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InthepresentpaperwedetermineallmetricalFinslerconnectionstostudythe

groupoftransformationsoftheseconnectionsanditsinvariants.

ァ0.Introduction.

IntheordinarytreatmentsoftheFinslergeometrytheCartanconnection[3]is

adoptedasatypicalmetricalFinslerconnection,butsometimestheothersareuseful.●

Forexample,V.Wagner[25]introducedthenotionofgeneralizedCartanconnectionto

studytheso-calledcubicmetric.So,itisimportanttoconsidertherelationsbetween

variousmetricalFinslerconnectionsandtoinvestigatewhatreasonableplacesthey

holdamongthegeneralFinslerconnections.Infact,ithasbeenstudiedbymany

authorsfromtheirrespeOtivestandpoints(e.g.L.Berwald[2],M.Hashiguchi[5,6,8],

A.Kawaguchi[12],M.Matsumoto[13],E.Miron[17,18],T.Ohkubo[21],A.Sanini

[23]etc.).

ThepurposeofthepresentpaperistodetermineallmetricalFinslerconnectionsto

studythegroupoftransformationsoftheseconnectionsanditsinvariants.Asthe

●resultsoftheseConsiderationswehavethreeFinslertensorfields/?}s/,M言kiandN)ki,

●whichareinvariantforthesemi-symmetricmetricalFinslerconnectionshavingacom-

monnon-linearconnection(Theorem6.2).

Allmetricalconnectionsaredeterminedin§3usingObata'soperators[20]explained

in§2,andexpressedinthevariousformsin§4,wherethesemi-symmetricmetrical

Finslerconnectionsmakeanimportantclass.Inァ5wetreatthetransformationsofthe

generalmetricalFinslerconnections,andinthefollowingァ6weobtaintheabove

invariantsandconsidertheirsomeproperties.

ContinuedfromthispaperweshouldtrytocharacterizetheFinslerspaces

●satisfyingHjki-Mjki-Nt
jki-Oforsomesemi-symmetricmetricalFinslerconnec-
tion.Ontheotherhand,ourmethodisapplicablealsotothecasesofconformal

Finsler,almostsymplectic,almostcomplexetc.structures(cf.V.CruceanuandK.

Miron[4],R.Miron[16],R.MironandV.Oproiu[19]).Theseshallbetreatedinthe

followingpapers.●

ThenotationsandterminologiesarethoseofM.Matsumoto[14,15]withfew
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modifications. For convenience5 sake, we shall devoteァ1 to sketching the materials

necessary for our discussions about the metrical Finsler connections.

This paper was mainly prepared by R. Miron, and was reconstituted by M. Hashi-

guchi adding some historical notes. The authors wish to express their sincere gratitude

to Professor Dr. M. Matsumoto for his kind recommendation to this joint work.

§ 1. The notion of metrical Finsler connection.

1.1. Let Fn be an ^-dimensional Finsler space having L(x, y) as the fundamental

function, where x-(xt) and y-(yt) denote a point of the base manifold M and a

supporting element respectively. The components g^ of the fundamental tensor field

are given by <7*;-1/2∂2L2/d?/%;', and the components y% of the supporting element

become also yt-gtiyj, where {gij)-{gij)-1, vj-L∂L/∂y-

By Matsumoto's theory [14, 15] a Finsler connection FT is defined in three man-

ners as apair (F, N), as a pair (Fh, Fv) or as atriad (Fv, N, Fv), whereF and Fh (resp.

rv) are a connection and a horizontal (resp. vertical) connection in the Finsler bundle

F(M), N is a non-linear connection in the tangent bundle T(M), and /> is a yーconnec-
●

tion in the linear frame bundle L(M). When r)k> C)k are the coe鮎ients of F, and

N芸and F)k are the respective ones of N and />, they are related in

F k -r)u-o)桝NT
1.1

The coefficients of r* (resp. rv) are F)k, N孟(resp. C)k).
●

Throughout the paper the Finsler connection FT having N芸, F)k, G)k as the

●

ooe鮎ients is denoted by FP-(N,F, C) for brevity, and also we use the following

abridged notations :
●                      ●                               ●                    ●              ●                                 ●                                       ●                ●

Aa -sM5ik,乳jk{A)k¥ -A)k-A呈j,毎jki{A)ki) -A)ki+Alij+A¥jk.

