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Abstract

In the present paper we consider the two-sided approximations by the use of
spline functions. A selection of numerical results is presented in Tables 1-9.
1. Introduction

We shall consider here the two-sided approximations of the solution of the following
nonlinear two-point boundary value problem:

z" = f(t, %, o) O0<t<l) 1)
with boundary conditions
a¢%(0)—bez'(0) = ¢, , (2

where f(t, , y) is defined and sufficiently smooth in a region D of (¢, =, y)-space
intercepted by two planes ¢=0 and ¢=1.

We assume that the problem (1)-(3) has an isolated solution #£(¢) satisfying the
internality condition

U= {(t,2,y)] |£0)] +|y-£'(¢)| <8,t€[0,1]} = D for some § > 0.

e

g By the use of B-spline @,(t), we shall consider the cubic spline function

24() = ZouQu(t/h—1) (nh =1) 4)

such that
x, = Py f(t, 2, ;) o<t ()
ag2(0) —by,(0) = ¢y, (6)
as(1)+byzi(l) = oy . (1)

Here the operator P (k=1, 2) is defined as follows:

(1) \ (PL)() = ZfiLi(0)

with the piecewise linear function L,(f) such that
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2 M. Sarar

Li(tj) = Li(3h) = 8;;,
() (Po9)(t) = X B:Li(?)

such that the coefficient 8;(¢+ =0, 1, .-+, n) is determined by
(280+81)/6 = (2fo+ f1)/6
(Bisa+4Bs+Bi-1)[6 = f; (6=1,2,-,n—1)
(2Bn+Bu-1)[6 = (2f s+ fu1)[6 .

In [4], we have proved the following asymptotic expansion:

| e(t) = £(t)—a(t; B) = (= 1)* p(0)/12+0(R?)  (k=1,2)

where z,(¢, h) is the solution of (5)—(7) and ¢i(¢) is the solution of the variation equation
of (1)-(3):

lﬁ” :f2(t’ ﬁ: £,)¢'+ fs(t, ﬁ’ ﬁl)‘// + ﬁ(4)(t)

subject to
agh(0)—bef'(0) =0,
agh(1)+bghy(1) = 0.

af(xh Las 7/'3)

Here Ja(1, 25, T5) = o,

(k=1,2,3).
Section 2 describes the following asymptotic expansion:
exlt) = (—1)* FAB(O)/ 12+ FAg(0) + B (0) + o(®)
for t=¢ (0=0,1,---,m)

where A,(t)=0 and A,(¢) is given by the use of Green function H(Z, s) (for the definition of
H(t, s), see Remark):

Ag(t) = —[H (2, 0)£ ™ (0)+H(z, 1)£®(1)]/12 .
Thus we have the following theorem.
TeEOREM 1. Let t=t; (=0, 1, .-, n), we have:
(1) of A8) =0,
L) —[21(8:5) +5(t; 2)]/2 = BPA5(2)/2+O(R)
B(0)—[4s(t:5/2) —5(85R)][3 = —RPA5(8)[6+ O(R%) ;
(2) of A())=0,
B(8)—[wa(t; B)+ao(t; 2)][2 = BAa () +5(0))/2+ 0(B)
B(0)—[4@,(t; b[2)—2y(t; ) +4@,(t; B[2)—,(t; R)]/6
= —H4(ihy(6) +1ho(1)) 8+ 0(R4) .
CoroLLARY 1. Let t=t;, then we have:
£(1)—[Bas(t; h[2)—wa(t; B)+m4(25 1)]/8 = O(h*)
' for A,(t) =0
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(2)—[162,(¢; h/2)—1(t; h) +1625(¢; h[2)—a4(25 1)]/30
= o(h*) for Ayt =0.
If the value of the function A,(#) is unknown, the following corollary 2 is available.
CoroLLARY 2. Let t=t;, then we have
£(t)—[4xy(2; 2)2)—2y(t; B) +425(2 5 B[2)—o(E; 1)]/6
— —BON(O)/ 12— Ty (1) + (1)) B+ ()
8(0)— [ma(t3 )+ 2ult; /2 = BON(0)2+ B () +a(0)/2
+ o(h*) .
CoroLLARY 3. Let t=t;, then we have
8(0)—[8o(t3 h/2)—wa(t; 1)+ 805 1/2)— (03 )]/14 = O(RY) .
By the use of B-spline Q4(¢), let us consider the quintic spline function of the form
@4(t) = X 0 Qe(t/h—1)

so that
23 = Py f (1,24, 23) O<t<l) (®)
ag@(0)—bg%(0) = o, v ©)
a3 %(1) + by (1) = 01 . (10)

Here the operator P,(k=3, 4) is defined as follows:
(3) (Pgg) (t) is a cubic spline function with the node ¢; such that

(P3g)(t:) = 9(t:) (¢=0,1,--+,7)
(P3g)'(t:) = ¢'(%:) (t=0,7).
(4) (Py9)(t) is a cubic spline function with the node ¢; such that
M(gi+1+10g;+ gi-1)/12 (=12,-+,n—1)

(P49, L;) =1 k(79o+391)[20+1*(395—2g1)/60 (1=0)
BT gut39,-1) 20— 12(3gi—2gi-)[60 (=)
and (Pag)' () =4'(%;) (¢=0,n),

where for any ¢,(f) and ¢,(¢) € L?[0,1], let us denote
[o1pat) @ by (p102)

