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§1.Introduction.

Inthispaperweshallinvestigateseveralalgebraicpropertiesoftopogenousmatrices●

offiniteTVspaceswhichwehaveintroducedandstudiedinourpreviouspaper[1"J.

In§2weshalldefineanalgebraoffunctionsonafinitejTo-spaceandcharacterizethe

topogenousmatrixofthespaceasacertaintransformationonthisalgebra.In§3We

shallintroducetopologicalinvariantswhichwecalltheeigenvaluesandtheeigen●●●

spacesofafinite7Vspace.Theseinvariantsseemtobepowerfultostudytheclassifi-

cationproblemof丘nite7Vspaces.In§4weshallgivesomesimpleexamples.

§2.AlgebrasonfiniteTo-spaces.

Let(X,r)beafiniteTV-spaceonasetX-{a^ォ23�"�"�">#ォ}andJ7f-betheminimal

basicneighborhoodofa*6X.

ThenthetopologyrofXcorrespondstoamatrixA-¥_ajjjsuchthat

dij-lforajeE/i,

(1)

a,jj-Ootherwise,

whichwecalltheTQ-topogenousmatrixof(X,r).

Nowlet(pibethecharacteristicfunction%uofZ7f-inX,andlet¢/bethecharacteris-

ticfunction%a.of{a*}inX.Thenweobviouslyhave

(2)

and we can note

(3)

where

Hence let cp

pi-∑〈¢jlaje Ui} (i-l,2,..., re),

pi-∑oォ0* (7-1, 2,蝣�"., re),

1
≡Kα

0
≡Kα
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otherwise.

then we have
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cp-A¢

where A is the topogenous matrix [_ayj.

We call cp-
｢≡:1

In particular め -

a basis of the space (X, r).

に告 is a basis of the discrete space (X, d).

Let cpi and cp2 be two bases of the spaces (X, ri) and (X, r2) respectively. Then we

have ri-r2 if and only if cp2 is a permutation of <pi.

Next, on the set {<j?i, <j?2, - <pn} we define a binary operation by the multiplication

of real function. Then we have clearly

(5)　　　　　　　　　　9i<Pi-V{<pk¥ak e U{nUj},

where the symbol V denotes the supremum. In a basis ¢ of the discrete space, the

following is evident.
●　　　　　　　　　　●

(6)

¢励-0 if iキj,

Qi¢'-<l>i if i-f.

Lemma 1. Let <p be a ba∫i∫ofafinite To-space (X,丁). Then

(7)　　　　　　　　　　　　　<pi<Pl - ∑αk<pk,

where αk are integer∫ and the ∫ummands αk(pk aw defined for ∫uch k that a& 6 Uin Uj･

Proof. We can find a suitable basis <p of (X, r) such that cp-A¢, where A is a

triangular topogenous matrix. Since the diagonal elements of A are 1, we have del

A¥ -l, and the inverse matrix A of A is also a triangular matrix whose elements

are integers, and we have

｢
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Therefore ¢ is described as

(8)　　　　　　　　　　　¢m-∑lγ♪p♪la♪ e Um¥,

where γ♪ are integers. On the other hand, <pi-∑l¢k ¥ak e *7;} and <S?y-∑Ma, ｣ Uj)

imply

(9) <pt<pr-　∑iQmla, e UinUj}.



From (8) and (9) we have

(10)

By Lemma 1 we obtain

Theorem 1. Let <p-
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<pi(pj- ∑iαp<ppIap e U{n Uj¥.

｢…:1
be a ba∫i∫ ofafinite T^-space, R((p) be the set {∑αi<pi αi ･.

integer}, and define algebraic operation∫ in R(cp) a∫follow∫ :

(ll)

(12)

(13)

(差i/¥j=i/サ=iαi+Oi)<pi.

･(tォm)-差1(γαd<pt>

'n>
TiOCiCPiZ8m)-∑(αォ�"&�")(<pi<pi).

Then R (cp) i∫ an algebra over the ring J of rational integer∫･

If p吾s a basis of the space (X, r), then <p-{cpi, q>2, -., (pn¥ represents simultaneously

the basis of the algebra R(<p). The correspondence ¢-cp-A(J) induces a ring isomor-

phism of the algebra R((p) onto i?(0).一､

A continuous mapping of a finite TVspace to another finite TVspace induces in a
●

natural manner a homomorphism between the above defined function algebras.

