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Abstract

In the presenもpaper we consider the two-sided approximations by the use of

spline functions. A selection of numerical results is presented in Tablesト9.

1. Introduction

We shall consider here the two-sided approximations of the solution of the following
●

nonlinear two-point boundary value problem :

a7〝 -f(t,X,x′)　　(0 ≦t≦ 1)

aoサ(O)-&oサ'(O) - c｡ ,

oxo5(1)+oxo/(1) - cx ,

wi也boundary conditions

(1)

wheref(t, x, y) is defined and sufficiently smooth in a region D of (t, x> y)-space

intercepted by two planes ｣-0 and t-l.

We assume that the problem (l)-(3) has an isolated solution ｣(t) satisfying the

mternality condition

U- {(t,x,y)¥ |aHe(*)l+lsM'(*)l ≦8,l∈[0,1]} ⊂　for some 8 > 0.

By the use of B-spline Q4(｣), we shall consider the cubic spline function

xM - ∑αmw-i)

such that

a;蛋-蝣?*/(ち%>宛)

ォoォa(O)-&(疏(0) - c{o J

ojXkm+bjxUl) チ ol.

Here the operator Pk(k-l, 2) is defined as follows:

(1)　　　　　　　　(Jv)0 - ∑fMt)

with the piecewise linear function Lj(t) such that
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｣,(ォ,) - ｣,(#) - 8ォ,

(2)　　　　　　　　　(Ptf)ョ- ∑ β蝣Mt)

such that the coe鮎ient β.(% - 0, 1,�"�"�", n) is determined by

(2β.+β1)/6 - (2/0+ /i)/6

(β,-+i+4βi十β :-i)/6 -/. �"-1,2,.->n-1)

(2βの+βn-1 /6 - (2/ォ+/ォ-1)/6.

In [4], we have proved the following asymptotic expansion:

ek(t) -｣(tトxk(t;h) - (-1Yh2ib(t)l12+o(h*) (k- 1,2)

where xk(t, h) is the solution of (5)-(7) and w(t) is the solution of the variation equation

of(1ト(3):

¢〝 -/.M, *')¢+/.M,盛′)f+｣W{t)

subject to

a｡#))-&oォ/r'(0) - 0 ,

ォiO(i)+W) -O.

Here fk(%l> %2, #3) -
df(xv x%, xz)

a a;A

*-1,2,3).

Section 2 describes the following asymptotiO expansion :
●

ek(t) - {-¥)k hSj{t)l12+hzA >(ォ)+*<巌(t)+o(･)

for t-ti　(i-0,1,--',ri)

where入1(*)-0 and入2(t) is given by the use of Green funOtion H(t, s) (for the de丘nition of

H(t, s), see Remark):

l乏0 - -lH(ち0)*<*>(0)+H(t, l)f<ォ>(!)]/12 ･

Thus we have the following theorem,
●

Theorem 1. Let t-tj (i-0, 1, -,n), we have:

(1) */A2(ォ)串0,

h(tトfaiM +xJt; ft)]/2 - AサA,(ォ)/2 +0(ft*)

h(tト[4x2(t;hl2)-x2(t;h)]l3 - -V入,(ォ)/6 +0(Aォ) ;

(2)がA,(*)-0,

m-[*i(f, h) +x2(t; h)]/2 - h*(Mt) +巌(t))12+o(h*)

*(*)-[4ai(*; A/2トサS; *)+40,0; A/2ト鞄(*; *)]/6

- -/**(九(*) +車,W)/8+o(**)�"

Corollary 1. Let t-th then we have:

h(tト[8xJt; hl2トx2(t; h)+xl(t; h)]18 - 0m

入>(*)幸0;
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&(t)-[lGxj{t', hl2トxJt; h) + !Qx2{t; A/2トaw; *)]/30

-oth*)　　for　入　-0.

If the value of the function A2(t) is unknown, the following corollary 2 is available.

Corollary 2. Let t-th then we have

*(<)- [4ai(ォ; A/2トxjff; h) +ix2{f, h12)-xS; A)]/6

-AサAa(ォ)/12-A*(^1(ォ) +巌(t))IS + o(h*)

m-¥ph{t¥ *)+ォ*(*; *)]/2 - hsX2{t)j2+W亜IW+戟(0)/2

+o{･).

Corollary 3. Let t-t{9 then we have

h(t卜[Sxiiti h^-xjit; h)+8xJt; hl2)-x2(t; A)]/14 - 0{･).

By the use of U-spline Qdt), let us consider the quintic spline function of the form

oサk(t) - ∑ αW/A-サ)

so that

a;芸-Pkf(t>**ササム)　(0 ≦ t≦ 1)

a,(pk(OトwO) - c｡ >

alxk(l)+bl宛(1) - cl.

Here the operator Pk(k-3, 4) is defined as follows:

(3) (P3#)(0 is a cubic spline function with the node fy such that

(Pzg)(ti) - 9(ti)　　(* - O, i,-, n)

(Psg)%) - 9%)　　{% -0,n).

(4) (P^g)(t) is a cubic spline function with the node ^ such that

(P,9, Li) -

and

%*+!+lOtfi+ ffi-1)/12　　(�"- 1, 2,-, n-1)

Wg｡+zgi)/20+h?(3gふ-200/60　　(�"- 0)

Wgu+Zgの-1)/20-h?(dg£-2g£ Am　(i-n)

{PS'iU) - g%)　　(* - 0, n) ,

柑
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where for any Px(t) and P望(i) ∈｣2[0,l], let us denote

JPMyM dt hy ¥<px,92)･

In [5], we have proved the following asymptotic expansion:

ォ*(*) - *(*トxk(t; h) - dkhie(t)+o(W)　(* - 3, 4)

with dz-¥/720 and d4--1/240.