1.2. Given a Finsler connection FF-(N, F, C), for a Finsler tensor field, for
●

example, K) (x, y), the h- and v-covariant differentiations are defined by

K}¥k-8^}/紬h+K㌢璃k-K錘　*5I*-∂KIW+KfO£h-K£ jk (1.2)

where 8/Sor - ∂lbxk-NTdl∂y桝.

For the supporting element yl we have y{llk-Flk-Nl, yi¥k-^l+G岩　The Finsler

tensor field D given by
●

Dl-FU-N呈

iscalledthedeflectiontensorメeld.

TheRicciidentitiesapplyingtog^are

9ij¥k¥i-9ij¥i¥k--gsjR…kl-ffis^jkl-9iju芸i-9alsR芸t,

9ij¥k¥i-gij¥i¥k--gsjP言ki-gisPs
jki-9ij¥fi芸i-9i}¥sP芸t,

gij¥k¥i-9ij¥i¥k-一g.i8…ki-ffisSjki-gijlsS完l,

1.8
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wherefivetorsiontensorfieldsT,Rl,C,Pl,Slandthreecurvaturetensorfields222,P2,

β2appear,and比eircomponentsaregivenby●

●●■T:T}h-Vih{F)k),&:8*
jh-乳ik{G'
jk}awik,(1.7)

Ri-.R孟-ォw{82V訂8xl}PX:P孟l-∂N招yLFln

●●●R2'Rm-乳kl{hFM+F?h飽}+o;桝itkl

●P2:P)u-∂F)kl∂tf-O)M+C)桝pm
kl�"

●●S*:S)kl-%u{ZC)kltyl+CJkC㌫β･

1.8)

1.9)

1.10

1.ll

1.3.LetC(xi(t))beadifferentiablecurveinMandC(x{(t),y%{t))beadifferenti-

ablecurveinT(M)mappedonCbythenaturalprojectionr:T(M)-M.GivenaFinsler

connectionFF-(Jl,N),tangentvectorsX(t)alongCarecalledparallelalongCwith

respecttoC,iftheequations

xi+r}kXJ(tk+Ci
jkXjyk-O(1.12)

aresatisfied,whereadotmeansd/dt.

AFinslerconnectionFTiscalledmetricalifthelength(g^(x,y)XiXJ)1/20favector

X(t)remainsunchangedundertheparalleldisplacementalonganycurveCwith

.su鮎ientconditionsthatFTbemetricalare

#yi*-0,g{j¥h-O.(1.13)

cccAremarkablemetricalFinslerconnectionistheCartanconnectionCF-(N,F,C),

whosecoe鮎ientsaregivenby●

裁-÷∂γ00,/ty*,wherey)k-‡細9jml∂xh･∂9k-¥to}-∂9ikl∂x-),(1.14)

c.   1

* y* -すgtM{Sgj桝/8xk+8gkm18xJ-sgnlSx桝) ,

ォ.�"1 ,     I .  .. ..         1

0)h -甘9tm(∂9i-lzyk ∂gk桝/ay｣∂9ihl*y桝) -甘gi桝∂9}サW�"

(1.15)

1.16

Throughout the paper we specify the objects concerned with CF by putting c. It
c        .c

holds ^,*-0, y*¥k-Sk , that is,

c .             c .

Dl-O,　G言　-0.

●

In the following we determine all metrical Finsler connections.

隻 2. 0bata s operators of the Finsler space.

2.1. Let us consider the Finsler tensor fields

÷(8祈9*j9-)>　Q*Yj -i(a.'sj+W'),

1.17)

2.1)
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which have the following properties and play the same role as the operators Av A2 given
●                                                                                                                                                                          ●

by M. Obata [20] in the Riemannian case. We shall call them Obata's operators.

Proposition 2.1. 0bata s operators have the following properties:

鍔+B*;冒-SsSy?　　　　　　　　　　　　　　　　　　　(2.2)

QiYQSn -- q㌶　　Q*VjQ*mr -Q*㌶　　QWJ'r -i2*芸rjSsm"r -0, (2.3)

場-Qlを-0,場-i(w-1)8芸　Q*¥rj-÷恒i)s;. (2.4)

Proposition 2.2. For any Finsler tensor field A)k the following three conditions

(1), (2), (3) are equivalent:

(1) Ql'jAU -O　　(resp. Q*7jAsrk -0),

(2) Q*l言A'fk -A)h　(resp. Q%A¥k -A)k),

(3) gtjA…k is symmetric (resp. alternate) with respect to the indeces i andj.

