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ァ1. Summary

Let a random field {X(t), t 6 T} be the sum of an unknown mean value function

m(t)-E{X(t)}, t e T and a second-order homogeneous random field on the unit sphere

T.

We shall consider in this report a test procedure for the null hypothesis Ho: m(t)-

m{gt¥ for all ^6Go, t e T against an alternative hypothesis H¥¥ m(t)^m(gt¥ for

g 6 Go, t牀T, where Go is rotations around ｣-axis.

By making use ofA. M. Obukhov's result [_4T] it can be shown that the statistic Sn

defined by (4) follows the % -destribution with 2N degrees of freedom when the hy-

pothesis Hq is true.

§ 2. Regression analysis

Let T*-{(x, y, z)¥x2+f+z2-l}⊂R3. Let (0, cp¥ 0≦d<jt, 0≦p≦27T5 be the
polar coordinates of points of I7*, say,

●

x -sind cos<p,

●

y-sin6 ∫mp)

z=cosd.

Let us write &-{610≦0≦*>, ♂-{<p¥0≦<p<2n} and T…@×¢-{(6, <p)¥6cO,

<p60}.

Let G*-50(3) and G be a group consisting of:transformations g : (0, cp)-(0′, <p'¥

from Tonto Tinduced by #* 6 G* such that

g*･

∫ind cosw

●

∫inO ∫xncp

cosd )

sind′ co∫p'

∫inO′ ∫lnP′

●

cosd'

For any metric space託we denote by思諾the tf-field of Borel subsets of託. Let ju(>)

be a measure defined on Sr such that

(1)　Forany Ce思T,

ju(C)-ju(g-C)　for any gc G.

2　　ju(T)-l.
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Then, it is well-known that for any A e思◎, B E思O,

●

p(AxB)-封｡i sind dddcp.
Let {X(t¥ t 6 T} be a real-valued Gaussian random field measurable with respect

to Sr. Let m(t)-E{X(t)}, t e T, be the mean value function of the random field and

let us assume that m(t), t 6 T is unknown.

Let K(t, s)-Cov(X(t¥ X(s)¥ t, s e T, be the covariance function of the random field

satisfying the following conditions :

●

(i)　The covariance function K(t, s), t, s e T7, is known.

(ii) K(t, s) is a continuous positive definite function on Tx T.

(iii) Forevery g亡C,

K(gt, gs)-K(t, s),　t, s e T.

Then, by the A. M. Obukhov's result (_4T], we may write X(t¥ t e T, as follows:

叫n  2

(3)　　　　X(t)-m(t)+∑{Zno<pno(t)+∑　∑ Z^'cpと霊(Oh t e T,
サ-0　　　　　　　　　　　　m-l　*-1

where

(pno(O, <p)-J2n + l-Pn(co∫0),

似β, <p)-y

p濫(♂, <p)-y

2(2n+lXn-m)¥
(n+m)¥

71-0,1,2,..

蝣Pzxco∫6)-co∫ mp,

2(2n+l)(n-m)

(n+ni)¥
･P芳(co∫d)*sin mcp)

7i-l,2,3,..-,m-l,2,..-,n.

{Zno, n-0, 1,　　霊, i-l, 2, /i-l,2, -　77i-l5 2,..., n} are real Gaussian ran-
dom variables such that

E{Ztto}-E{ZL霊}-0,　71-0, 1,..., 771-1, 2, -, n, i-l, 2.

E{Zno-Zy.m,} -0,

E{Zno-Znノor -8n.nノ･An,

E{Z<霊�"Z(v ′チエ∂n,n.dサ　ノ∂i-rスn

where

an.m-l if n-m

= 0 otherwise.

〈スm n-0, 1, 2,...} are determined by the following equations:
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●

An<pno(t)- ¥ K(t, s)<pno(s)djU(s).

27

{Pn(z¥ n-0, 1,..., ¥z¥≦1} are Legendre's polynomials and {P�"(z¥ n-l, 2,...5

m-l, 2, .., n; ¥z¥ <^l} are associated Legendre functions.

Let L2(X) be the Hilbert space consisting of all random variables U which may be

represented either as a丘nite linear combination

n

U-∑ ciXiu)
i-l

for some integer n, points tu t2,�"�"-, tn in Tandrealnumbers ci, c2, - cn orasalimit

●

in quadratic mean of such finite liner combinations under the inner product (J7, V)

deBned by

(U, V)-Em{U-V}

-Cov(U, V)+Em{U}-Em{V}.

The subscript m on an expectation operator E is written to indicate that the expec-
●

tation is computed under the assumption that m(*) is the true mean value function.

We shall now make use of a theorem of Moore-Aronsjazn Ql]:

Theorem I.  [See [6], page 7, theorem 2ET].