Here xh{t¥ h) is the solution of (8ト(10) and 6(t) is the solution of the variation equation

of(1ト(3):

e〝 -/,M, *')0+/8fcあ盛′)6'+盛w(0
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sdbject to

ォoO(O)-M'(O) - o ,

olO(l)+610'(l) - O.

In Section 3, we shall prove the following asymptotic expansion:
●

ek(t) - d^6(t)+h'γk{t)+WOk{t)+o{W)　for t - u

where γz(t)-0 and γ4(｣) is given by

γM - [H(t, 0)盛<6>(0)+#(ち1)虎ォサ(1)]/360.

Therefore we have the following theorem.

●

Theorem 2. Let t-ti(i-0, 1,�"�"�", n), then we have:

(3)ダγM幸0,

9(tト[3afc(ォ; A/2) +サ4(ォ; A/2)3/i - ･γ4(*)/128+ O(ft6)

h(tト[16xJt; h12トxAt; h)]jlf> - -h*γ MI30+O(hォ) ;

(4)ゲγォ(*)-0,

9(tト[&*(ォ; A/2) +o>4(ォ; A/2)]/4 - Ae(30,(ォ) + 04(ォ))/256+o(Aォ)

h(tト[3(16^(ォ; A/2)-a:3(*; &)) + 16a:4(* ; /&/2トa>4(<; A)]/60

- -he{S99(t)+eJt))180+o{･).

If the value of γ4(｣) is unknown, the following corollary is of much use.

Corollary. For t-th we have:

h(tト[8afc(ォ; A) +a!4(*; *)P - *5γ i(ォ)/4+Ae(30,(ォ) + esm+0m

m-¥m6x3(t; hl2トxa(t; h)) + IQxS; h/2)-xt(t; A)]/60

γ l(*)/120-hォ(303(t) + 0ォ(*))/80+o{h6).

2. Proof of Theorem 1

In what follows, we shall assume that/(｣) and g(t) are su鮎iently smooth. Before
●                                                ●                                       ●

we proceed with analysis, we shall require the following lemmas 1-5.

Lemma 1. There exists the smooth function /x(t) such that

I(tk) (I-Pl) g) - -(h2/I2) l(tk, g〝)+AV&)+0(*ォ) ,

where, for any continuous functionや(t), we shall denote

JH("Hi,s)<p(s)ds by Im(t;甲) and I(t;甲) -mP) ･

Proof. Let c㍉-(ti+ti+l)/2, then we have

(I-Pl) g(t) - (im-tM-ti+Jg〝(e<) + (l/6)(*-tt)(t-ci)(t-ti+1) gW(ci)

+ (1/24){(ォーc,.)4-(W) gW(et)+O{h*) ,
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fromwhichfollows

7(*サ>(I-Pl)^)--(Aォ/12)∑H(tk,Ci)g〝(oi)-(･1480)∑lH〝(tk,Ci)9〝(Ci)

+(2/3)H′ih,oi)gV{ci)+H{tk,ct)flrW(c,)]+O(Aサ),

whereH′(t,s)denotethedifferentiationwithrespecttos.Bythemeansofthemid-

pointrule:

b
Jf{t)dt-(6-ォ)/((6+a)/2)+(l/24)(6-a)2[/′(*)]+蝣

a
wehave

7(<li;(/-Pl)sr)--(**/I2)l(h;g〝トWmnuhig〝)

+(2/3)h(h;gW)+I(h;?w)]+(Aォ/288)a望(tk)+0m,

where

um(t)-[(H(t,s)g(桝>(ォ))′]書+.[(H(t,�")?<->(ォ))′]畠~.

Lemma2.Thereexiststhesmoothfunctionpmj(t)suchthat

I(th;(I-Pl)fB㌢サ)-Wv桝M+ow(m-0,1)�"

Proof.ForthefunctioneAt),wehave

e㌢-(*)-ト¥yii牢(->(ォ)/12+0(fcサ)-cL&牢(解Ht)+0m(m-O,l)

e㌢>(ォ)-0(Aォー解(m-2,3,4)

eUtk)-d^K〝(h)+O(h?)(ォ(ォ)-#)一盛〝W)

{etiti+J+tetitd+eHti-i))/6-(/*2/6)*S"+d^ォ#c〝(ti+OflW

[2eUto)+eUtl)}/6-d2h2K〝(t｡)+O(h*)

{2eUtn)+e"
2(tn-1))/6-d2h望〝〝(tォ)+O{h*)([4])�"

●Fromabove,weshallshowthefollowingasymptoticexplansion:

e;(ォ)-A8{<^"(*)+(l/3-1/Vす)f(*)(ォ)/2}+0(Aサ)(ォ-0,l).

Nowwehave

e'

JO)-Mih?(aoi<"｡12+alK"1+-+an焔/2)

+(Aォ/2)(ol*iォ+aa紺+�"�"�"+an-
サーi虎艶)+0m

-SdJi*∑〝a,irf+(Aォ/2)∑affl'+Oih*),

wherea,-(i-0,1,�"�"�",n)satisfies:

#｡+%/2-1,ォォ+l/2+2a;+<%;--,/2-0,a舛+0ォーl/2-0.

Letfli-(iiK'.9thenwehave

β.+β1/2-KS+alM372+O(A2)

βサ�"+蝣i/2+2β.･+βi-1/2-K+x-a,--!)JiKf12+0(h?)(�"-1,2,�".�",n-1)

β舛+βn-1/2--a^hK^/2+0m
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from which follows

∑〝a{K.-刷Z+Olk) , ∑a^T-{¥/3-1/√訂)紺+0(h).