Using the above propositions we have easily

Theorem2.1.Asystemoftensorequations

S^X'r^AU(resp.Q¥]X…-A)h)

withX)kasunknowns,hassolutionsゲandonlyif

｣2sjArk-0(resp.a*lr
jAsrk-0).

If(2.6)holds,thenthegeneralsolutionsof(2.5)are

X)k-A),+Ql)Y…*(resp.X)k-At
jh+Q*三,rY…k),

(2.5)

(2.6)

(2.7)

whereY)kisanarbitraryFinslertensorfield.

2.2.Now,assumeaFinslerconnectiontobemetrical.ThenObatasoperators

areh-andt'-covariantconstants:

●#yn-0,1-0,Q*;-0,Q*¥r
i¥i-0(2.8)

andtheRicciidentity(1.4)becomesgsjR…ki+gisRs
jki--O.AstoP)ku8)kithesame

relationshold,andwehave丘0mProposition2.2

Theorem2.2.ThecurvaturetensorfieldsR)kuP)ki>S)kiofametricalFinsler

connectionhavethefollowingproperties:

｣*;;#-0,a*;笹kMl-h-0,Q*lriR…kl¥U-,-0(p-l,2,-),(2-9)

*3r…kl-0,Q*lrfP…ォ,...,-0,QKr
jP…kl|....,-009-1,2,...),(2.10)

｣*;;#…kl-0,0*1^8…kl¥U'-h-O,a*zs…klj,...-0(ォ-1,2,...).(2.ll)

Also,weobservethatfortheCartanconnection

Q*l勅c.cc,c.c(2.12)

ァ3.ThesetofmetricalFinslerconnections.

3.1.WeshalldetermineallmetricalFinslerconnectionsbyawell-knownmethod
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based｡nTheorem2.1.LetFr=(N,F,a)beafixedFinslerconnectioninF仰.Then

anyFinslerconnectionFF-(N,F,C)inFncanbeexpressedintheform

0.0.0.
N呈-N長一A孟F)h-F}k+C}mAT-B}k,C)k-O)h-D)k,(3.1)

0whereA¥,B)k,D)karecomponentsofthedifferencetensorfieldsofFTfromFT[14,

15].Thereexistsaone-t0-onecorrespondencebetweenthesetofallFinslerconnec-

tionsFTandthesetofalltriadsofFinslertensorfieldsA¥,B)k,D)k>So,todetermine

●FTinsomegeometricalconditions,forexample,ametricalone,isthesameasto

●determineA芸,Bjk,D)kinsometensorialconditions.

InorderthatFTismetrical,thatis,(1.13)holdsforFT,itisnecessaryand

●●su鮎ientthatA完B)k9Djksatisfy

蒜+git|nA¥+gsjBs
ik+gisB)k-0,g{j¥k+gsjD…h+9hDn-0,

whichisequivalentto●

-BU--÷gt-(gmj了k+9mj¥*Al),S**r

fD…1i-?(3.2)

OO
where,and|denotetheh-and^-covariantdifferentiationswithrespecttojFT.Thus

wehave

Proposition3.1.LetFTbeaメxedFinslerco竺nection.Thenthesetofall

metricalFinslerconnectionsFTisgivenby(3.1),whereA¥9B¥^D)^arearbitraryFinsler

0.tensorメeldssatisfying(3.2).Especially,ゲFTismetrical,then(3.2)becomesQ*YjB…k

●-0,Q*¥r,D…=-O.

●●FromTheorem2.1,however,thesystem(3.2)hassolutionsinB)^D芸kforany

●FinslertensorfieldA芸-X芸.Substitutingin(3.1)fromthegeneralsolutionwehave

Theorem3.1.LetFTbeaメxedFinslerconnection.ThesetofallmetricalFinsler

●connectionsFTisgivenby

0.
N呈-N昌一X呈,

0.0.I00F)k-F)h+C)-XT+甘gi桝(gサiih+gm)¥*K)+s!ix…k,

tSLi1･o･
0}サ-0}*+甘9**9-}Ik+Qlr
jYrk,

3.3)

where X芸, X)%, Y)h are arbitrary Finsler tensor fields.

