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Let {ズ(t), t 6 T} be a random field such that

(1)　　　　　　　　　　T-{Oy^A, where 6-(0, 0),

A-{(n, m)¥n-l, 2,..., N; m-l, 25...5 M}5 and N and Mare finite positive inte-

gers,

(2)　　　　　　　　　E{X(t)}-0,　for all t e T.

(3)　　　　　　　　　E{X(tf}<-　forall te T.

Let us denote the covariance function of the random field by

(4)　　　　　　　　K(t, s)-K((n, m), (k, 0)

-E{X(t)'X(s)},  i, s e T,

where t-(n, m)ands-(k, I).

Let G be a cyclic group with a generator g of order N acting on T in such a man-
●

nerthat:

(5)　　　　　　　　　　　　8β-♂,

(6)　forany t-(n, m)6A, g*(n, m)-(n(g¥ m) for each zra, where l≦n(g)≦N,

72,+ l=-ra(g-)5 mod (N).

Let us assume that

(7)　forany n-0, l, 2, -,N-1,

K(gnt, gns)-K(t, s) for any t, s牀T, where g -e cG, and the covariances

Kit. s¥ t* se T* are known.

Let {X(t¥ t牀A} be observations of the random field and Z{&) be the best linear

estimator of X(d) based on the observations {X(t¥ t 6 A}.

Then, since A is a finite set, we know that Z(6) may be written as follows:

(8)

〟  〟

Z(0)-∑　∑ a(ri) m)*X{(n^ m)¥
n-l m-¥
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where a(n, m¥ (n, m) e A, are constants.

In order to determine Z(d¥ or the coefficients {a(n, m¥ (n, m) e A}, we usually have

to solve the Nx M simultaneous equations with respect to the coefficients {a(n, ra,), (n,

m)牀A}, derived from

(9)　　　　E{(X(d)-　∑ a(t)X(t))X(s)}-0,　forall SCA.
t∈A

However, by the assumption (7), we can reduce the equation (9) to a smaller one.

We now consider this problem.

Letusput

(10)　　　　　｣(サ)′ -(X(n, 1), X(n, 2), -, X(n, M)¥

(ll)　　　　　　A(n)'-(a(n, 1), a(n, 2),�"�"�", a(n, M)¥

(12)　　　　　　F(n) -A(n)′S(n).

We then define an operator U^ h e G, on the space of all linear combinations of the

random field {X(t¥ t 6 T} in such a manner that:

(13)　Foreach t e T,

Ugリズ(t)-X(g"t),リ-0, 1, 2,..., iVT-1.

*

(14)　Forany u-∑CサーX(t,¥　　*牀r,  /x-h2,...,k,
〝-1

k

Ugyu-∑C,'X{gリtX v-0, 1, -, N-1,
〟-1

where k is a finite integer.

It is clear that {Ugリ,〟-0, 1, -, N-1} are well-defined linear operators satisfying

the conditions :

(15)　E{Ugリui*Ug〝&2}-E{ui*U2} for any linear combinations u^ U2 of {X(03

t牀T¥.

(16)　　　　　　　　　　UgリUg*- Ug巾,

(17)　　　　　　　　(ugrl- ug

where UgN-I, Ugk- Ugm, 1≦m^N. k…m, mod (N), Ug-k-uhg--l

We now prove:

Lemmal.　Forall rc-0, 1,2,...,N-1,

(18)　　　　　　　　　　Ugn'Z{d) - Z{d).

(Proof)　Since Z(0) is the projection of X(0) on the Hilbert space L2(X(t¥ t e A)

spanned by the observations {X(t¥ t牀A} with the scalar product defined by (u, v)-

E(u*v¥ u, v eL2¥X(t¥ t e T¥ we can write
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g(d)-Z(d)+ Y,

where Y is a component of X(d) orthogonal to L,2(X(t), t 6 A).