In [5], we have proved the following asymptotic expansion:
exlt) = B(0)—ai(t; B) — GO +o(h)  (k—3,4)
. with dg=1/720 and d,=-1/240.
Here x,(t; &) is the solution of (8)—(10) and 6(t) is the solution of the variation equation
of (1)-(3):
0" = filt, &, &)0+ fo(t, &, £)0'+£O))
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subject to
a00(0)—b,6'(0) =0,
a,0(1)+b,6'(1) =0.
In Section 3, we shall prove the following asymptotic expansion:
ex(2) = dph0(t) + h5yy(t) + ho0,(t) + o(hE) for t=t¢;,
where y4(¢)=0 and y,(¢) is given by
va(t) = [H(t, 0)£©(0)+ H(t, 1)£®)(1)]/360 .
Therefore we have the following theorem.
THEOREM 2. Let t=t;(s=0, 1, ---, n), then we have:
(3) o yat) *0,
8(6)—[35(2; 2[2) +24(t; 2[2)]]/4 = By 4(t)/128 + O(hS)
B(t)—[162,(t; [2)—x4(2; B)]/15 = —hop4(2)/30+O(RS) ;
4) o v)=0,
£(t)—[3xs(t; h[2) +24(t; B[2)]/4 = hS(304(t) + 0,4(2)) /256 -+ 0(h®)
2(t)—[3(1625(t; h/2)—w5(t; b))+ 162,(t; h[2)—24(t; h)]/60
= —h%(305(2) + 0,(?))/80+0(hF) .
If the value of y,(¢) is unknown, the following corollary is of much use.
CoroLLARY. For t=t;, we have:
£(0)—[3w3(83 ) (85 R/ — Woy,()/4-+D0(305(0)+ 0,(6)) 4+ 0 (%)
£(6)—[3(1624(2; h/2)—w5(t; b))+ 162,(t; h/2)—24(t 5 h)]/60
= —hBy,(t)[120—h8(304(2) + 0,(t))/80 +o(hS) .

2. Proof of Theorem 1

In what follows, we shall assume that f(t) and ¢(t) are sufficiently smooth. Before
we proceed with analysis, we shall require the following lemmas 1-5.

LemMA 1. There exists the smooth function u(t) such tkqt
I(ty, (I—Py) g) = —(B*[12) I(t, g")+P* pu(B) + O(R9) ,
where, for any continuous function o(t), we shall denote
[H®,9) p(s)ds by Lot 9) and 13 9) = L(t; 9)
Proor. Let ¢;=(t;+¢;1,)/2, then we have
(I—Py) g(6) = (1/2)(e—t:)(t—t542)'g"(0)+ (L/6)(t—1)(i—:) b—tis2) O)(c2)
+(1/24){(t—c;)*—(R[2)*} 9(c;) +O(%) ,
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from which follows ;
I(t, (I—Py) 9) = —(K*[12) 3 H(t, ¢;) 9" (c;)—(h5[480) X [H" (&, ¢;) 9" (cs)
+(2/3) H'(t, ¢;) g®)(c:)+ H(t, ;) g¥(e:)]+O0(F°)

where H'(t, s) denote the differentiation with respect to s. By the means of the mid-
point rule:
b

[ 103t = p—a) o+ ay2)+(128)b—aP [£OF +---

we have '
I(t; (I—Py) g) = —(h*/12) I(t; 9")—(h*/480) [L(t; 9")

+(2/3) Li(ty; g®) +I(ts; g )]+ (h*/288) pa(ts) + O(RP) ,
where

Ha(t) = [(H(, 5) g)(s))' ], + [(H(2, 5) g™)(s))T5
LemMA 2. There exists the smooth function v, (t) such that
I(ty; (I—Py) fe{™) = Bvm,;(ts) + O(R%) (m=0,1).
Proor. For the function e;(t), we have
elm-(t) = (—1) R2p ) (2) /124 O(R3) = d;h2f )(8)+ O(h3) (m=0,1)
e™(t) = O(h*—) (m=2,3,4)
ei(t) = duh?<" (1) + O(R?) (x(t) = (t)—2"(2)
{e5(ti41) +4e3(t:) +€2(8i-1)} 6 = (B3[6)2 +dohP" () + O(R®)
{2e3(to) +ex(t1)} /6 = dohi2ic"(to) + O(R2)
{2e3(ts) +€5(tn-1)} /6 = doh?"(2,) +O(h?) ([4D) -
From above, we shall show the following asymptotic explansion:
es(t) = h2{dyx"(t)+(1/3—1] V 3 )2 ®(2)/2} +O(h3) (t=0,1).
Now we have
e3(0) = 3doh®(agro/2+ ki + <+ +a,n(2)
+(h%[2) (0,80 + A" + « - - + a1 85 1)+ O(R3)
= 3doh? 33" a;; +(h?[2) T a; 8% +O(R3) ,
where a; (¢ =0, 1,---,n) satisfies:
Ao+ay2 =1, @ir1/2+20;+a;-1/2 =0, Ay+a,—/2=0.
Let B;=a;’, then we have
Bo+ P12 = o+ a1k [2+O(h?)
Bisl2+2Bi+ Biaf2 = (Gia—iy) TP [240(2) (i =1,2,0++,n—1)
ButBu-1/2 = —au-rhti® [2+O(R?)
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from which follows
> ay = k5[3+0(R), T af® =(1/3—1/V3) £F+O0(h) .
For the case m=0, we have
I(t; (I—Py) fo;) = —(B[12) X H(t, &) f (c3) €3(c;)—(@74[12) I(ty; f ")
—(d;h4[6) I(ty; f13")— (h[480) I(t; f£®)+O(R5) .