●

3.2. As the particular case X芸-X)k-Y}k-O in Theorem 3.1 we have
0

Theorem 3.2. Let FT be a given Finsler connection. Then the following Finsler

connection FT is metrical:

･孟-鉱　*ォ-*ォ+÷9 9-j¥k: G)k-C)k+÷9i-9mj¥k (3.4)
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InmanycasesofFinslergeometry,forexample,inthetheoryofextremals,anon-

metricalFinslerconnectionisdeterminedeasilyandnaturally.Inordertoderivea

metricalFinslerconnectionfromagivennon-metricalone,A.Kawaguchi[12]obtained

themetrizationmethodessentiallystatedintheabovetheoremsandshowedthatthe

CartanconnectionisderivedfromtheBerwaldone.WeshallcalltheconnectionFTin

0Theorem3.2theKawaguchimetricalconnectionderivedfromFTanddenotedbyKF.

0Asexamplesofnon-metricalFinslerconnectionsFFweknowtheonesBF,RF

andHTgivenbyL.Berwald[1],H.Rund[22]andM.HasMguchi[9]:

0.C.0.C.C.0.
Br-.m-N呈jk,(?y*-0,

0.
Rr-
.n呈-N呈F¥h-F)
'4hjk,GW-O,
0.0.Hr:N呈-N芸F)k-Fjk+P)k9C7&=-C^y*�"

Payingattentionto(2.12)we血avefromTheorem3.2

0Theorem3.3.LetFTbetheCartan,Berwald,RundorHashiguchiconnection.

ThentheKawaguchimetricalconnectionKFderivedfromFTistheCartanone.

3.3.WeshallconsidervariousexpressionsofTheorem3.1.Ifwetakea

0metricalFinslerconnection(e.g.CF)asFFinTheorem3.1,wehave

Theorem3.4.ThesetofallmetricalFinslerconnectionsisgivenby

N孟-k孟-xiFU-F)k+C)桝Y--i-OtrY?cw-cL+mriY
'jkjk--sj…k->(3.5)

whereX¥,

Inthe慧veY皇乙arearbitraryFinslertensorfields,

e｡remwecanreplaceX¥bythede且ecti｡ntens｡rfieldD¥.WeshalldenotebyFT(D)aFinslerconnectionhavingD蓋asthedeflectiontensorfield.

Especially,aFinslerconnectioniscalleda･-connectionifD孟-0.

Ifwecontractthesecondof(3.5)byyj,anduse(1.3),(1.17),thenX蓋in(3.5)is

expressedas

X呈-D呈　OtrYs (3.6)

Conversely, D芸may be arbitrarily given instead of X芸. Thus we have

Theorem 3.5. Let D孟be agiven Finsler tensorメeld. Then the set of all metrical

Finsler connections FF(D) is given by (3.5), where X芸　Y)k are arbitrary Finsler tensor

fields and X孟is given by (3.6).

Theorem 3.6. The set of all metricalF-connections is given by (3.5), whereX芸　jk

are arbitrary Finslerメelds and X蓋　Otrys

●

3.4. The arbitrariness ofX芸in Theorem 3.1 tells us any non-linear connection N

may become the non-linear connection of a metrical Finsler connection. We shall

denote by FF(N) a Finsler connection having N. as the non-linear connection. Theorem

3.1 is also restated as
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Theorem 3.7. Let FT be aメxed Finsler connection. Given a non-linear connection

N, the set of all metrical Finsler connections FF(N) is given by

0.c.I00
F}k-F}k+G)-XT+すgim(g-jik+g-i¥*xnk)+Q!'
,Xn,

IS*i1^?~i
Ch-G}k+す9%mgmiU+Ql4Y…k,

3.7)

0 .                   .

X蓋-N芸-N蓋and X)k9 Y)k are arbitrary Finsler tensorメelds.
0

If we take N-N, we have Sanini s resdt [23]:

Theorem 3.8.　茸be agiven n｡n-linear connection. Then the set of all metrical
0

Finsler connections FF(N) is given by

fU -fU+÷tf-g-jlh+Qi',x…k 9　　　‡gi-g桝jh+^Y…k9 (3.8)
0                                   0              .

where FF is a fixed Finsler connection FF(N) and X芸k, Y芸are arbitrary Finsler tensor

メ
0

If we take a metrical Finsler connection (e.g. CF) as FF in the above theorem, we

have
c

Theorem 3.9. The set of all metrical Finsler connections FT (N) is given by

c...c.F)h-Fh+azxu,Gh-CU+at'
jYU,

whereX)k,Y)karearbitraryFinslertensorメ

3.9

§ 4. Some special classes of metrical Finsler connections.