For the case m-0. we have

lfo; (I-W>/). - -(*s/i2) ∑ Hfa cMicd e'Actト(dM/12) /&;/'<｣)

-(W I(tk;f't')-(h*im) I(tk;f*M)+O{h').
Thus we have only to show:

h3 ∑ ^fe, c<)/(O,) e;(o<) - -(Aサ/8) ∑ ff&, e,)/(c,) *W(e,)

+h3 ∑ ff(M,)/,e;(ォ,) +0(*8)

-i

AJMih'Jit〝ト(WI8)I(tk;m+0(･)(i-l)

WHh;f*〝)+(AV24)J&;/が)+0(h5)(i-2蝣

Forthecasem-l,wehave

lfe;(I-Pl)/サJ)--(*サ/12)∑H(tk,Ci)(fej)〝{*)

-(･1720)∑H′(tk,Ci)f(ci)盛上(/*5/480)∑Wk,Ci)

×[/(c*-)^5)(c,-)+4/′(cA^HcAUOm,

where

h3∑H(tk,ci)f(ci)ef(oi)--(･12i)∑H(h,ci)f(ct)&ち>(*

-h3∑(H(tk>ォ)/(ォ))′fo)e;fe)+ft*[ff(ォ,,l)/(l)ey(l)

-H(tk,0)f(0)e"
j(0)]+O(･).

Thuswehavethedesiredresult.

Lemma3.ThereexiststhesmoothfunctionT(i)suchthat

/fojtfWi)｣)-(*'/6)i(tk;g〝)-(Aサ/12)り8(<*)+AMfc)+tW.

Proof.Taylorexpansiongivesus

I(tkl(pl-Pi)9)-≡H{tk,ti)¥Li{s){Pl-P2)g(s)ds

･(1/2)∑ff"&,c,)}(*-ォ,)(ォ-ti+l)(pl-P2)g(s)ds+O(･).

Bythemeansofthetrapezoidalrule:

h∑〝Efatdg't-ifcg〝)+(*"/12)usk)+0m,

wehave

EH(tk,tMLiis^-PJgis)ds-(P/6)≡H(tk,t{)g't

+(&5/72)∑HiH^gf+OW-iW/*)i{h¥g〝)+(W2)/hfo)

+(A*/72)Jfe;o<*>)-(Aサ/12)りi(h)+om

withih.it)-.H(t,O)gl-HO)+t-1)解H(t,l)g<サHl).

Since(P,-PJfM-∑iiLAt),wehave
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∑ H"(tk, Ci) ∫ (s-ti)(s-ti+1)(Pl-Pi) g(s) ds

- -(#712) ∑ H〝(**, e<)(&+&+1) - -(Aサ/6) ∑ H〝M)(i+O{hち)

- -(Aォ/36) /afe; o〝)+O(Jfi) ,

where the component & {i-0, 1, -, n) satisfies:

2｣｡+｣i)/6 -0 ,

(6+1+4&+*ト1)/6 - AW6+0(Aォ) (�"-1,2,.-,n-1)

Mサ+L-i)/6-0.

Lemma4.Thereexiststhesmoothfunctionpm(t)suchthat

/fe;(P!-P,)/ei桝')-Vo仇{h)+0{･)(m-0,1)

Proof.SinceII(Pl-P2)/e'2->||-maxKP^PJ/fejrWl-0{h%

JH{tk,8)(Pl-P^M-)^)^-≡#(M,-)U(s)(pi-P2)fe(z-)(s)ds+O(･)

-(A3/12)∑#(**,ォ<){(/#�"')〟(*+)+(弼"")〟(ti-))

+(A4/36)∑HfaMife㌢�")(3)te+ド(?<*サ))(3)&-))

+(A5/144)∑H(tk,ti){(feV*>)M(ti+)+(feVtimti-)}+(W-

Forthecasem-0,wehaveonlytoshow:

h4∑H(tk>U)fMn{U+)-e㌢>&-))

-h3∑H(tk,ti)ft(el(t<
�"ォ+iト2e;(*,)+ォ;(ォ<-1))-^5∑HfatMi&r+oqt)

-hS∑(H(tk,s)f(s))〟(k)e"
2{tiトh'lihlfが)+0m

--WI{tk;M*>)+0{･).

Forthecasem-l,wehaveonlytoshow:

h3∑ff(M,)/,(eTO+)+ei,ォ((ォ,-))

-h2∑HfatMeifaJ-elto-Jト(*'/8)∑H(tk,ti)fi盆<.6>+O(A5)

-Aォ[J5Tfo,l)/(l)e芸(l)-H(tk,O)f(O)ォJ(O)]

-2h3∑(H(tk,,)/(ォ))′to)e"
*toト(h*l3)I(tk;W5))+O(･).

Thuswehavethedesiredresult.

Lemma5.Fori-l92,wehave

I(t;P,(/eォ))-dWI(t;ft*)+O(h*),I(t;P,(/e′S))-d}h*I(t;fゆす)+0(･),

7(ォ;P,(/eォg)-dWI(t;f揮′)+0(･).

Proof.Byasimplecalculation,wehave

W-Pi)9l≦oM¥9'¥¥(�"-1,2)

fromwhichfollowsthedesiredresult.
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CombiningtheseLemmasgivesus●

e"
j-/2(*J#>虎%+Mt,盛｣')e;.+(Z-P,.)(/2ey+/2e'.)