Thus we have only to show:

B2 3 Ht, ¢) f (ci) €5(ci) = —(h5[8) 32 H(ts, ;) f (¢;) £(cs)
+h% 3 H( tk,t)f, t;)-+O(h%)
d P (b f ") —(R4[8) I(ty ; f£%) + O(RP) (7=1)
T @It o)+ (R4124) It ££%) +O(R5) (j=2).
For the case m=1, we have
I(ty; (I—Py) fe;) = —(h3[12) X H(, c;)( fe;)"(

— (B5]720) 32 H'(t4, ¢;) f (c:)8 @ (c:)— (k5/480) > H(t, c;)

XLf () 8(e)+41"(e) £9(ei)] +0(h9)
where

P23 H(ty, ¢;) f(0:) €(c;) = —(75[24) 3 H(k, ¢:) f (¢:) £®(c:)
—h® X (H(t, 5) f(5))'(8:) €5(8:) + PP [H (t, 1) f(1) €(1)
—H(t, 0)£(0) €5(0)]+ O(#%) .
Thus we have the desired result.
Levmma 3. There exists the smooth function (t) such that
I(ty; (P,—Py) 9) = (1*[6) I(ty; 9")—(R*[12) my(ty) + h*7(8:) + O(R?) .
Proor. Taylor expansion gives us

I(ti; (Py—Py) g) = X Hity, ) [ Li(s)(Py—Ps) g(s) ds

+(1/2) X H" (%, ;) f (s—t:)(s—ti+1)(P1—P5) g(s) ds+ O(h) .
By the means of the trapezoidal rule:

kX" H(ty, 1) g7 = L(ts; 9")+ (B2[12) po(8) + O(R3)
we have

X H(ta, ;) [ Li(s)(Py—Py) g(s) ds — (W%/6) = H(t, 1) g
+(1[12) X H(t, ;) g+ OW) — (1(6) 1(13 9") + (h/72) pofts)
+(14172) 1(t33 9 ) — ([12) mo(te) + O(1)
with mm(t) = H(t, 0) g(0)+(— 1) H(t, 1) g»(1) .
Since (P;—P,) g(t) = X &:L;(t), we have
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X H' (4, ¢3) [ (s—t:)(s—ts+1)(Pr—Py) g(s) ds
= —(#*[12) 3 H" (&, ¢;)(éi+ i) = —(B3[6) 32 H"(t,8:)€:+ O(RP)
—(h4[36) Iy(ts; 9") +O(%) |
where the component ¢; (¢=0, 1, .-, n) satisfies:
(2¢0+£1)/6 =0,
(§irat4€i+£€i-)[6 = 1Pg:/6+O(R%) (t=1,2,--+,n—1)
(2¢4+£4-1)/6=0.
Lemma 4. There exists the smooth function p,(t) such that
I(t,; (Py—P,) fes™) = h*p,,(t) +O(h®) (m=0, 1).
Proor. Since |(P,—P,)fei™| = max|(P,—P,) fes™(t) | = O(h?),
[Hts, $)(Py—Py) foir(s) ds = X H(t, t jL (Py—Py) fes (s) ds+O(hs)
— (13/12) 5 H(ts, 13 ((fos™)"(t:+) + (fos)" (=)}
+ (R#/36) 30 H(ty, t;) {(fes™) @ (t;+)—( feg™) ®(t;—
+ (18/144) 3 H(ty, 1) ((fe) @ (1) + (fe) @ t,-—)}+0<k5).
For the case m=0, we have only to show:
B S H oy 0) files® (t1+) —e(0,—))
T8 5 H(ty, ) fle3tisa)— 2e8(6) +€3(ti-2) 8 X H(ty ) fil+0(89)
= 18 5 (Hlty,5)f(5))"() es(t)— T (ts3 49+ O0)
= —h1(t;; f£@)+O(R®) .
For the case m=1, we have only to show:
1 5 H (b, ) file (b )+ ((6—))
— 1 5 H (b, 1) filealtin)—ealti—2)— (k5/3> S H(ta,t) f4+0(1)
= W [H(t, 1) f (1) e2(1)—H(#,0) f(0)
—283 33 (H(ty, s) f(s))'(¢;) ez (t;)— (h4/3 I(tk,f.'t(5) )+O®5) .
Thus we have the desired result.
LemmA 5. For 1=1, 2, we have
I(t; Pi( fe3)) = Azt I(t; fif2)+O(h%) ,  I(t; Py(fe'e’)) = dih* I(t; b)) +O®9) ,
I(t; Pi( feie})) = dzh* I1(2; fifn’) + O(R3) .
Proor. By a simple calculation, we have
IT—P;) gl < chlg’) (t=1,2)
from which follows the desired result.
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Combining these Lemmas gives us
e; =[alt, £, £)e;+ fo(t, £, £') €+ (I—P))( fae;+ foe;)
— (I=P)) 2"+ Pj( fas’ +2foseje; + faseje;) + O(R°)
subject to the homogeneous boundary conditions
2i(0)—b,e;(0) =0,
aei(1)+b,ei(1) =0.

