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—On the Accuracy of the Elementary Bending Theory—
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Fig. 1. Bending test under concentrated load at middle span.



26 KB

_xﬁ%ﬁﬁilﬂﬁﬂkitéﬁ 611 ox EBAMIE T iz DT, HBIRAICENT, “WHhD 58N
INERICEDOCOAB L VQORP»EHEINS,
M 6P

=y = 0 —x) (1)
BT o T

_S(w 2_3P(h2 ’ "
IOy Y T e 4 Y

M:giiFE—x2x>F, S ¥AKS, I=bh® 12 WrEDOEMEET— A >}
2R HRDL T bA 6, BT 72bA &, TANIZ L 24z bA SOFFEIZIXEB), (3-1), (3-2)
RATEHAI N5,

3 < hZ

=& t+d&= (1+1.2 —) (3)
8 E.l Gyy L7
PL? PL3
_= = (3_1) ’
48 E\I 4E,bh?
PLh*  3PL
Js= = (3-2)

40 GxyI 10 Gxybh
E, . X HFEIDX > 7H, Gyy - X, Y @lii2BI3 21 A Wristh R

ﬁglﬁﬁ%ﬂéii:,:@%%w”i%@%&ﬁm’ﬁﬁ&yﬁﬁ@ﬁiﬁﬁﬁéﬂé@?
IMEAB LA EICIZLRICEEIC T o ET 5, Lo T, @ ATREND o, 7y
DATIZEMNDEL, 12D D2bAICONTLE tfﬁﬁ?hé%b%mﬁw%ﬁitéo%mﬁ
BEIR3FEEL TR =30 2L/ NIKFET %2 50506, ERICHITRBIITHONS
TREMED & D EFHIC DWW, LD IEMLERERBEZ KD, HHAK (1), (2), (3) DEELGIRL 72,
7, KMIZELVWEFEKTHL2DOT, FHEKZN Lol —EBik 472,

WEILL T CEMARI LB BEIRENS & &, BRSO IZm, TOBAIE kef TH5,

N.GNEECE > FRERBOBE

BRI 23 Lo LT3 0BT ENMEOEMERITOTHL L TEbDO THEMALBRERE
i3, BRNOELBEIC, BEEREOBRLECGEREZRET 2L H V5 & 512, BEXs
HeZFqL LTV BRBICBWTTEE L BEERICIR T2 Z L 0MonTng, o9

TR 10) 2B T2 EELERL A, 3NICBIT2ERSEILBOEEICOWTIHE 1) TETD
BRR &2 1T- 72705 ZN25FEICL, Fig 20EXEHERORFINIZOW TS LITRF 2 M2 72,

- [/ g —

b

f * U ]

I R lpy h
P/t Voo Ul

Fig. 2. Orthotropic cantilever loaded at the free end.
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Fig. 3.  Right-half of bending specimen subiected to the central load.
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Fig. 4 . Distribution of stress along the depth of cross-section at x= 4 in the ortho-

tropic beam as shown in Fig. 3 (span-to-depth ratio L/h=7.5, half span § =75).
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Table 1. Deflection the beam subjected to the central concentrated load.
L/h L & s 8, (8,/8,) Orem  (Orem/00) | 0w (6w/8,)
(1) 20.0 | 400 | 2.8381 6667 | 0.17140(0.0604) | 2.8907 (1.0185) | 2.8251 (0.9954)
(2)| 17.5 | 350 | 1.9365 .7865 | 0.15000(0.0775) | 1.9919 (1.0286) | 1.9247 (0.9939)
(3)| 15.0 | 300 | 1.2536 1250 | 0.12860(0.1026) | 1.3117 (1.0463) | 1.2429 (0.9915)
(4)| 12.5 | 250 | 0.75818 65104 | 0.10714(0.1413) | 0.81865 (1.0798) | 0.74835 (0.9870)
(5) | 10.0 | 200 | 0.41904 133333 | 0.08571(0.2045) | 0.48167 (1.1495) | 0.40996 (0.9783)
6) | 7.5 | 150 | 0.20492 14063 | 0.06429(0.3137) | 0.26947 (1.3150) | 0.19648 (0.9588)
(7) | 15.0 | 300 | 1.7100 L6875 | 0.02250(0.0132) | 1.7080 (0.9988) | 1.7033 (0.9961)

