure with covariance function EQ(A)
Q(B) = F(ANB)—F(A)F(B) for any Borel sets A, B (see, for example, Borovskikh
[1], p-113). From (3.4) and (3.5), we know that the asymptotic distribution of V}, is
not affected by the U-statistics U5 with lower degrees in the expression of (1.6) for
V-statistic (Yamato and Toda [11]).

4 Appendix

We can prove Lemmas 2.1, 2.2 and 2.3 by methods similar to those in the proofs
of Lemmas 2.1, 2.2 and 2.4 of Yamato and Toda (2001). We state here the idea
of the proofs of these Lemmas. We consider the solution of ry,...,r; satisfying
ri+---+7r; =k with k and j(= 1,...,k) fixed. If j is large, then the solution
contains necessarily r. equal to 1. If j > k — (d — 1)/2, then the solution contains
r. equal to 1 whose number is at least 2j — k(> k — d + 1). For example, in case
of rj=---=r;_prq = 1, we have Fg(X{',--- ,X;j) = Eg (XY, ,X;i‘ll) =40,
because of ¥y, = 6.

Proof of Theorem 2.4: We shall show the case of d = 2[ given by (2.6). By a
similar method we can show the case of d = 2l + 1 given by (2.5). We put

-1 k—1—1
Y =0 =3 Yiur + Yo+ D Yo (4.1)
r=0 r=1
where
Y =d(k, k— T)ﬂ(zﬂ’“‘” —0), r=0,1,...,1
il ’ D([nt], k)" ’ Y
. G I
] = d(k,r)W(U[m] -0), r=1,...,k—1—-1.
For Y[;tw, r=0,1,...,0 —1, we have

[1 = sup |’]’Ld/2td % k"d(k’,k’—r)

d—2r
_ t’l” Ttd—??" U(k_r) _ 9
0<t<1 il = = )k, k) ( )|

[nt]

11



d(k,k—r) k4" k! J e d=2r J\a o (k1)
_ N 2 (L . : —0].
Sigen (k—n)! DG k) dk k) -G TG |

From (1.7), for any € > 0 there exists a positive integer N such that

S(k—r) ;7 k.[
J J : .
— fi > N.
DG dtem <e iz

Thus we have

d(k7 k — ’l“) j(k_r)jT k' d—1 ‘

I, < _ : _ :
w S max{ 7y max =5 | 5G  awm |

d(l{? k— 7’) d—2r 4 9 (k—r)
e———=supn 2 t“7|U —0|}.
(k _ T)' Ogtgpl | [nt] |}
By Lemma 2.2, for r = 1,--- [ — 1, the order of degeneracy of U s at least
d —2r — 1. Among the last term, supy<,<; n?/? """ | U[(:ﬂ_r) — 6 | converges to
(f_‘;r) SUPg<i<1 | Ji_or(Y(h—r)a—2r — 0) | in distribution as n — oo by (1.2) and
Lemma 2.1 if the order of degeneracy of UF " ds d — 2r — 1 exactly. Hence by

letting n tend to oo and then ¢ tend to zero, we get that the right-hand side of (4.2)
converges to zero in probability and therefore Iy, converges to zero in probability.

Since U;k_l) converges to O (= EU;k_l)) almost surely (a.s.) as j — oo, for

any € > 0 there exists a positive integer N such that | U;k_l) (W)= Op |<e,j>N
where w belongs to the event E such that P(E) = 1. Then, using (1.7), we have

sup | nd/2td (I[crf]l)

=) g,
2 B g,y Vo (@) = B |

[nt]

< {# ﬂuj(k—l)( ) — Oy | L}
= T D ksyon DG, k) | T O ST e )

for any w € E. By letting n tend to co and then ¢ tend to zero, we get

[nt]
d/%dM(U(‘“—” —0,1) |— 0 a.s. (4.3)

sup | n o]

0<t<1 D([nt], k)

Since j*=V;!'/D(j, k) increases as j increases by (1.7), we have

[nt] k—1),,1
sup n®/2t (kz—l) _ nk=Dn . k! 7
0<t<1 D([nt], k)  (k—1)!D(n,k) (k —D'd(k, k)

n — oo. (4.4)

12



Therefore by (4.3) and (4.4), we get

Eld(k, k—1)
d/2pdy (0 — 0) a.s. 4.5
0831;2171 [melt (k—Dd(k, k;)( ket = 0) as (4.5)
For Y[;ILT, r=1,...,k—1—1, we have
d(k,r) G jk=r 1
4/ 2pd |y 1< . U™ 9| —— k—r—1>1.
osgggln | [nt],r < 7! krgfgn D(j, k) G | nk—r=t’ : -