Thus we bave

ej(t) = j H(t, s)(I—P;)(foe; + foe}) ds— j H(t,s)(I—P,) #" ds

+ IH (8, 8) Pi( fose? +2fsseie; + faseie;) ds+O(RS)
from which follows Theorem 1.
3. Proof of Theorem 2
To prove Thorem 2, we have only to show the following lemmas 6-10.
LemMA 6. There exists the smooth function @(t) such that
I(ts; (I—Py) g) = dgli I(t33 9 )+ 10 (ty) + O(h7) .
Proor. Let us rewrite in the form:

I(ty; (I—Pg) g) = I(t; 9—gs) +1(t ;93 —Ps9)

where g4(t) is cubic on each subinterval [¢;, ¢;,,] such that
ga(t:) =g(t:)  and  g5(t;) =9"(t) (t=0,1,---,m).
By the means of Taylor series expansion, we have
1(ty3 9—9s) = Z H(l, ¢:) f (9—9a)(s) ds+ 3 [ (H(t, $)—H(ts, 0:)}(g—g5)(s) ds
= 3 H(t,c:) {(h5120) g (e;) + (B4T1) g O (c:)} + (B7[T1) 32 H" (b, ¢;) g @)(c:)
+O(h®) = (k4/120)JH(tk, 8) g@)(s) ds+(h8[T!) jH(tk, s) g©)(s) ds

+ (B[71) [ H"(ts, 5) 99)(s) ds—(19/2880) (1) +O(R?) .
Since (¢5—Psg)(;) =0 (¢=0,1,.-.,n) we have
I(t; 95— Psg) = MOJH(tk, s) do(s) dS+M1(JH(tk= s) $a(s) ds

+ [Ht, 5) pols—h) ds)+ -+,
where the function ¢;(¢) (=0, 1) is cubic such that
$o(0) = ¢o(h) =0,  $5(0)=1 and  45(k)=0
$1(0) = 42(A) =0,  41(0)=0 and  4i(h)=1
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the component M;=(gs—Psg)"(¢;) satisfies the following system of equations:
(2My+M,)[6 = h2g$P |24 +Th3 g [360+ O(h4)
(Mg +M;+M;_1)[6 = h2g'®[12+h4g®[90+O0(R%) (2 =1,2,-++,n—
(2M ,+M,-,)[6 = h2giP [24—Th3 g [360+O(h?) .
Let M;=h%¢*[12+o;h3, then we have

I(ty; gs—Pag) = (2[12) [g5" [ H(t, 5) gols) ds+ 9% [ H(ts, 5) $als) ds
+ [ Htsy 5) pofs—h) ds) + - 1+12 [0 [ H(te, ) ds) ds

+ oq{_[H(tk, 8) $4(s) ds+ fH(tk, S) o(s—h) ds} ++--]1,
where

f (26> 8) Bo(s) ds = — (h*[24) H (8, to)—(Th*[360) H' (8, to) + O(h°)

_[H(tk, 8) $1(s) ds+ JH(tk, 8) do(s—h) ds
—(h3[12) H(t, t,)— (A5[90) H" (8, t,) +O(B7) (b + 1)
jH(th 8) ¢1(s) ds+ JH(tl, 8) do(s—h) ds
—(R3/12) H(¢,, t,)— (Th*/360) [H'(t,, t,+)—H' (¢, t;—)]+O(R®) .
Thus we have
I(ty; 95— Psg) = —(h*[144) 3" H(t, ;) g —(Th7[1080) 3 H" (8, t:;) 9
+(Th8[360) ([H'(t, ) 9@ ()]} +[H' (ts, 5) 99(8)]6* )
—(hS[12) 2" o H (t, £;) + O(R7) = — (h*[144) I(ty; ) — (h®/1728) pa(ts)
—(R®/1080) Iy(ty; 9 )+ (The[360) {[H'(t4, ) 9@ (5)1}4 + +[H' (B, 8) 9O (8)155 )
—(P%/12) =" o;H (4, 8:) + O(A7) .
Here a; (1=0, 1,- -, n) satisfies:
(200+04)[6 = gt [180+0(h) ,  (otj4q+40;+0i—y)[6 = —(R/360) g +O(h2)
(20, +0p—q) /6 = — gi2[180+O(h) .
Let f;=o;H(t;,1;), then we have
(280+B)16 = 9 H(t, £)/180+O(R)

(Biva+4Bi+Bi-1)[6 = —(h[360) H(ts, t;) 98 +RH' (&, 1) (2ti+1—ti-1) + O(R?)
(¢ =*k)
(Brra+4Bu+Pi-1)[6 = O(R)., (2,4 Pu-1)[6 = — g H (ts, t,)/180+O(h)
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from which follows
33" Bi = n5(8)/180—1(t,; 9®)/180+O(R) .
Thus we have the desired result.