L > span, h:depth of beam, &, : total deflection of loading point calculated by eq. (3)
8 . deflection due to bending moment calculated by eq. (3-1), §5 . deflection due to

shearing force calculated by eq. (3-2), &rem . total deflection of loading point to the

supporting point calculated by FEM, 6y . difference between the vertical displacment

of center in the loading cross-section and that in supporting cross-section.
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Table 2. Relative error of stress calculated by the elementary bending theory.
Q| ® ® ® ® ©) ® ® @ @ ® ® @ ® @® @
L/h Y/ I max X .10 5.10 X o5 5.05 X o1 f.ox ;max ;-10 ?.10 x 05 ?.05 ;3‘01 ?.01
Ty
(1) | 20 200 | .392 | 2.50 .0125 5.50 .0275 19.5 .0975] .197 | 1.50 .0075 2.50 .0125 8.50 .0425
(2)} 17.5 175 | .463 | 2.19 .0125 5.69 .0325 20.1 .1146| .233| 1.31 .0075 3.06 .0175 8.31 .0475
(3)| 15 150 | .559 | 3.38 .0225 6.38 .0425 24.6 .1642| .281 | 1.88 .0125 3.38 .0225 8.12 .0542
(4) | 12.5 125 | .696 | 4.06 .0325 7.19 .0575 28.4 .2275| .350 | 2.19 .0175 5.31 .0425 18.63 .1242
(5) | 10 100 | .903 | 5.25 .0525 7.75 .0775 31.3 .3125| .454 { 2.75 .0275 4.75 .0475 20.25 .2025
(6) | 7.5 75 [1.251 | 7.31 .0975 7.31 .0975 36.8 .4908| .628 | 3.56 .0475 3.81 .0508 36.81 .4908
(7) | 15 150 1 .210 | 0.30 .0025 1.13 .0075 10.1 .0675| .105 | 0.38 .0025 0.38 .0025 2.63 .0175
Ty
(1) | 20 200 | .2631{ 0.50 .0025 2.50 .0125 8.5 .0425{ .132] 0.50 .0025 0.50 .0025 5.50 .0275
(2) | 17.5 175 | .324 ] 1.31 .0075 2.19 .0125 10.1 .0575| .161 | 0.44 .0025 1.31 .0075 5.69 0325
(3) ] 15 150 | .408 | 1.13 .0075 2.63 .0175 10.9 .0725| .203| 0.38 .0025 1.13 .0075 7.13 . 0475
(4) | 12.5 125 | .532 | 1.56 .0125 3.43 .0275 12.5 .0975| .264 | 0.94 .0075 1.56 .0125 7.94 0635
(5) | 10 100 | .728 | 2.25 .0225 4.75 .0475 .15.9 .1594] .360 | 1.25 .0125 2.25 .0225 8.25 0825
(6) 7.5 75 |1.070 | 3.19 .0425 5.81 .0775 14.3 .1908| .528 | 1.31 .0175 3.19 .0425 10.56 .1408
(7) | 15 150 | .535{ 1.13 .0075 2.63 .0175 7.9 .0525] .265 | 0.38 .0025 1.13 .0075 5.63 .0375
I‘ly
(1) | 20 200 | .248 ] 0.50 .0025 2.50 .0125 9.5 .0475| .124| 0.50 .0025 0.50 .0025 6.50 .0325
(2 {17.5 175 | .301|1.31 .0075 3.06 .0175 10.1 .0575| .150 | 0.44 .0025 1.31 .0075 7.44 0425
(3) 115 150 | .372 | 1.89 .0125 4.13 .0275 10.9 .0725| .186 | 0.38 .0025 1.88 .0125 7.13 0475
4) | 12.5 125 | .475|2.19 .0175 4.69 .0375 11.6 .0925| .237 |0.94 .0075 2.19 0175 7.94 0635
(5) | 10 100 | .633]3.25 .0325 5.75 .0575 11.3 .1125| .316 | 1.25 .0125 3.25 .0325 9.25 .0925
6) | 7.5 75 [ .903|3.94 .0525 7.32 .0975 12.8 .1708 | .452 | 1.69 .0225 3.56 .0475 10.56 .1408
(7) |15 150 | .276 [ 1.13 .0075 1.88 .0125 4.9 .0325| .138 | 0.38 .0025 1.13 .0075 4.13 .0275