A symmetric non-negaeive kernel K generates a unique Hilbert space, which we denote by H(K),

of which K i∫ the reproducing kernel

Let H(K) be the reproducing kernel Hilbert space with a reproducing kernel K(t, s¥

｣, s e I7, that is, H(K) is a Hilbert space such that

(K.I)　　　　　　K(t,�") c H(K)　for each　　* e T,

(K.2)　　　　　Forany fcH(K),

(/, *(*,�"))*-/ォ),

where by (/i, f2)x we denote the scalar product of every pair of elements A, f2 in

H(K).

Throughout this note we shall assume that m{*) c H(K).

Now, we have the following :
●

Lemma 1.　　　　　　　　　H(K)⊂L2(T,思T, M).

(Proof) For any h c H(K¥ the following inequality holds: For any tu t2 e T,

¥Kh)-Kh)¥ - ¥(h, K(th -)-K(t2,.))*|

≦l酬K'{2(K(tl, tl)-K(tl, t2j)}1/2.

This implies that h(t¥ t J T is a continuous function on T. T is a compact metric

space and ju(T)-l. Hence, it follows that H(K)⊂L2(T,患T, V).
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For every pair offunctions A,f2 in L2(T,思r, ju¥ we denote the scalar product of

(/i,h)by

(/i, /2)r - L/i(O/2(O^(O.

Theorem II. [[7], page 29, theorem 4A],

Let M be a known class offunction∫ in H(K) and let u∫ assume that m{*)牀M.

Then, we have the following results :

(I) There i∫ a linear one-one mapping ¢from H(K) onto L2(X) with thefollowingproperties:

(i)　　　　　　¢(K(t,.))-*(*)　　foreach t亡T,

(ii) Forany h牀月"(*0,

Eml¢(Ji)¥=z(h, tr)k forall me M,

(lii) Forany huh2eH(K¥

Cov(¢(hA ¢(h2))-(hi9 H2)k,

(II) A random variable ¢(h¥ h e H(K) i∫ said to be an unbiased linear estimate of the value

m(t) at a particularpoint t e T of the mean value function m(>) if

Em{(p(h)}-(h,m)K-m(t)　forall m6M.

電

The uniformly minimum variance unbiased linear estimate m(t) of m(t) i∫ given by

巴asヨ

m(t)-¢(｣*(｣(*,.) I M)),

where E*(K{t, -) l彪) i∫ the projection of K(t9�") onto the ∫mallesl Jubspace of H(K) containing

M.

Now, we have the following:
●

Lemma2.

<pno, <pと霊eH(K),　サ-0, 1,..., m-l, 2, -, ra, ^-1, 23

¢Oサo)-スー1.X,wO>　　n-0, 1, 2, -,

¢(pm)ニス　　霊　　71-1. 2,.... 771-1, 2, -, n, i-l, 2,

where

GRD

Xn<¥ -
∫ r

ズ{t)(pno(t)dju(t) -(m, Vnoh +.Zno

y(i)

i/-L^0-)drft)-(m,-+Z｣

wno,vnノ))k-Snノ･スー1
n5

(pm,e#ふ′)K-z8nn'*Smm'8ij*knl)

OォO,<pnUL)ir-0,foralln,n¥m,j.
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(Proof)Letusconsiderthefollowingintegrals:

xno-¥x(t)<pno(t)dM(t),

JT

X,…£8) -
∫ T

X(t)cpと霊(t)dfi(t).

29

From(3),weseethat{Xwo,n-0,1,-3^ササi)i-1?2,n-1)2,-m-1,2,..-,n}are

well-definedandelementsofL2(X)^anditisclearthat

Xno-(jn9(PnojT+Zno,

X(l)-
^蝣nm(m,w霊)r+Z<霊.

FromtheoremII,foreachra-0,1,2,-thereisauniquefunctionknocH(K)such

that¢(kno)-Xnoandforeach&-1,2.n-l,2.-,771-1,2,-n,auniquefunction

鶴霊E月"(K)suchthat¢(鶴霊)-^霊.

ByvirtueofthepropertiesofthereproducingkernelHilbertspaceweseethat●

kno(t)-(kno,K(t,'))k

-Cov.(XnQ,X(tj)

-An<pno¥t¥

and

鶴霊(0-(鶴霊,Kit,-))K

-<M*i霊,*(*))

-*n'9霊(0.

Thus,itfollowsthatcpnoaH(K),<pと霊cH(K)and

¢Oォo)-Anl*Xn0-㍍'{fa,vno)T+Zno},

,¢(pm)-Kl-x{
n霊-^1-{(m,<plふ)r+Z<霊).