Lemma 7. There exists the smooth function v,, i(t) such that

I(ty; (I—Ps) fe') = h9,,, () +O(h7) (9=3,4; m=0,1).
Proor. TFor the error et), we have
esm(t) = d;h40™)(8) + O(Ro) (m =0,1)
e(t) = O(hs—) (m=2,3,4,5) ([5]),

from which follows
I(ty; fej—( fej)s) = 32 H(ty, c;) {(B5/120)( fej) () + (A7 [T1)( fe;) P(c:)}
+(R7[T) X H"(t, ¢;)(fe;) W (c;) +O(R) .
Therefore we have only to show
B 33 H b, ¢5) f(e:) €(c;) = R° 32 H(t, ;) f () (€4 (Bi41) +€52(8:)) /2
—(17[8) X H(t, ¢;) f(c:) #®)(c)) +O(h") = k* X H(t, 1) f (8:) € ()
—(h8[8) I(ty; f£®)+O(R7) .
Let B;=H(t, t;) f(¢:) €°(t), then we have
(Bita+t4B:i+Bi-1)[6 = H(ty, 1) file( (fir1) + 4 (t:) + € (£-1)) [6+ O(R?)
= H(t, b)) file](tir1)—2€5(8:) +€5(8i-a)) [R2+ (R?[12) H(ty, 8:) fi#(® + O(R®) .
Thus we have
PrtBat -+ Bua = X (H(t, ) f (5))"(E:) €}(t:) + (h[12) I(ty;; f£ )+ O(R?)
— (B/12) I(t; f£%)+O(R?) .
Next we shall show
I(ty; (fe)s—Ps( fej)) = —(h*[144) I(t;; f4°) + O(R7) .
Now we have
I(ty; (fe;)s—Ps( fe)) = — (F312) X" M H(t, ;) +O(h)
where M;=(fe,)s(t;)—P3(fe;)(t;) satisfies:
(2M,+M,)[6 = O(h*Y), (M +4M;+M;-1)[6 = (h*[12) fie (%)
-+(TR2[360) f (€S (ti1:1)—2€5(t:) + €40 (85-1)} — (R*/120) file® + O(R?)
. (t=1,2,---,n—1)
2M,+M,,)[6 = O(h*) .
Let y,=M;H(t;, t;)=0(h*), then we have

(ViraH4yityio1)[6 = (R*[12) H(t, 8;) fie (8)— (h*[120) H (4, &) fil
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—(Th?[360) H (ty, t;) filel? (i41)— 264 (8) + €49 (bi-1)) +O(R5) .
from which follows
VitYat e+ yu-1 = (B312) I(4; f£©)+O(R?) .
Now let us consider the case m=1.

I(te; (I—Ps)(fe;)) = I(t; fe;—(fe;)s) +1(4; (fe;)s—Ps( fe;))

where
I(t; fe;—(fe})s) = 32 H(ty, ¢;) (R°[5Y)(fe;) D (ei) +(R7[T1)(fe) ©(c:)}
+(®@T) 2 H ”(tln ¢;)( fe;)(c))+O(R") .
Since e (c:) — (¢ (t1)— e (t:)) h— (12/24) () + O(HY),
we have only to show
7S H(ty, 0) £03)(e0(tin)—e(1)) — K (65) +O(R?)
for some smooth function &;(f) (5 =3,4).
By a simple calculation, we have
WS H(ty, 03) f(e)(0) tia)—e(0)) — B[H(t, 1) £(1) (1) —H (4, 0) £(0) e(0)]
—h5 3 {H'(t, ;) fi+ H(ty, 1) £} €5(8:) +O(R7)

from which we shall require the asymptotic expansion of the terms e{’(0) and e{(1).
By the means of the consistency relation, we have:

(65 (ti+1) +4€ (1) + € (1:-1))[6 = (1?/12) £ + (1/R2)(e}(ti1) —2¢€5(t:)
+ej(ti-1)) +O(h*)
(2¢5(to) +€7(t1))[6 = (R2[24)£5+ (€(t1)—€;(to)) [—e P (o) [+ O(R?) - - - - -

1

from which follows
e0(0) = (B/4) £” a® +(3]12) (e;()—}(10) o+ (¢}(t)— € t0r)) @
X (e (tirn) — 265 (0:) + € (timn)) + (BN (@0 P (L) — e P () + O(RS)

Since Pif)(t:) =f'(t:) (¢=0,n), we have e(t;) = O(h*).
Thus we have only to show the asymptotic expansion of the term:

ei(te)—3 X" ae}(t;) -
For j=3, it follows from the definition of the operator P, that

es(ti) = dgh® p"(t;)+O(F®) (p(t) = 6(t)—£D(1)) .
Since  a; = (2/ V' 3)(—0.5) [(1+0)* +(1—0)*][(1+0)*—(1—0)"] (o0 =V3/2),
we have

> la;l <4  and la;| < 1/2¢-1,

Thus we have
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X" aiey(ts) = dgh* p”(0)[3+O(R°) .
For j=4, let us consider the following relationships between the values and its
derivatives for the qunitic spline function $(t):

($i+at+268541+6645 426471+ $i-2)/120 = [($ira—2¢i11+ 4:) + 4 bir1—24i+ $i-a)
+($i—2¢i-1+ $i-2)]/6R (t=2,3,:-+,n—2) .
(—138¢6+212447+12064; +4845)/120 = [8(ds—2¢a+ ¢1) +25($s—2¢1 + $o)1/#?
—[($1—Bo)/B2— $o/h]
ht = [10($s—2s+ $1)+38(ha—21+ $o)1 /17— (57 43+ 32441+ 1534 +65)/12, - - - -
from which follow
(€f49+26€] 4, +66€] +26€;_ +e75)[120 = —(h*/180)£' +dh* p’ + O(h®)
(t=2,3,--+,n—2)
(—138ej+2124€; +1206¢; +48e;)/120 = —(11h4/180)£> +27d A% ps + O(h%)
(5Teq+324e] +1563e; +6€3)[12 = — (h44)£8’ +4Dd A po +O(h3), -« - - -
with e; = e;(t;) (¢=0,1,---,m).
Thus we have |
e; = —(h*/180)8> +dht pi +ht¢; +O(R5)
where ¢; (1=0, 1,-- ., n) satisfies the following system of equations:
£ipat+26£,1,+66£,4+268 1+ =0
—23£,+3b4£,+201£,+ 8¢5 = —(2/3)£©®)(0)
19¢,+108¢,+51£,+26, =0, +«--- .
Here ¢; is represented in the form:
¢ = Ao’ +Blo' +Of+ DI (1=0,1,---,n)
where o, f(a<f<-1) are the roots of the equation:
¢4+ 2613+ 66t2+26¢t+1 =0 .