L/h : span-to-depth ratio. £: halfspan (L=2£). rs, ry, rz . relative errors of stresses
defined by eqs. (21), (22), and (23). rmax, Fmax. maximum relative errors at the
elements nearest to the loading point, and the supporting point. x.is, X.0s, X.0: . distances
from the loading cross-section to the cross-section in which the relative errors are 10%,
5%, and 1 %. X.10, X.0s, X.01 . distances from the supporting cross-section to the

cross-section in which the relative errors are 10%, 5%, and 1%. £=x/0, &€=x/0 .
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Summary

Bending test of wood specimen is usually performed by the method as shown in Fig.l. The
axial mormal stress(oy), the shearing stress(z,), and the total deflection(d,)of the loading point
are calculated by eqs. (1), (2), and, (3), respectively. And the mormal stress(os,)perpendicular to
the beam axis is neglected.

These elementary bending formulae, however, are not exact equations based on the elastic
theory. Therefore the errors of above formulae cannot be neglectod as the span-to-depth ratio
of beam is smaller.

In this paper, the accurate values of the stresses(sx, sy: normal stress, txy: shearing stress)
and the central deflection(dysw)in the simple beam with rectangular section(depth h=20 mm,
width b=1mm)subjected to the central concentrated load(P=1kgf)as shown in Fig.3 were
calculated by the Finite Element Method (FEM). The region £ Xh(£: half span)in Fig.3 was
divided into the elements whose total number is 1490.

The displacement(u, v . components of the displacement parallel to the coordinate axes x,y)
of the orthotropic cantilever loaded at the free end as shown in Fig. 2 are obtained by egs.(14)
and (15) based on the elastic theory. The error of the calculated values of displacement in this
cantilever by FEM with the same partition(total number of elements is 1490)is less than 1 per
cent, compared with the exact values obtained by eqs. (14) and (15).

The relative errors(rg,ry,ryy)of the formulae based on the elementary bending theory are
defined by egs. (21), (22), and (23). These values are arranged in the table of Appendix.ln this table,
App. (1), (2), (3), (4), (5),and (6)correspond to the orthotropic(wood)beams in which the span-
to-depth ratios(Lh)are 20, 17.5, 15, 12.5, 10, and 7.5, respectively. App. (7) corresponds to the
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isotropic beam whose span-to-depth ratio is 15. The maximum relative errors(rmay, fmax)occur at
the elements nearest to the loading point, and the supporting point, respectively, and its values
are shown in the columns @, and @ of Table2. The relative errors of the elementary formulae
become serious as the span-to-depth ratio of beam decreases.

As shown in Tablel, the relative vertical displacement(dssy)of the loading point to the
supporting point is considerably larger than the value(d,)calculated by equation (3) derived
without the consideration on the contraction of beam due to the lateral compressive stress(e,).
The difference(dy)between the vertical displacement of the center in the loading cross section
and that in the supporting cross section is neally equal to the central deflection(d,)by eq. (3).
Therefore, in the actual bending test of wood specimen, the central deflection of beam have to
measure the quantity corresponding to dy, and then the equation (3) should be applicated
instead of eq.(2). to estimate the elastic constants.
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