-(I-Pj)*〝+PJ(f22e2
j+2f23eje'
j+f33e'.e'
j)+O(･)subjecttothehomogeneousboundaryconditions

aoey(O)-6oe;.(O)-O!

<heKl)+ble'
i(l)-'O.

Thuswebave

em-JH(t,s)(I-Pj){f*i+f*'
,)&-JH(t,s)(I-PM〝ds

･JH(t,s)P;(/22e^+2/23e^;.+/33e;.e'.)ds+O(hォ),

fromwhichfollowsTheorem1.

3.ProofofTheorem2

ToproveThorem2,wehaveonlytoshowthefollowinglemmas6-10.●

Lemma6.Thereexiststhesmoothfunctionp,(t)suchthat

I(tk;(I-P3)g)-azWI{tk;gM)+W声(h)+oih7).

Pkoof.Letusrewritemtheform:

I(tk;(I-P3)g)-I(h;g-g3)+I(tk;ga-Psg)

wheregs(t)iscubiconeachsubinterval[tj,ti+1]suchthat

9M)-9(ti)andgl(tt)-g〝to)(t-0,l,'-,n).

BythemeansofTaylorseriesexpansion,wehave

I{h¥g-9z)-∑H(tk,Ci)¥{g-gz){s)ds+∑JtH(tk,s)-H(h,Ci)}(g-gz)(s)ds

-∑H(tk,cM･l120)gW(ci)+(hi/7!)<7<6>te)}+(A7/7!)∑H〝{t^cdg^ci)

･O(A8)-(A4/120)JH(tk,s)gW(s)ds+(hォ17¥)JH(tk,s)g(ォ)(s)ds

･wI71)JH'%,s)gW(s)ds-(h612880)[ii(tk)+O(h*).

Since{gz-Pzg){ti)-0(i-0,1,*�"�",n)wehave

I(h;gサーP*9)-M｡¥H(tk,s)fo(ォ)ds+MjljHfas)fais)ds

･JH(tk>s)J>｡(s-h)ds)+>

wherethefunction夷(t)(i-0,1)iscubicsuchthat

^o(O)-^o(A)-O,郎(0)-1and郎(A)-0

fc(O)-fc(A)-O,#(0)-0and<f>l(h)-l;



Spline Interpolation

the component ilft--(仇rPa)〟(tt) satisfies the following system of equations :

(2M｡+MJ/6 - A2g{*>/24+7Ay｡5)/360+O(A4)

(M^+Mt+Mi-!)/6 -Wgf/12+A4^6790+O(A5) (サ- l,2,.�".,n-1)

(2Mn+Mt^1)/6 - /^4>/24-7A3a<,6)/360+O(A4).

Let Mi-h2gf)l12+α;hs, then we have

I(tk;gs-P3g) - (hm2) [gPJH(tk, s) <f,0(s) ds+g[サ{JH(h, s) Us) ds

･ JH(h,s) Us-h) ds} +.. >]+hs [a｡JH(h, s) <f>｡(s) ds

･ α1tJH(tk, s) <f>1(s) ds+ †H(tk, s) J>｡(s-h) ds] +�"> -] ,

where

JH(h, s) <f>｡(s) ds - -{hmi) H{tk, to巨(7h*1360) H'(tk> t｡)+Om

JB(h,ォ) &(*) ds+ JH{tk9 s) ^{s-h) ds

-(Aサ/12)H(ォ4>0-(A5/90)H〝fatj+0m　(k幸1)

JH(k,ォ) h(s) ds+ JH(h> s) ^｡(5-^) ds

ニー(Aサ/12) #(*!, *!ト(7A4/360) ¥H′ik, h+トH′{h, h-)-]+O{･).

Thus we have

I(tk; ga-Pz9) - -(･IIU) ∑〝 fl(ォ*,ォ<M4>-(7*71080) ∑ H〝{h, U) g?

+ (7A6/360) {[#′(h, s) g<サ(8)}h+ +[B%, s) gW(s)y｡サー)

-(A6/12) ∑〝 α,F(M<)+0(*7) - -{h*llU) I(th;gWト(･11728) uSk)

-(#71080) utk; gW)+(7/W360)UH′(tk, s) gW(s)Ytk+ +[H′(h, s) g^(s)]tk1

-(W/12) ∑〝 α蝣H{tk, U)+O{W).

Here αf. (i-0, 1,�"�"�", n) satisfies:

(2α｡+α1)/6 - flrj,サ/180+O(A) , (αm+4αi+α-i)/6 - -(A/360)^6)+O(/*2)

(2α舛+αサーl)/6 - -g^liSO+O(h).

Let β.･-α¥H(tk, ti)9 then we have

(2β.+β1)/6 - g^H(th, t｡)ll80+O(h)

(βサ+l+4β.･+βf-1)/6 - -(A/360) H(th t{) gf+hH′(h, ti)(αi+r αトi)+O(A*)

(*=t=jfc)

(β4+1+4βサ+ft-i)/6 - 0(*):, (2β舛+βn-1)/6 - -g汐>H(tk> tn)l180+0(h)
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fromwinchfollows

∑〝Pi-恥fo)/180-/fe;｣<�">)/180+O(h).

Thuswehavethedesiredresult.

Lemma7.Thereexiststhesmoothfunctionp軌j(t)suchthat

I{tk;(I-Pz)fef>)-Wv桝,,fe)+O(F)O'-3,4;m-O,l).

Proof.Fortheerrorej(t),wehave

e‡桝サ(*)-djhW叫(t)+O(h5)(m-O,l)

&サ¥t)-0{･-桝(m-2,3,4,5)([5]),

fromwhichfollows

l(h¥fa-(fej)3)-∑H(tk,ci){(h51120)(fej)W(ci)+(^/7!)(/e/)<7>(c,-)}

+(tf/7!)S#"(**,c,.)(/e,)<*)(c,)+O(F).