From above, we have
l\' p(e)fo” p(B)B ][ B :l . [ p(lfo)ar  p(1/B)B" }l: 4 }=:ﬁ“(1)[ 2/9}
g()fa”  q(B)/p" IL D g(Lo)or  q(1/B)p* IL C —17/3
p(lje)  p(1/B) T B p(e) p(B) 4 2/9°
[ Lo)+Lao Lo l-#00 ]
qe) qpy ILD1 L g ap Lo —17/3
with p(f)=t*+26y+33 and q(t)=t3-609t-832.
Doing these calculations gives

A=0Qjo"y, B=bt+O(H), C=0(p") and D=d+0(h)
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for some constants b and d independent of A. By the means of the explicit representa-
tion of a;, we have the asymptotic expansions of the terms: e;(¢,) and 3 "a;ei(t;). Next
we shall consider

I(ty; fe’. —P3 (fe})) = —(h3[24) (MoH (1, ty) +2M H (4, t,)+ - - -} + O(R7)
where M;=(fe;)"(t;)—Ps( fe;)(t;) satisfies:
(2M o+ M,)[6 = (h[24) fo(e$" (t1)—€" (b)) — (h3[720) fod s + O(h?)
(Miopy+ &M+ M;1)[6 = (h[24) file (81)— €5 (8i-1)) + (B2[3) f 1€ (%)
(TRP[T2) f i (€ (ti42)—2€ (t;) + €5 (t:-1)} — (B4[360)(fi#{" + 11 f ;:8) + O(A?) ,
Let g;=MH(t,t;), we have
280+ B1)[6 = —(B3[720) H (8, to) fof& + O(h%)
(Bisat-4Bs+ Bia) 6 — Hite, ) [(h[24) file (tis1) — e (t5-1)
+(R2[3)f 65 (1) + (Th[72) f ;e (8:.41) — 2680 (8;) + €5 (£-1)} ]
—(h*/360) H(ty, t;)(fif "+ 11 f1£2)+ O(R5) (k) ++--- .
Thus we have
5" i = —(12[12) 3 (H(t,5) £ ()) (1) e2(t)+ (2]3) £ H(ty, ) f 10(5)
—(h3[720) [H (t:, 0) £©)(0)+ H(ty, 1) £€)(1)]+O(R*) .
This completes the proof of Lemma 7.
LeMMA 8. There exists the smooth function #(t) such that
1(t; (Ps—Py) g) = —(h*/180) I(ty; 9) + (h®[360) ny(ts) + A7 (t) + O(R7) .
Proor. Let 4(t)=g(¢)-(Psg)(t), then we have

J Li(s)(Ps—P,) g(s) ds = (h/15)(gs+1—29:+ gi-1)— (B[30)(gi-+1— gi-1)
+(R?[30)($i+1— $i-1) = —(h®[180) g — (R7[2700) g + (h*/30)($ i 41— 4 i-1)
+O(k8) (G=1,2,-+,n—1);

[ s gls) ds — (12[30) 41, [ Ly(s)(Ps—Py) g(s) ds = (A2[30) 41y .

Thus we have
> H(t, t:) JLi(s)(PS_P4) 9(s) ds = —(h*[180) I(t,; g))—(h8/2700) I(ts; g ®)

-+ (h*[360) my(t) — (h°/2160) puq(ts)— (B2[15) 32 H'(t4, 1:) ¢ -
Next we shall consider the following quantity:

S H" (4, 05) [ (s—t)(s—ti12)(Po—P2) 9(5)
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= 3 H'(t, o) [ (s—t:)(s—ti+2) X 0,Qu(s/h— 5) ds
— (13180) 3= H"(ty, ¢;)(8;+ 14,1 +148,_,+6,_)
= —(h3(6) X H"(ts, £:)0;-5+ O(R7) (¢; = (ti+1:41)/2)
where the component 8; (¢=—3, —2,-.,n—1) satisfies:
Bog—0-3 =0,  (46_y+320_,-+236_1+8,)/60 = O(kS)
(64268, + 6685+ 260,45+ 0,4)/120 — — (h*/180) g+ O(F3) , - - -

I

Let y;=H"(t;,!;)0;-5, then we have

(Vira+267:41+66y;+26y;1+7-5)[120 = —(h2[180) H"(t;, t;) g +O(h5) .
Since y;=0(%*), we have '

3 y; = —(h4/180) = H"(ts,t;) g2 + O(h%) = — (h3[180) Iy(ty; g @) +O(R?) .
Thus we have

> H'(t, ¢) f (8—1:)(8—1t:11)(Ps—Py) g(s) ds = (h°[1080) Iy(t,, )+ O(A7) .