Theorem 2. Leth=

andg- ≡ bebases

offinite To-space∫ (X, r) and (Y. ff)

respectively¥ and let f be a continuou∫ mapping of (X, r) into (F, o"). Then f induce∫ a hom0-

morphi∫m f* - R(g)-R(h).

Proof. LetX-{aua2, -,an¥ and Y-{bu b2, -　U, andlet{Fl5 F2,..., Fm}be
the minimal basic neighborhood system of ( Y, tf).

First, define a mapping /*: {gu g-2)�"�"-, gm}-+R(h) as follows : f*(gi) is the charao

teristic function of/ (F,-) in X. In an analogous argument which we have used in the

proof of Lemma 1, we obtain

Mgi)-Z{rkhk¥f(ak)牀Vi},

where xk are integers, then /*(gv) belongs to RQi) and the mapping /* is well-defined.

Second, we extend the mapping f* to a mapping on R(h) which we denote by the

same letter /* as follows

(14)　　　　　　　　/*(∑αigi) - ∑αif*(gi),

where αf are integers. We shall prove

Mgigj) -/*(#) /*(#)�"
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Since /* (gj) - %/-i(v4>, we have

(15)　　f*(gi) f*(gj) - Xf-HViPrKVA - Xf-HViW-KVj)- Xf-HVinVj).

From (7) and (14) we have

(16)　Mgigj)-f*(∑Ⅰαigi¥b,牀Vinrj})-∑〈αfif-HVi)Ihi 6" VinViY
∫

On the other hand,

xvinvJ-gigj-:∑lαigi¥bi牀Vin v*}-∑lαixv-¥h e VinV,}.
∫                     ∫

Let a,k be an element of/ ¥VinVi). Then

xvinvAf(ak)) - l,

and

(17) ∑〈αi*vXf(flk)) ¥ bi牀V{n Vj}-1.
～

Since /(a*) 6 Vi implies %/-i(F,)(a^)- l, we have

∑〈αlXf-HVifak) I bi 6 VinV,¥-l.
∫

If a* ¢了-1(vin FT), then in a similar calculation we have

(19)　　　　　　　∑〈αiXf-HVi)(ak) I h e vin r,}-O.
∫

Therefo re,

20 ∑iα/x/-i(v.)16/ e Vin Fj}-xf-KV^VA.
∫

From (15), (16) and (20), we have

Mgigj) -f*(gdf*(gj),

and

/*((∑αigiX∑ togjサ-M∑ (α*�"&) (gigj))

- ∑ (αifa)f*(gigj)

- ∑ (αih)MgdMgj)

- (∑α./*(#)) (∑ frMgj))

-/*(∑αtgdf*k∑ fijgj)-

Thus yVjc : R(g)-+R(h) is a ring homomorphism.
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Lemma 2. Under the condition of Theorem 2, let U be any open set of space (Y, (J). Then
I

f*(xu) - xf-HU)'

Proof. We note %n in the form

xu-V{gk¥bk(: U}

-∑lβkgk¥bke U}

-∑iOkXvt¥bke U},

where βk are integers. Then

M*u)-M∑､ifagklh e U})

-∑W*(g*)¥he U}

-∑lβkXf-i(vk)Ibk e U).

Let ai tf (U), and take a Vk such thatf(at)牀Vk⊂ U. Then we have %vk(f(ai))-1,

and it follows from %?/(/(#/)) - 1 that

∑ⅠβkxvAf(ad)¥bk e U}-l.
k

Since xfi(yk)(ai) - xvk(f(fli))9 we have

∑lβ約-Hvk)(ad¥bk G U}-1.
k

In a similar way, atァf ¥U) implies

∑lβ&f-HVi¥(fli)¥ bk牀U}-0.
k

Hence

M*u)-∑lβrtf-HvA bk * U}-xf-i(Uy
k

Theorem 3. Let fbe a continuou∫ mapping ofa finite To-space (X,で) into a finite TV

space (F, (T), and let t be a continuou∫ mapping of (Y, G) into afinite Tq-space (Z, rj). Also, let

?>, h and g be bases of the spaces (X,で), (Y, <J) and (Z,甲) respectively. Then we have

(ォォ/)* -/*-**.