FromtheoremILitisimmediatethat

(jPno*<Pnノo)K-Cov(XnlXnQ,An'lXn'<))

-6m.･スー1
n3

(pと霊<Pn'm′)k-Cov(An-^n霊3-1.y(;)^

-∂mノ･∂mm.･∂ij･スー1
n3

(<pno,<pnaL′)k-Cov(XM'X-¥l-J'X",ふ′)

=0.
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Let G*0- W(<p)1 0≦<p<2n¥,
where we write

IK9) -

T. Nagai

COsw) ∫incp) 0

●

-∫incp, coscp) 0

0,　0, 1

that is, G許IS a subgroup of G* consisting of all rotations around z-axis.
●                                                                                                   ●

Let Go be a subgroup of G isomorphic to Gぎunder the isomorphism between G and

G*.

Let M be such that

M-{f¥feH(K),f(gt)-Kt)　forall geGo, te T)

Then, we have the following :
●

Theorem III.　For all m牀M, the best linear unbiased estimate ofm(t) i∫givn by

/へ､  co

m(t)-∑Xリo<pvo(t),　te T.
リ-0

電iiS

The estimate m(t)follow∫ the normal distribution with the mean value m(t) and the variance

〈    oo

Var (to(O)- ∑ (2リ+ 1>右{pXco∫d)Y
v-0

where t-(8, <p)e T.

(Proof)Let/亡M.Thenwemaywrite

An2
/(0-∑{(/サ<Pno)T'<Pno(t)+ゑ2(/>

*=1霊)T･嬬(Oht牀T,ォ-0

since{<pn｡,n-0,1,-;p霊,i-l,2,蝣蝣:n-l,2,�"�"�";ro-l,2∴n}isacomplete

orthonormalsystemofL¥T,Sj,ju).

IffeM9then/(0,(p)-f(O,cpf)forallcp^<p'eo,thatis,/(0,<p)isindependentof<p.

Hence,itfollowsthatforany/eM,(/,cpとi,㍍)r-0,1-1,2,-.,m-l.2,....n.

Thus,wemaywriteforanyfeM,

oO
/(0-蓋(f,<pリ))r-Sw),

sinceforallv,<puo牀M,weseethatM-L2(<pサO,v-0.1,-･).

TheprojectionofK(t,�")ontoMmaybewrittenasfollows:

00E*(K(t,-)¥M)-∑aXt)'<p,o('¥teT,

v-0

whereav(t)isaconstantforeacht牀Tandy-0,1,...suchthat
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OO

∑ K(0>7右<-　　foreach te T.
〟-0

From theorem II, we have

電ii己!    -

m(t) -¢(∑ ovCO'pvoC'))
v-0

00

- ∑ O,(0*¢(gpo)
y-0

31

00

- ∑ av(ty左l-xu
y=0

電iiヨ

Since m(t) is pnbiased for all m e M,

電iiS

m{t) - Em{m(t)}

00

-∑ au(t)'(m> <pサo)k,　for all m6M.
〟-0

In particular, let us put m-<pvo.

Then, we have

OO

<J?VOO)- ∑ an(t)-((pno, <pp0)K
n-Q

-aSt)'スー1　for v-0, 1,2, -･.

Thus, we obtain

電iiヨ-

m(t) - ∑ Xno<pno(t)-
n-0

電;iiヨ

It is clear that the estimate m(t) follows the normal distribution with the mean value
電iiヨ

m(i). The variance of m(t) is given from lemma 3 by

Var(品))- ∑右{<pサ｡(e, <p)Y
OO

y-0

00

- ∑右･(2リ+ l>{P>(co∫d)V.
y-0

Thus, we have proved theorem III.

Let us consider the following null hypothesis :
●

Ho: The mean value function m(i) is invariant under every g 6 Go, that is, m牀M,
●

against an alternative hypothesis :

Hi: m¢M.

Here, we have the following:
●

Theorem IV.　Let u∫ put
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N
SN-∑スーl.i
n¥∑∑(x^n,N-l,2,-.
n-lw-l*-1

Then, under the assumption that Ho i∫ true, the ∫tatistic Sn follow∫ the x2-distribution with 2N

degrees offreedom and for a large N

J痛- J云斉二手

follow∫ approximately the normal distribution with zero mean and the unit variance.

(proof) If the hypothesis Ho is true, then, me彪-L&fPio,〟-0, 1, . )�"　Hence, (m,

pm)r-0 for all f-1, 2, n-l, 2,..., m-l, 25 - n. Therefore,therandomvariables
〈Xl霊, fc-l, 2, 7Z--1, 2,�"�"-, 771-1, 2, -　n} follow the normal distribution independ-

ently with zero means and Var(X｣£')-A Thus, the random variables {X^霊/J右i-

1, 2, 7i-l, 2,..., t?z-1, 2,�"�"�", n} followtheN(0. 1)distribution independently. Now,

it it clear that under the hypothesis Ho, the statistic SN follows the x2-distribution with

27V degrees of freedom.
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