This completes the proof of Lemma 8.
LemMa 9. There exists the smooth function p,(t) such that
I(ty; (P3—P,) fei™) = h8p,(4)+O(h7) (m=0,1).
ProoF. Let i,,(2) = (fei™)(t)—Py( fei™)(t), then we have
(1) for +=1,2,.-+,n—1,
[ L) (Pa—P)(feus) ds = —(R3[180) fief® (1) — (151200) f €6ty
—2e(t;)+ e (t;-1)} + (17/2160) ;£ ©) + (k2/30){l/'S(tm)—‘/'é(ti—l)] +0(%9)
(i) for 4=0,n,
j Ly(s s)ds = (h2[30) fy(t) =0, -+ .
Since 4(t;) = O(B) (1=1,2,---,n—1), we have
2 3 H(ty, 1) (o(tinn)—bo(tiey)) = —20° X H'(,t:) ' (t:) = O(R7) .
Therefore we have only to show:
30 H(ty, 1) f; {08 (8:.01) —2€£0(8:) + €4 (8-1)} = B* 32 (H(t, 5) f(5))"(8:) e£2(8:) + O(R%) .
Similarly we have:
() for ¢=1,2, -, n—1,
[Li(s)(Pa—Po)(fei)(s) ds = (R1B){( fei) tis)—2( fed) () + (fei) (ti-1)}
—(R?[30){( fel)' (fi1)— (fes) (ti-1)} +(A230) (i1 (tia) ¢' (t:-1)} + O(R®)
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— (RA]360) fi(e8#(ts12) € (t;-1)) — (3/45) f (1) + (h7/1080) £
+(h7[240) f 1 £ — (B7[2700) { f:£" + 6. f 188} — (h5/240) f } (€% (F:4,) — 2e2(2;)
60 (ti-1)) + (B230) (i (tis) — i (11-0)} + O(R9)
(i1) for 7=0,n,
[ L&) (Ps—Po)(o) fei)(s) ds = (2]30) i) = O, -+ - .

Thus we have

32 H(t, 1) [ L) (Pa—Po)( fei)(s) ds = — (h4/360) 52 H(ty, ) fi(e® (i) o8 (t5-1))
+ (11080 I(ty; f&™)— (AS]2700) I(ty; f&D +6f '8 )— (h5/45) SH(h, ) £ (1)
+(12/30) 3 H' (6 t)(i(tirs) = (ti-2)) + (19]240) I(t3; £ "4 )+ O(h7)
= (15/180) X2 H(t, 5) f(5)) (1) e(t)— (W5/45) = H(t, t;) fre® (1)
+(4/360) [H (13, 0) e2(0)— H (ty, 1) e (1)]— (48/2700) I(t; f£™ + 6 f'£®)
+ (R240) (143 f '8 ) — (R]15) X H' (8, 1;) b3 (t)+ (R/1080) I(ty; ££®))+- O(R7)
we have only to show:
X H' (8, 1) (6) — (B720) Iy(ty; f8®) + O(hs)
Now i) (¢ =0,1,.-.,n) satisfies:
Dilte) = 0, (i (tisa) +4451(0) -+ (10-0))/6 — (RY144) fi{e (br1,)—2e9(8) + €9 (1))
—(h4[720) f:2©) + O(R5), i(t,) =0.
Let f;=H'(t,¢;)1(t;), then we have
(Birat4Bi+Bi3)/6 = (B2/144) FH' (5, 1) (6 (t1)— 269 (8) + €t 1))
—(h*[720) H'(t, t,) f,£'S + O(R5) (¢ = k)
from which follows
X H (b, 8) i) = (R4[144) T (H' (8, ) £(5))"(2) €9(1,)
+ (B3[720) I1(t; f£©)+O(h%) = (h3/720) I,(ty; f£©®)+O(R%) .
This completes the proof of Lemma 9.
Lemma 10. For =3, 4, we have
I PAfet), 10 Pfee)))  and  I(t; Pyl felel)) — O(KY).
Proor. By a simple calculation, we have
II—P;) gl < chlg'| (t=3,4)

from which follows the desired result.

By the means of Lemmas 6-10, we obtain Theorem 2 as in a similar manner as in
the proof of Theorem 1.
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REMARK. If by=b,=0, we have A (t)=y,(t)=0.

Proor. First we notice that H(¢, s) is the (1,2)-component of the matrix;

[ o(t) [E—G1 I:t? l()) } o(1)] 2-Y(s) (s<t)
K(t, s) = vt
—o(t) G [(Z 1?1] (1) o-1(s) (t<s)

where

l: Qo —by jl |: va(t)  ya(0) }
G = , o) =
axys(1)+b1yi(1) - axys(1)+byyi(1) yi(t) ys(t)
and y,(t) (k=1, 2) is the solution of the first variation equation with respect to (£(t),
£'(t)), that is,
Yr =Lo(t, £, &) Yt fo(t, £, £) y;
subject to x(0)=8y, ¥;(0)=385  ([3])-

By a simple calculation we have the desired result.

4. Numerical Examples

In this section, we discuss numerical results obtained from some concrete examples.
These numerical results conform the theoretical accuracies established in previous
sections. In the case of examples 1 and 2, the approximate problems (k=4) (8-10) are
identical with the Numerov difference schemes. We now consider the numerical
solutions of particular examples.

Eample 1 ([1]). As our first example, we consider the following simple linear
problem:

2" =100z, z(0)==z(1)=1.