Proof. Let g
[

gl
●

●

gm]
and let {Vu V2,�"�"�", Vm} be the minimal basic neighborhood

system of (Z,甲). Then we need only to prove the following

(*-/)*(#)-(/*�"**) (gd (サ-1, 2,..., to).

From the definition of the induced homomorphism.
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(^/Mgv) - %｡/)-1(^),

and

/*(**(#)) -f*(xt-Hva).

By Lemma 2, we have

M*t-Hvt)) -Xf- [(t-HViサ

Therefore

(*-/)*(ff) - (/*�"**)(#).

Theorem 4. Let f be a homeomorphi∫m ofafinite Tq-space (X, r) onto a finite To-space

( Y, <T). Then the induced homomorphi∫m /* i∫ an isomorphi∫m･

Proof. Let <p and h be bases of the spaces (X, r) and (F, d) respectively.

remark that, if i : X->X is the identity mapping, the induced homomorphism i* : R{(p)

→R(<p) is also the identity automorphism.

If/ is the homeomorphism in the Theorem, then f-f~x and / l-f are the identity
●

mappings, and from Theorem 3,

(/�"/-1)* -/i;1%　　(fl-f)* -f*-nl.

Then f*l-f* and Z*o/*1 are both identity automorphisms. Therefore f* is an isomor-

phism.

§ 3. Eigen values in finite T0-spaces.

In |_1] we have defined that two (ti, n) matrices A and B are equivalent and noted

as A--B when there exists a permutation matrix P such that B-P'AP.

Theorem 5. Let A and B be two topogenou∫ matnce∫ Then A i∫ equivalent to B if and

only if AA′ i∫ equivalent to BB¥

Proof. Suppose A is equivalent to B. Then by the above definition there exists a

permutation matrix P such that B -P'AP^ and

BB'- (P'APMP'AP)'- P'APP'AP.

Since a permutation matrix is orthogonal, we have PPf-E, and

BB'- P'(AA')P.

Thus

BB'^AA'

The sumciency of this theorem follows from the next three lemmas,
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Lemma 3. Let A and B be two triangular To-topogenou∫ matnce∫ If AA′-BB'then

A=B.

Proof. For two triangular TVtopogenous matrices A-¥jiij2 and B-[_bjj~], suppose

AAf-BBf-[_dj¥¥. Since A is a triangular TVtopogenous matrix, A has the following

form:

aij-l or 0,

au-l(i-l,2,...n),

a,ij-O for i<j.

Therefore we have

n

Cu- ∑oi*af-ft-a,-i.
k-l

Similarily,

n

cu- ∑bikbik-biiU
1-1

and

aa-ba ¥i-^2,..., n).

Then the丘rst column ofd is equal to that of且

Next assume that the / th column ofA is equal to the / th column of B for y-l, 2,
●

k-1. Then for /!>&, wehave

k-1

ckl- ∑ akjaij+fit/*.
j-l

k-1

ckl- ∑ bkjbij+bik.
/-i

Since auj-bkj and #//-&// , we have

aik-bi^

Ifl<k , then we also have aik-bik-0. Hence the k th columns ofA and B are equal.

Thus by induction we have A-B.

If A - ¥jiij¥¥ is a (ra? n) ro-topogenous matrix, then A determines a finite To-topol0-

gical space (see Hi]). In the following we represent the underlying set by X- {ai, a2,

-, an}, and the corresponding minimal basic neighborhood system by B= {Uu U2, -,

um¥.

Lemma 4. Let A be a T^topogenou∫ matrix. Then AA′=l-cij-¥ has thefollowingproperties.

(1) AA′ is symmetric anditsdeterminant |AAf¥　∫ 1･
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(2)aji∫thenumberofelement∫whicharecontainedinU;nUs,whereU{andUjarethe

minimalbasicneighborhoodsofaianda,jrespectively.

Proof.(1)isobvious.

LetA-|_a/yj,thenwehave

aikajk-l⇔O'ik-O<jk-13

⇔ak6U{andau牀Uj.