Thereforewehaveonlytoshow

hS∑H(tk,c{)f(ci)er(Ci)-h5∑H{tk,ci)f{ci){ef{ti+1)+ef{ti))ll

-(*78)∑ff&,c,)/(c<)*<ォ>(e,)+O(A')-A*∑Hih^mefiu)

-(Aォ/8)Jfo;/*W)+0(ft').

Let.βi-H(tk,ti)f{ti)ef{U),thenwehave

(βォ+l+4β,･+βf-x)/6-H(tk,ti)fM>(tH.1)+ie?>(ti)+e?(tト1))/6+O(h3)

-ff(M,-)/<w+lト2e"
j(ti)+e".(ti-1))/A2+(A2/12)H(tk,tf)Mf+0(^).

Thuswehave

β1+β2+･-+βn-1-∑(H(tk,ォ)/(,))〟(ォ,Kfe)+(A/12)/(ォサ;/*W)+0(Aサ)

-(A/12)7fo;/f�")+<>(*")蝣

Nextweshall

i(h;ifa)*-PAf>i))'--{V/Ui)I(tk;W)+O(V).

Nowwehave

I(h;(fej)a-PJLfoi))--(#712)∑〝MiHlktd+OW)

whereM‡-(fii)ii*i)-p芸(feMti)satisfies:

(2Mo+Ml)/6-0(A4),{Mi+1+iMi+Mi-1)/6-(tf/12)M*>(t,)

+(7A2/SQO)f{{ef(t,
蝣f+1ト2ef(ti)+ef%-1)ド(Aォ/120)/,fS8)+0(h5)
(サ-1,2,-,サーl)

(2Mガ+Mn-x)/6-0{･).

Lety^MfHitf,,ォ,)-0(A4),thenwehave

(γ*+l+4γ,･+γト1)/6-(tf/12)fffo,*,)/<'(ォ*ト(･1120)Hih,^)/^(6)
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-(lh?/360)#(Mv)/,{<f>&+1ト2ef¥t{)+ef(tトi))+0m.

fromwhichfollows

γ1+γ2+-+γri-WliVHh-JW+Oih*).

Nowletusconsiderthecasem=l.

I(tk;(I-P3)(fe'
j))-I(tk;fe'
j-(/ォ;)サ)+/(ォ*;(/ォy)s-ォ(/>;))where

Htkife--(/<)3)千∑H(tk,c,){(･15!)(/e'.)(*)(c,)+(A'/7!)(/e;)<6)(c,-))

+(F/7!)∑H〝fec,)(/e'.)<4>(c,)+O(F).

Sinceef{*)-(ef&+1)-ef&))/｣-(^2/24)&<n{cA+O(h*¥,

wehaveonlytoshow

h4∑H(tk,ci)f(ei)(e^(ti+1トey(ti))-Wj{tk)+<W)

forsomesmoothfunction%j(t)(j-3,4).

Byasimplecalculation,wehave

h4∑H{tk,ct)f{ci){ef){Ul+1トef(ti))-h*[H(tk,1)/(1)ef(l)-H(tk,0)/(0)eォ>(0)]

-hS∑{H'(tk,tt)fi+H{tk,ォ,-)/;.}ef{ti)+O{Ji')

fromwhichweshallrequiretheasymptoticexpansionofthetermse^(0)ande{^(l).

Bythemeansoftheconsistencyrelation,wehave:

(e^iU^+ief^+efit^))/6-(h*/12)fiォ+(l/^)(e;(ォ^1)-2e;(ォ,-)

+e"
j(ti-1))+O(･)

(2e'
j(to)+e'
j(tl))/6-(^2/24)Jeg-f(e"(<1ト'"(to))/h-ef{t,)/A+O(A4),-･･･
from which follows

ef(O) - (h?/4) ∑〝ォ<*'/サ+(3/h*)W(hトe;(*o)K+(ォ;(ォ.)-ォ;(*舛-1))ォォ

+ ∑ a{(e"At�"i+1ト2e;(ォ,) +e;(ォ<-i)} +(3/h)(anef(tnトaoef%))+0(･).

Since (PjfYiU) -f′(t{) (i-0,n), we have ef{U) -O(A4).

Thus we have only to show仏e asymptotic expansion of比e term:

e'Ahト3 ∑〝 afi'AU)�"

●

For j-3, it follows from the definition of the operator P3 that

e',(ti) - djtp〝(ti)+O(h*)　(p(t) - e(tト｣<4>(*)).

Since at-(2//育)(-0.5)'[(l+a)-'+(l-a)-1/Kl+aJMトa)ォ] (a-/3/2))

we 血礼ve

∑　a,-1<4　and　　¥at¥<1/2'-1.

Thus we
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∑〝 aieUti) - d3hip"(0)IS+O(･).