Since forall n-0, 1, 2,...- N-l,

(20)　　　　　　　　ugnx(d) - x(gf!d) - x(d)

- Ug*Z(d)+ Ug* Y,

we have Z(0)- Ugn-Z(d)- UgnY- Y.

Hence,　　E{(Z{6) - UgnZ(d)f} - E{(Z(d) - UgサZ(d))'( Ug" Y- Y)}

-E{Z(d)'Ugn Y} -E{Ug-サZ(d)- Y}.

Since Z(d) may be written as (8), we know that Ug~n*Z{&) is still an element of

L2(X(t), t牀A). Therefore we have E{Ug-nZ(6)-Y} -0. This implies that UgnZ(d)

-Z(6), n-0, 1, 2, -, N-1.

Theorem 1.

(21)　　　　　　　　　　　　Z(d)-Q.R(l),

where i?(i) i∫ a linear combination of the observation∫ {X(t¥ t-(l, m¥ m-l, 2, ---, M}, and

(22)　　Q-寺V+ Ug+ Ug*+ - + ug-Nつ･

(Proof)　By (8) and (12), Z(6) may be written as follows:

〟

23　　　　　　　　　　　Z(d)- ∑ F(n).
n-¥

Bylemmal,forall v-0, 1,2, - TV-1,wehave

〟

(24)　　　　　　　Z(d)- UgリZ(6)- ∑ UgpF(n).
サ-1

Summing up (24) with respect to all v-05 1,..., TV-1, we obtain

N-1 N

(25)　　　　　　　　NZ(6)-∑ ∑ Ug*-F(n).
w-0 w-l

Letusput

(26)　　R(1)-F(1)+ UgF(N)+ Ug2F(N-1)+ - - - + UgN-1F(2).

Then, we see that i?(l) is a linear combination of the observations {X(t¥ *-(1, m¥

77i-l5 2,..., M}. By rearranging (25), we have,

NZ(d)-R(l)+ UgR(l)+ Ug2R(l)+ - + UgN-1R(l),

-(I+ Ug+ Ug2+ - + ug^yRd).
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Thus we have proved (21).

Let us now write
1

(27)　　　　　R(l)-aiX((l, 1))+ - +aMX((l, M)),

-A′�"｣(1),

where A'-(auサ2,�"�"�",ォm).

Then, we have

(28)　Z(fi)-Q-R(X)-A′�"<?｣(1)-(#(1))′'A9　where we put Q(ui, 112,�"�"�", um)′-

(Quh Qu2, -, QuM)′.

Since Q-(I+Ug+Ug2+---+UgN-l)/Ny we see that

(#(ォ)′-(宿), V(2),..., 7,{M))…夏′　　say, where

7j{k)-寺{x((l, k))+X((2, k))+-+X((N, k))}, *-1, 2, -, M･
Hence, we can write,

(29)　　　　　　　　　　　Z(d) -X''A.

Theorem 2.　To determine the be∫/ linear e∫timate Z(d) of X(d), it i∫ ∫ufficient for u∫ to

solve M ∫imultaneou∫ equations

(30)　　　　　　K(6, (1, m))-E{X((l, m))-X′}'A, 771-1, 2,　M.

(Proof)　Since Z{6) is the projection of X{6) on L2{X(t¥ t e A), X(d)-Z(d) is

orthogonal to f(l), that is, for all 7tz-1, 2, - M, E{(X(d)-Z(d))'X((l, m))}-0, m-
1,2,...,M.

From this, we obtain M-simultaneous equation (30) with M variables A. By (7), (5)

and (15), wehave foreach n-l, 2, ... N9

E{(X(d)-Z(d)).X((n, m))} -E{(X(d)-Z{O))-X(l, m)},

7/i-l3 2, .., M. Therefore by solving only (30), we can determine the best weights A

ofZ(d).

Reference

[1｣ Nannan, E.J.: Time ∫eries analy∫i∫. Methuen & Co., London. (1960)