Since 5" /D(j, k) converges to k!/d(k, k) and U]m converges 0, (= EU]@) a.s. as
j — o0, [1M5* /D5, k)] | UJ(T) — 0 | is bounded almost surely. Thus

sup n¥/?t? | ) |— 0 as.
0<t<1
By these convergence of Y[;’;ﬂ’r,r =0,1,...,] and Y[Zt},r (r=1,....k—1-1), we

know that

sup n2t% (Vg — 0)
0<t<1

has the same asymptotic distribution as that of

-1

kld(k, k — 1)

Kd(k, k — 1)
su
ozior (k — r)ld(k, k)

(k— D)d(k, k)

O e (S

(ek’—l - 9)7 (46)

r=0

where ), _;—0 is given by the right-hand side of (2.4). By applying (1.2) to each terms
of the first summation and d(k, k) = w(1%; k), we get the asymptotic distribution
(2.6).

Even if the order of degeneracy of U s larger than d — 2r — 1 for some
r(=1,...,1 = 1), relation (2.6) is still valid because supy<,<; n*/*t*Y}, . converges
to zero in probability and J%_, (£4.4-2-) = 0 by {ga—2- = 0: For example, we suppose
that the order of degeneracy of U™ is d — 2r. Then we have

d(k} k — 7”) j(k_r)jr k! 1 g,y d2et1 .7 49 (k—r)
I, < ’ - — L e A N /AR
w S mex = e g A s ) G U |
Therefore the second term of the right-hand side of (4.2) is replaced by
d(k, k — 1 2 _
Ak E=r) L p Uk 0,

(k—=r)  Vn o<

which converges to zero in probability as n — oo since the order of degeneracy of

=) is d — 2r and SUpg<y< N2 Qtd_QT“(U[Sfﬂ_T) — 6) converges in distribution
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to (d—k_r:-l) sUPg<i<1 |21 (Vh—r),d—2r+1 — )| by (1.2). Therefore Iy, converges to

zero in probability as n — oo. On the other hand, by the same reasoning

d—2r g —r 1 d—2r41 5 k—r)
sup t'n 2 4 (UET) gy |< — | sup n' 2 2l —0
| ogt% (U )= NG | ogt% Uy ) |

converges to zero in probability. Therefore, supy<,<; n/?t*Y:, . converges to zero
in probability. O

We note that in the above proof, the convergence of Y, and Y4 = (r =
1,...,k—1—1) can be derived under the condition that E | gi;(X1,...,X;) [< o0
for j=1,...,1.

Proof of Theorem 2.5: We note that

nY?Y,(t) = <k> DUt d) oo gt + Zk: (k) D], €) oo g

. 4.7
d) D(n,d) 4] c¢) D(n,c) 4] (4.7)

c=d+1

By the assumption (1.7), for any ¢ > 0 there exists a positive integer N such that

n? D(j,d)
: — —1l|<e f >4 > N.
Dy Ty telrnziz
Thus we have

D([nt],d) 4o 7-a)  aj2,dq-(a) DG.d)  J\a\ ap-a

A _ < Z\h% J /2 1-(d)
Oiltlgll Dind) " Ky — n™ Ky |< max | Din.d) () I Ky

nd K9
< . o B d/24d p(d) .
= maX{dIgnjégi\f | D(]? d)D(n, d) J | nd/2 7€OS§1i§pl n t K[mt]} (4 8)

[(j 2} converges in distribution by Theorem 2.4, by letting n tend

to oo and then ¢ tend to zero we have that (4.8) converges to zero in probability as
n — oo.

Since supge;<; %K

By a discussion similar to the one above, for d + 1 < ¢ < k we have that

D(t).c) oo .
TR I e/ 2 G C/2tCKC
0221' D(n,c) " nt] — T [nt] |

converges to zero in probability as n — oco. Since n/?t°K [(12]
by Theorem 2.4, (D([nt], ¢)/D(n, c))n/2K")

[nt]
¢ < k. Thus for d+ 1 < ¢ < k we get that

converges in distribution

converges in distribution for d + 1 <

c—d

”C/2K[(12} | /n2

D([nt]v C) d/2 () D([”ﬂ? C)
AL P df2 pe(e) b
22 Dy " e = 22 D0
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converges to zero in probability as n — oo.

From this convergence of [D([nt],c)/ D(n,c)]nde[(%, c=d,d+1,...k, and

the convergence in (4.8), we know that the asymptotic distribution of n/2Y,,(t) given
by (4.7) is equal to the one of (Z)ndmtdK[(:B}. The kernel of K\? is @ = v, — 6.
Since g9 is completely degenerate, its degree and its order of degeneracy are equal
to d. By applying (2.4) and (2.5) to this Y-statistic K we get the asymptotic
distributions of n%2Y,,(t) given by (2.7) and (2.8). O
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