For j-4, let us consider the following relationships between the values and its

●                                                                                                             ●

derivatives for the qunitic spline function </>(t) :

(那+2+26≠?+i+66≠芸+26<f>芸-1+ ≠ i-i)/120 - [(^+2-2^+1+^-)+4(^+i-2^+^-i)

+U,-2≠ト1+直-2 ]/6h　　(サ- 2,3,...,n-2)

ト138¢S+212叫J+1206^芸+48^)/120 - [8U3-2≠8+ &)+25(≠2-2≠x+ <l>o)W

-[(h- faW一郎/h]

HI - [10(≠3-2≠2+^)+35(^-2^+^｡)P2-(57≠岩+32叫1+153≠;+6ポ)/12, - -

from which, follow

with

(e -+2+26e-+1+66eJ +26e --1+etv2)/120 - -(A4/180)f<?)+ォ4**yJ +O(*8)

(サ-2,3,.--,n-2

(-138e;+2124e; + 1206e芸+48e;)/120 - -(11^/180)虎i,6) +27AMva +0(h5)

(57eS+324e; + 153e芸+6e"s)l12 - -(AォM)虎J,6> +45^4ォ岩+o(n -

e'i-el{tt) (�"-0,1,�"�"-,サ).

Thus we have

e'- --(kijlSO^+d^pi+h^i+Oih5) ,

where & (i-0, 1,-, n) satisfies the following system of equations:

f,+.+26&+1+66|<+26｣ト!+&-, - 0

-23|｡+354&+201&+8& - -(2/SW'HO)

19f｡+108fl+51|,+2|,-0,　-･ ･

Here ｣#- is represented in the form:

ii-Aα{+Bjαi+Cβ'+DIβ　(サ-O,l,---,n)

where α, β(α<β<-1) are the roots of the equation:

t*+26t3+66t2+26t+l - 0.

From above, we have

-f{OL)lan

,q(ot)lan

-?(Vォ)

mir

q(β)/βn

p(I/P)

?( l//3)

[

-B+

p(1/α)α�"　viVβ)βn

q(1/α)αサ　<?(!/β)βn

p(α) p(β)

g(α) q(β)

][言-*6(1)2/

L-17/;]

][言-｣6(0) -1;//;]
with p(t)-t2+26y+33 and o(*)-Z3-609Z-832.

Doing these calculations gives
●

A-0(1/α�"),　B-b+O(h),　0-0(1/β�") and D-d+O(h)
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forsomeconstantsbanddindependentofh.Bythemeansoftheexplicitrepresenta-

tionofa^wehavetheasymptoticexpansionsoftheterms:e"
4(to)and∑〝af-e2(**-)�"Next
weshallconsider

i(h;(/サ;トP3(弼))ニー{h*12i){M<fl{tk>Q+m^itu,h)+-)+OW)

whereM^fe'
j)〟(td-PXfe'Mu)satisfies:

(2^+^)/6-{hmUef^ト><4)(to)ド(h31720)foW+O(h*)

(Mi+i+Wi+M^)/6-(A/24)/,.(ef(t.i+1トf(te¥fトi))+(*WWォ*)

/72)/j{ォH<*
*+lトWd+effo-j)ド(･/iQO)(fdf+Hfi^)+O(･),

Letβ-MiH(tk,tj),wehave

(2β.+β1)/6--(h*1720)H(tk,t｡)fo虚r+0m

(β*+l+4βi+βi-1)/ァ-H{tk,ti)[{hlM)fi(ef%Hiトf(tト1))

+{h2/3)/^>(^)+(7Aa/72)/;{ォァサ(*'�"+1ト244)&)+ef&-1)}]

-(Aォ/360)fffe,ォ,)(/,*?>+ll/弼6))+0(･)(i幸*)

Thuswe血礼ve

∑〝βォ--(*V!2)∑(H(tk,s)f(s))′(ti)ef{ti)+{h^/3)∑Hih^f.efiU)

-(#7720)[H(tki0)*W(0)+H(tk,1)6(ォHl)]+0m.

ThiscompletestheproofofLemma7.

Lemma8.Thereexiststhesmoothfunctionテ(t)suchthat

l(h¥(PサーP*)9)--(^4/180)I(tk;gW)+(A5/360)りSk)+Wテ(ォ*)+0(tf).

Proof.LetUt)-g{t)-(Pzg)U),thenwehave

JHs)(Pt-Pi)g(s)ds-(hl15)(9i+i-29i+9i-i)-WW)(9i+i-9'
i-1)

+(h*/30)M+1-位1)ニー(･llSO)gf-(hy2m)gf+(h'l30)(<l>'
ii+1-t'
i-1)
+0(hs)(*-1,2,.,n-1);

jz｡(ォ)(p,-p4)5r(s)ォfe-(Aォ/30)拓JLn{s)(Pz-Pi)g{s)ds-{}fij?,O)≠;-1･

Thuswehave

∑H(tk,U)¥Li(8){P9-Pt)g(s)ds--(Aォ/180)I(tk;g(ォ))-(A6/2700)/(ォ,;#(�"))

+(･im)vi(tkト(Aォ/2160W*サ)-(*a/15)∑H′('*,*,�")≠;･.

Nextweshallconsiderthefollowingquantity:●

∑H"(tk,Ci)¥(s-tMs-U+MPt-Pt)g(s)
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-∑ff'(fce<)j(ォーォ,)(*-ォ<+1)∑OfiMh｣)ds

--(ftサ/180)∑H〝{t^ciWi+uei^+ueトi+^-s)

--(A3/6)∑H〝(t^tAdi-z+OW)(ci-(ti+ti+1)/2)

wherethecomponent6{(i--3,-2,ォ�"�",n-1)satisjfi.es:

0-3-0-1-=0,(40-3+320-,+230-L+OO)/60-0(Aォ)

(0<+260<-1+660ト.+260,-,+0,-4)/120--{Wl180)g?>+O(･),-･

Letγi-H〝(tfot^di--^thenwehave

(γォ+2+26γサ+l+66γ.+26γ.�"-1+γォーl)/120--(･1180)H〝ihMgr+OQi5).