〟
Thereforec*,-∑aikdjkisthenumberofelementsa*whicharecontainedin｣/",-nUj.

k-l

Lemma5.LetAbeatriangularT^topogenou∫matrixandBbeanon-triangularTQ-top0-

genousmatrix.ThenAA=VBB¥

Proof.AssumethatA-La/yJisatriangularTVtopogenousmatrix,andletp<q.

Irα如-1,thenα如-0sinceAisatriangularmatrix.Hencewehave

apeU,Q>a｡¢Ub.

ItfollowsfromLemma3that

cpq-cp♪<cqq-

Ifa.♪-0,thenapq-0sinceAisatriangularmatrix.Hencewehave

ab¢u.Q)aQ¢Ub.

Itfollowsthat

cpqKCpp^cpqKcgq,

ThereforetoproveLemma4,itsu侃cestoprovethatifAisnottriangular,thenfor

AA′-[c//]thereexistsapair(サ,q),p<q,suchthatCp♪>CnQandCtq-C{
JQQ'
SinceAisnottriangular,thereexistsapair(p,q)suchthatp<qand

α♪♪-1,α如-1,

aqp-0,aォォ-l5

motherwords,

a.牀U,
piap¢Uq･

Hencewehave

▲ Uq⊂u,
piu｡キUb,

itfollowsfromLemma3that

c如'ォォ<cpp.
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Proof of the sufficiency of Theorem 5.

Assume BB'-AA'. We take a triangular jTo-topogenous matrix C which is equi-

valent to且　Then we have

'BB'-~AA'.

Then there is a permutation matrix P such that

CC-P(AAf)P- (PAP') (PAPl)'.

Since C is triangular, by Lemma 5, PAPf must be triangular, and by Lemma 3, we

have

C=PAP'.

Therefore A is equivalent to C and to B.
●

Now we shall de丘ne important topological invariants of a丘nite To-space.
●

Definition 1. Let A be a topogenous matrix of a finite TVspace X. Then the

characteristic polynomial, the eigen values, the eigen spaces and the eigen vectors of the
+                  1              1t          r                                     .t    1         +

matrix AA′ are said to be the characteristic polynomial, the eigen value∫ the eigen spaces

and the eigen vector∫ of the space X, respectively.
●

Example. Consider the following finite ro-space. The set is X-{au a2, 03}, and

the family of minimal basic neighborhoods are ｣/i-{ai}5 U2-{a2}, U3- {a^ a2, 03}-

The triangular To-topogenous matrix of this space is

｢

I

J

0
 
O
　
　
1

0
　
　
1
　
　
1

1
　
　
0
　
　
1

1
_
.
.

ニ
J
d

Therefore

The characteristic polynomial P(x) of the space J5f is
I

P(x)- lxE-AA′ -x*-5x*+5x-l.

and the eigen values of the space X are
●

1,　o J†,　2+√す.

The following important theorem is an immediate consequence of the above defini-
●           ●

tion.
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Theorem 6. Afinite To-space i∫ characterized completely by two topological invariants, the

eigen value∫ and the eigen vector∫, of the space.

Theorem 7. The eigen value∫ of afinite To-space are po∫itive. If the space ha∫ a rational
●

eigen value, it must be 1.

Proof. Let A be a topogenous matrix ofa finite 2Vspace X. Then AAf is a posi-

tive Hermitian matrix. Hence its eigen values are positive.

Since ¥ AA′ - 1, the characteristic polynomial of the space has the form

P(x)-x"-(Tr(AA′))^-1+ -･+(-D",

where the coe侃cients are integers. Therefore, if P(x) has a rational root, it must be 1
or-1.

For the product of finite 7Vspaces, we have the following theorem.
●

Theorem 8. For finite TVspace∫X, Y, letM, N ; PiO), P2(x) and (Xu X2, -　*ォ),

Oi, Mi, - jum) be the topogenou∫ matnce∫ the characteri∫tic polynomial∫ and the eigen value∫ of

X and Y, respectively. And let L and P(x) be the topogenou∫ matrix and the characteristic poly-

nomial of the product space Xx Y, respectively. Then

LL′ i∫ equivalent to the direct product of MM and NN¥ that i∫ LL′ '(MM')X(NN').