Its exact solution #£(t)=cosh (10¢-5)/cosh 5.
For this example, Ay(¢)=y4(t)=0.
(i) cubic spline approximations:

Table 1 (h=1/10)

A 2(t) | w(t)
0.1 ! 1.39(—3) ~3.48(-4) | —180(-7)
0.2 ‘ 7.80(—4) —1.94(—4) 5.66(—6)
0.3 2.92(—4) | —17.24(—5) 4,99(—1)
0.4 7.43(-5) | —1.81(—5) 2.53(—1)
0.5 | Lm(=s) |  —405(-6) | 2.93(=1)
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Table 2 (h=1/20)

NG 2(0) | w(t)
0.1 8.73(—5) —2.18(—5) 1.84(—8)
0.2 4,93(—5) —1.23(—5) 1.50(—8)
0.3 1.87(—5) —4,67(—6) 8.88(—9)
0.4 4.97(—6) —1.24(—6) 5.70(—9)
0.5 | 1.38(—6) —3.40(—"7) 4,38(—9)

Here 2,(t) (t=1, 2) and w(¢) are defined as follows:
21(8) = £(0)—[m1(t; ) +5(t; 2)]/2 = O(h*) »
2(t) = () —[42(2; B[2)—wy(t5 B)+daa(t; [2)—aa(t; P)]/6
= —z(t)/4,
w(t) = [24(t) +42,(t)]/5 = o(h*) .

(i) quintic spline approximations:

Table 3 (h=1/20)

23(t) 24(2) o(t)
0.1 6.44(—9) —1.65(—8) 9.78(—10)
0.2 5.42(—9) —1.50(—8) 5.58(—10)
0.3 3.922(—9) —9.32(—9) 2.32(—10)
0.4 1.86(—9) —5,51(—9) 1.05(—10)
0.5 1.43(—9) —4,36(—9) 5.14(—11)

Table 4 (h=1/40)

at) | 2a(t) o(t)
0.1 1.14(—10) —3,08(—10) 1.85(—11)
0.2 8.95(—11) —9.64(—10) 5.33(—12)
0.3 5.23(—11) —1.59(—10) 1.99(—12)
0.4 3.00(—11) —9,18(—11) 1.00(—12)
0.5 2.25(—11) —7.12(—11) 1.98(—13

Here 2,(t) (¢=3, 4) and v(t) are defined as follows:
2(t) = B(0)—[3(t; hf2)+as(t; B2)]/4 = O(1S),
24(t) = £(0)—[3{16a5(t; hJ2)—y(t; 1))
+16,(¢; h[2)—,(t; 7)}1/60 = —(16/5) z(t) ,
v(8) = [1625() +524(£)]/21 = o(h®) .
Example 2. Next we consider the nonlinear equation:
2" =1b2z2, 20)=4, =z(1)=1.
This problem has two isolated solutions such that £(¢)=4/(¢+1)% and £(0.5)=-10.53.
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(i) cubic spline approximations:

A selection of numerical results for the solution £(t)=4/(t+1)? is presented in Tables

Table 5 (h=1/20)
2:(2) 2y(t) (1)
0.2 —5.55(—6) 1.38(—6) 6.0(— 9)
0.4 —4,40(—6) 1.15(—6) 0.0(— 9)
0.6 —2.91(—6) 7.30(—1) 2.0(— 9)
0.8 —1.39(—6) 3.43(—1) 3.6(—10)
(ii) quintic spline approximations:
Table 6 (A=1/20)
24(%) 24(2) v(?)
0.2 3.15(—10) —1.32(—10) 7.43(—11)
0.4 2. 64(—10) —17.29(—10) 2.76(—11)
0.6 1.70(—10) —4,91(—10) 1.50(—11)
0.8 0.83(—10) —2,35(—10) 0.73(—11)
Table 7 (h=1/40)
2(t) | 24(t) u(t)
0.2 5.18(—12) —1,54(—11) 7.80(—13)
0.4 4.40(—12) —-1.29(—11) 2.81(—13)
0.6 2.78(—12) —8.36(—12) 1.28(—13)
0.8 1.38(—12) —4,07(—12) 8,95(—14)
Example 3 ([2]). As our final example, consider
%" = 13— (cos t+1)3*—cos t,
where z(0)'=0 and z'(1)=-23(1) sinl/(cosl+1)3.
The unique solution is #(f)=cos¢+1.
qunitic spline approximations:
Table 8 (h=1/8)
ug(t) uy(8) u(t)
0 2.00(—10) —8.33(—10) 3.62(—12)
1/4 9.23(—11) —3.84(—10) 1.87(—12)
2/4 5.61(—11) —2.33(—10) 1.30(—12)
8/4 5.71(—11) —-2.51(—10) —1.42(—12)
‘ 1 9,15(—11) —4,15(—10) —4,59(—12)
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Table 9 (h=1/16)

ug(t) Uuy(t) u(t)

0 6.24(—12) —2.65(—11) 3.20(—14)
1/4 2.88(—12) -1.13(—-11) 1.89(—13)
2/4 1.73(—12) —7.49(—12) —9.51(—14)
3/4 1.77(—12) -7,70(—12) —2.49(—14)

1 2.84(—12) —9,66(—12) 4,69(—13)

us(t) — £(0)—[3s(t; BI2) +aa(t; I2)]/4,
ug(t) = 8(t)—[1624(t; j2)—ay(t; BYI/15 = —(64/15) us(t),
wu(t) = [64us(t)+15u,(2)]/T9 = O(RS) .
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