Sincey,.-0(A4),wehave

∑γ--(･1180)∑H〝(tk,ti)g?+O(h*)--(h*l18Q)I*(h;9w)+O(h*).

Thuswehave

∑H"(h,ci)j(s-tt)(s-ti+1){Pa-P^g(s)ds-(&ォ/lO80)/,flサ,OW)+0(#)'.

ThiscompletestheproofofLemma8.

Lemma9.Thereexiststhesmoothfunction戸誹)suchthat

J(fc;(P,-P4).M桝')-^U4)+O(A7)(m-0,1).

Proof.Let車.(ォ)-(M仰)(tトPzife桝^(t),thenwehave

(i)for*-1,2,-,n-1,

J｣,(s)(p,-p4)(/e4)(ォ)ds--(AVISO)碑(ti巨(As/1200)/i{ei*'(^.+1)

-26i4'(ォ,-)+ei4'(ォ,-1)}+(A72160)/,.ie(ォ)+(^/30){両(ti+l)一両(t^+om

(n)fori-0.n,

JL｡(s)(Ps-Pi)(s)ds-(hmO)頼サ)-0,-･･･

Since両fe)-0(*ォ)(t-l,2,.,n-1),wehave

h2∑H(thtA軌fe-uHte-!))--2&サ∑H′(tk,ti)か{tt)-om

Thereforewehaveonlytoshow:

∑tffe,ォ,-)/�"{44>&'*+lト2e^(ti)+e<iォ(tt-1)}-hサ∑(H(thォ)/(,))〝{ti)e^(ti)+O(h*).

Similarlywehave:

(i)fori-1,2,一�"�",n-1,

JLi(s)(Ps-P4)(/ei)(*)*-(*/15){(/ei)(ォmト2(/ei)(ォ,)+(/*;)(ォ<-!)}

-(h2/30){(/ォ;)'(ォ,
蝣ォ+iトH)'{tト1)}+a2m{直(**+l)一両(ォ,_,)>+0(･)
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-(h'imWiient,
'f+iトenu-i)ド(*5/45)/>iォ(ォ,)+(A7IO80)f&p

+(/*7/240)/'.tf<.6)-(A72700){/4<.7>+6/;^>ト(Aサ/240)/Hemt+1ト

+ei4)&-1)}+(A2/30)価(hi+1ト直(W}+0(A8)

(ii)fori-0,n,

JL｡(8)(Pz-Pt)(s)(fe'

t)(8)ds-(h*120)頼｡)-05--.

Thuswehave

∑H(tk>U)¥A-(s)(P3-P4)(/e;)(S)ds--(A4/360)∑HfaWiWiU+J-eWtt-J)

+(Aォ/1080)Z(fc;/*Wト(Aォ/2700)7(ォ*;/fP)+6/′*(6)ド(A6/45)∑B(tk,ti)f'A^i)

+(h2/30)∑H′(tk,ti)(直fo+1ト直(tト,))+(Aォ/240)/(ォ*;/′｣<ォ>)+OW)

-(A5/180)∑H(h,s)f(s))′(ti)e<?>(ti巨(A5/45)∑ff(ォ*,ォ<)M4)fo)

+(Aォ/360)[ff(ォj,0)eJlォ(0トff(ォ*,iHォ(i)ド(#y2700)/(*4;/fO+6/′｣<6>)

+(h-12iO)I(tk;f′｣<6>)-(ft3/15)∑H′(h,U)<pi(ti)+(h611080)I(tk;fJP))+O(V).

wehaveonlytoshow:

∑H′(h,U)直(ti)-(hsl720)Il(tk'J^))+O(･).

Now直(U)(i-O,l,--.,n)satisfies:

頼o)-O,(鵜+i)+4軌nti-d)/6-(#/144)/<{eH*ォーiト2ef(ti)+ef(tト1))

-(h*1720)ftfw+0(･),直(*.)-O.

Letβi-H'(tk9tA直(ti),thenwehave

(β,蝣+1+4βi+βi-1)/6-(/*2/144)｣#′{h,U){ef{ti+1ト2ef(ti)+e?>(ti-1)}

-(h*1720)H′(tk,ti)Mi?>+o(h*)(*幸k)

fromwhichfollows

∑H′(kWi(*,)-(*4/U4)∑(H¥tkt8)f(8)y(tt)ef(ti)

+(Aサ/720)/l(ォft;/a<ォ>)+0(a*)-(Aサ/720)J^;/*W)+0(Aォj.

ThiscompletestheproofofI｣emma9.

Lemma10.Fori-3,4,wehave

WHtt))>I(f,Piife^))andI(t;P^feW,))-0(K>).

Proof.Byasimplecalculation,wehave

iia-^ii≦cty¥9'¥¥(*-3,4)

fromwhichfollowsthedesiredresult.

BythemeansofLemmas6-10,weobtainTheorem2asinasimilarmannerasin

theproofofTheorem1.
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Kemark. If 60-fe1-0, we have入�"(ォ)-γl(*)-0.

Proof. First we notice that H(t, s) is the (l,2)-component of the matrix;

K(t, s) -

(-t -

where

･(t)[E-G-i[000(1)]*-(ォ)(S≦t)

-<*>(ォ)G^r,i^i)*-1^)(t<S)

Lォi&iJ

-bo

aiifJD+biV'Jl)_*(ォ)-<hyiQ)+b&iQ) aiya(i)+6iyi(i)

andyk(t)(k-l,2)isthesolutionofthefirstvariationequationwithrespectto(&(t),

ォ'(ォ)),thatis,

y芸-Mt,*,#)yi+Mt,*,#>y'
k

subjecttoy*(0)-8ォ,yi(0)-8tt([3]).