(2) p(x)-n{(x-XiHj)¥i-l,2,...,サ; /-!,2, -サm>-

Proof. First, as we have proved in [_!], the topogenous matrix of the product space

Xx Y is equivalent to the direct product of the topogenous matrices of X and Y. Hence
●

LL′～ (MXN) (MXN)′.

Since (MXN) (MXN)′-(MXN) (MXN')-(MM')X(iW), we have

LL′　蝣(MM'yxCNN').

Next, we consider orthogonal matrices Cx and C2 such that

MM-CISICi ¥　　　NN'-C9SX｡ I

Si is a diagonal matrix whose diagonal elements右, *25�"-,スn are eigen values of MM¥

●

and 52 is a diagonal matrix whose diagonal elements #15 /*2, -　fj.m are eigen values of
●

NN'. Therefore

MilfXiWNT-(C151Crl)×(6202C2 )

-(Ci)てc2) (slX S2) (C71xC;1)

･(CiXC2) (5!X S2) (CIXC2)-i

Since Ci, C2 are orthogonal matrices, Ci)てC2 is also orthogonal. And SiXS2 is a
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diagonalmatrixwhosediagonalelementsare右pl,右p2,-hum,-5AnMuJ>nM2>-j

AnjUmwhicharetheeigenvaluesoftheproductspace.Thereforewehave

P(x)-n{(x-Xijuj)i-l,2,-,n;y-l,2,-,m}.

Ingeneral,thecharacteristicpolynomialsofmatricesdβandβdareequal.Espe-

cially,soarethoseofAAandAA.

Fromthis,itfollowsthat

Theorem9.AnyfiniteTo-spaceanditsdualspacehavethesameeigenvalue∫.

Remark.Theconceptoftheeigenvaluesofspacesseemstobepowerfultoclassify

finiteTo-spaces.Wedonotknowanydifferenttwofinite7Vspaceswiththesame

●●eigenvaluesexceptinthecasethatoneisthedualoftheother.

LetXbeafinitepartiallyorderedsetandabeanelementofX.Then,bythelength

l¥jf¥ofa,wemeanthemaximumofallthelengthsiofthechainsao<oi<--<a,--a

mX

Theorem10.LetXbeafiniteTo-space,andassumethatthereexi∫/distincttwopoint∫ai

anddjofXsuchthat

(i)ZM-/M.

(2)Ifaki∫apointofX∫uchthata,iキakキcluthenak->aii∫equivalenttoau*>ajandalso

a>k<aiisequivalenttoau<ajt

Then1isaneigenvalueofX.

Proof.LetAbethetopogenousmatrixofXandletAA'-¥^Cki~].Wehavealready

seenthatCkiisthenumberofthepointswhicharecontainedintheintersectionUur¥U¥●

oftheminimalbasicneighborhoodsTJ%ofa#andUiofa/.

Fromthecondition(2),itiseasytocalculatethatifi^k^j,then

Cik=Cki=Ckj=Cjk,

and

Cii=Cjj.

Ontheotherhandclearlywehavecij≦cu.Alsol[_ai}-==l¥jij~}impliesaj¢Ui･

Nowifai6UjandI=Vy,thenai<^a,j,andfromtheassumptionofthetheoremwehave

al≦a/.Thereforea/6U{.Fromthiswecanprove

Cij-Cii-l.

Fromtheabovediscussion,theithrowandthe/throwofthematrixAA'-Ehave

thesamecomponents.HencethecharacteristicpolynomialP(x)-|xE-AA!|hasan

●eigenvalue1.
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§ 4. Examples.

Finally we shall mention the scheme of all TVspaces consisting of four elements, and
●

the associated partially ordered sets, topogenous matrices A, AA and characteristic

polynomials P(x).

(1)

二　　　　　　　a

1�"�"

�"�"

(4)

(5)十

A= 1 0　0　0

1 1 0　0

1 1 1 0

1 1 1 1

AA- 1 1 1 1

1 2　2　2

1 2　3　3

1 2　3　4

Pi(x)-xi-10x3+15x2-7x+l

-(〟-1) (∬3-9∬2+6∬-1).

A= 1 0　0　0

1 1 0　0

1 0 1 0

1 1 1 1

AA 1 1 1 1

1 2 1 2

1 1 2　2

1 2　2　4

P2(x) -x -9*3+16x2-9*+l

-(〟-1)2(∬2-7∬+1).

A= 1 0　0　0

1 1 0　0

1 1 1 0

1 1 0 1

AA'= 1 1 1 1

1 2　2　2

1 2　3　2

1 2　2　3

P3(x)-xi-9x3+ux2-7*+l

-0-1) (x3-8x2+6x-1).

A= 1 0　0　0

0 1 0　0

1 1 1 0

1 1 1 1

Pi(x) - P3(x).

A= 1 0　0　0

1 1 0　0

1 0 1 0

1 0 1 1

AA'=

AA-

1 0 1 1

0 1 1 1

1 1 3　3

1 1 3　4

1 1 1 1

1 2 1 1

1 1 2　2

1 1 2　3

P5(x)-xi-8x3+ux2-7x+l.



(6)

(7)

(10

A=
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1 0　0　0

0 1 0　0

1 0 1 0

1 1 1 1

P6(x) -P5(x).

A= 1 0　0　0

0 1 0　0

1 1 1 0

1 1 0 1

AA-

AA/=

i
-
H
 
t
-
H
　
<
M
 
t
*

i
-
1
　
0
　
C
M
　
　
<
M

ゥ
　
i
H
 
O

O
 
i
-
I
 
i
-
H

1 0 1 1

0 1 1 1

1 1 3　2

1 1 2　3

P7(x)-xi-sx3+ux2-8x+l

-(∬　�"1)2(∬2-6∬+1).

A= 1 0　0　0

0 1 0　0

1 0 1 0

1 1 0 1

AA- 1 0 1 1

0 1 0 1

1 0　2 1

1 1 1 3

P8(x)-xi-7x3+13x2-7x+l.

A= 1 0　0　0

1 1 0　0

1 0 1 0

1 0　0 1

AA/= 1 1 1 1

1 2 1 1

1 1 2 1

1 1 1 2

P9(x)-x4-7x3+12x2-7x+l

-(x-1) (*2-5*+l).

A= 1 0　0　0

0 1 0　0

0　0 1 0

1 1 1 1

PIO(*) - P9(*).

AA/= 1 0　0 1

0 1 0 1

0　0 1 1

1 1 1 4

13
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(ll)

(14)

(15) ●

●

A=
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1 0　0　0

0 1 0　0

0 1 1 0

0 1 1 1

AA'= 1 0　0　0

0 1 1 1

0 1 2　2

0 1 2　3

Pn(x)-xi-7x3+llx2-6x+l

-O-1) (x3-6x2+5x-1).

A= 1 0　0　0

0 1 0　0

0 1 1 0

0 1 0 1

AA'= 1 0　0　0

0 1 1 1

0 1 2 1

0 1 1 2

Pl20)-*4-6*3+10#2-6#+l

-(x-iy(x2-4x+l).

A= 1 0　0　0

0 1 0　0

0　0 1 0

0 1 1 1

Pis(*) - PiaOO.

A= 1 0　0　0

1 1 0　0

0　0 1 0

0　0 1 1

AA'=

AA'=

1 0　0　0

0 1 0 1

0　0 1 1

0 1 1 3

1 1 0　0

1 2　0　0

0　0 1 1

0　0 1 2

Pi40)-*4-6*3+ll*2-6*+l

-(∬2⊥3∬+1)2

A= 1 0　0　0

0 1 0　0

0　0 1 0

0　0 1 1

AA'= 1 0　0　0

0 1 0　0

0　0 1 1

0　0 1 2

P15(x)-xi-5x3+8xz-5x+l

-(〟-1)2(∬2-3∬+1).



(16)　　　　　　　　A -

●　　　　●

On Finite Topological Spaces

1 0　0　0

0 1 0　0

0　0 1 0

0　0　0 1

AA'= 1 0　0　0

0 1 0　0

0　0 1 0

0　0　0 1

PieOO-x*-4x3+6x2-Ax+1

-(〟-I)4.
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