Byasimplecalculationwehavethedesiredresult.

4.NumericalExamples

Inthissection,wediscussnumericalresultsobtainedfromsomeconcreteexamples.

Thesenumericalresultsconformthetheoreticalaccuraciesestablishedinprevious

sections.Inthecaseofexamples1and2,theapproximateproblems(&-4)(8-10)are

identicalwiththeNumerovdifferenceschemes.Wenowconsiderthenumerical

solutionsofparticularexamples.

Eample1([1]).Asourfirstexample,weconsiderthefollowingsimplelinear

problem:

x〝-10(te,サ(0)-x(l)-1.

Itsexactsolution#(｣)-cosh(10t-5)/cosh5.

Forthisexample,¥2(t)-γ,(*)-0.ノ

(l)cubicsplineapproximations:

Table1(A-l/10)

r
-
H
　
<
M
 
C
O
 
t
*
I
　
¥
O

●

　

　

　

　

●

　

　

　

　

●

　

　

　

　

●

　

　

　

　

●

o
 
o
 
o
 
o
 
o

zM)

1.39ト3)
7. 80ト4)
乳92(-4)

7.43(-5)

1.77ト5)

-3.48ト4)
-1. 94ト4)
-7.24(-5)

-1.81ト5)
-4.05(-6)

-1.80ト7)
5.66ト6)
4. 99ト7)
2. 53(-7)

2. 93(-7)
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Table 2 (A-1/20)

*l(t)　　　　　ォ.(*)　　　　　　w(t)

Here z^t) (i-l, 2) and w(t) are defined as follows:

zAt) - Wト[xl(t', h)+xi(t; h)]l2 - 0(hi) ,

zJt) - m-itx^t; hffl-xM; Ji)+アx2(t; hj2)-x^t; A)]/6

≒　-h.m,
wlt) - [zl(t)+4zJt)]lb - o(h*).

(ii) quintic spline approximations :

Table 3 (A-l/20)

l z&)　　　　　　ォ(*)

t
-
1
　
ゥ
Q
 
C
O
　
^
H
 
I
O

�

"

　

　

　

�

"

　

　

　

�

"

　

　

　

�

"

　

　

　

ォ

o
 
o
 
o
 
o
 
o

U4ト9)
5.42(-9)

3. 22(-9)

1J　ト9)
1.43ト9)

-1.65ト8)
-1.50(-8)

-9. 3盟(-9)

-5.51C-9J

-4.36(-9)

9. 78(-10)

5. 58(-10)

2. 39(-10)

1. 05(-10)

5. 14(-ll)

Table 4 (A-l/40)

*.(*)　　l v(t)
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Here zAt) (i-3,4) and v(t) are defined as follows:

zJt) -ォ(fトPa^ft; A/2)+ォ,(ォ; A/2)]/4 - CM6) ,

*M - f(*)-P{lfea(*; Jij2)-x3(t; h))

+lte4(*; ft/2トxjti hm/60 ≒ -(16/b) z,(t) ,

v(t) - [16z3(*)+5z4(0]/21 - 0(hォ).

Example 2. Next we consider the nonlinear equation:

が-1.5が　　x(0)-4,　a!(l)-1.

This problem has two isolated solutions such that #(｣)-4/(t+lf and ｣(0.5)≒-10.53.
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A selection of numerical results for the solution A(t)--4:l(t+l)2 is presented in Tables
5-7.

(i)血bic spline approximations:

Table 5 (A-l/20)

*�"(*)　　　　　　　v(t)

二二二二二二二ここここ二:ここ===二二--=二-一一一一二-==-二二-:二二=二二二一で-二二二=二二二
_:'…1tI

II

I
�"I:II

II
I…

I.�"II

(li) quintic spline approximations :

Table 6 (A-l/20)
≡

Hif)　　　　　　zt{之　　　　　　　v(t)

Table 7 (A-1/40)

zAt)　　　　　　　vlt)

Example 3 ([2]). As our final example, consider

a;〟 - o?-(cos t+I)3-cos t ,

where cc(O)'-O and x'(l)--xs(l) sinl/(cosl+ 1)3.

The unique solution is ｣{t)-OOs ｣+1.

qumtic spline approximations :

Table 8 (A-l/8)

7. 80(-13)

2. 81(-13)

1. 28(-18)

8. 95卜14)

ォ�"サ(*)　　　　　　ォl(*

i
K
E
o
H

t
H
 
C
*
　
C
O

2.00(-10)

9.23ト11)
5. 61ト11)
5.71(-ll)

9. 15ト11)

-8.33(-10)

-3. 84(-10)

-2. 33(-10)

一乳51(-10)

-4. 15(-10)

3. 62(-12)

1. 87(-12)

1. 30(-12)

-1.43(-12)

-4. 59ト19)
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Table 9 (A-l/16)

ォ.(*)　　　　　　uJt)　　　　　　　u(t)

K
i
E
K
i
l
!

r
H
　
<
M
 
C
O

6. 24(-12)

2. 88(-12)

1. 73(-12

1. 77(-12)

2. 84(-12)

-2. 65(-ll)

-1. 13ト11)
-7.49(-12)

-7. 70ト19)
-9.66(-12)

3. 20(-14)

u　ト13)
-2.51(-14)

一乳49(-14

4:. 69(-13)
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us{t) - &(t)-[3afeft; fc/2)+a>4(ォ; */2)]/4 ,

M4(ォ) - ｣{tト[I6x&; h12トxAt; h)m5 ≒ -(64/15) *,(ォ) ,

u(t) - [64m8(ォ)+15m4(*)]/79 - 0(W).
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