●                  ●

4.1. We shall here try to replace the arbitrary tensor fields Xfa, Y)k in Theorem
●

3.4 by the torsion tensor fields T)k9 S)k-　We put

･   1

T*U -甘9%l (9ikT)k-9ikT音k+9kkT)i) ,

･   1

s*}k -す9u(9ihS紅9ih8n+9thShサ).
c .

Since Tjk-O, we have from the second of (3.5)

c.Th-乳jk{F)k]-ォサ{05桝xr+wxh)

●Substitutingin(4.1)from(4.2),wecanexpress｣*-;<｣.try茅kintermsofX孟andrjk:

c.cQYiX…k-C孟仰x?-cjk桝g"X㌢+T*)k.

4.1

(4.2)

4.3)

Conversely, if for any alternate Finsler tensor field T)k we see (4.3) as a system of
●

Obata s equations in X)k, the compatibility condition (2.6) is easily verified. So, T)k

may be arbitrarily given instead of X)k. As to Y)k the same argument holds and we
have
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Theorem 4.1. Let T)k, S)k be give竺alternate Finsler tensor fields. Then the set

of all metrical Finsler connections having T)k, S)k as the torsion tensorメelds T, Sl is given

by

.     C .

N呈-N長一X鳶,

c .    c .        c .         c

F)k - F)h+C)桝x?+c孟桝X,r-Gjkmgtlx『+T*)k ,
c .

Cjk - Cjk+S*}k 5

(4.4)

X芸isanarbitraryFinslertensorfieldandT*)k,8*)%aregivenby(4.1).

●4.2.Inthesamewayasin§3.3thearbitraryFinslertensorfieldX芸mTheorem

●4.1maybereplacedbythede且ectiontensorfieldD芸.

Theorem4.2.LetD¥,T)k,S)kbegivenFinslertensorメeldsandassumethatT)k

andS言karealternate.ThenthereexistsauniquemetricalFinslerconnectionFT(D)

IhavingT)kyS芸kasthetorsiontensorメeldsT,Sl.Itisgivenby(4.4)with

c.X孟-Di+GUg桝irprj¥m
lQiyr--UQトJ-｡k�"(4.5)

Theorem4.3,LetT)k,8)kbegivenalternateFinslertensorメelds.Thenthere

existsauniquemetricalF-connectionhavingT)k,S)kasthetorsiontensorメeldsT,S¥It

isgivenby(4.4)with

c.X芸-C呈桝g桝ITr｡,yr-T*昌(4.6)

Theorem4.4.ThereexistsaunもquemetricalFinslerconnectionwiththeproperties●

●●D完-0,T)*-0,8}k-0,thatis,N呈-Flk>F)k-Flj>G)k-G芸j.ThisistheCartan

connectionOF.

ThischaracterizationoftheCartanconnectionisduetoM.Matsumoto[13],in

●whichhenotedthattheCartanconnectionhasonlyoneessentialtorsionGjk,because

ofT言k-S言k-0,R芸i-Rlki,P芸i-Plkt,andgaveanexampleofametricalFinslercon-

nectionwithmanytorsions,whichisobtainedfromTheorem4.2bytaking

Dl-L-HL包8孟-fyk),T)k-L-myk-BlyA,S}k-L一%vk-8*yy).

4,3.Payingattentiontot九enon-linearconnection,Theorem4.1isalsorestatedas●

Theorem4.5.LetNbeagivennon-linearconnection,andletT)k,8)kbegiven●●

alternateFinslerte竺sotfields.ThenthereexistsauniquemetricalFinslerconnectionFT

(N)havingT)k,S)kasthetorsiontensorメeldsT,Sl.Itisgivenby

Fi
ik-Fi
it+C4
imXT+ai桝X,--ajkm9"Xf+T*)k,C)k-G)k+S*)k,(4.7)♂.whereX孟-N芸-N孟andT*)k9S*}saregivenby(4.1).

Theformerof(4.7)isalsowrittenas

c.c.cF)k-y)k-C)mNt-C呈桝N?+Cjkmg>lN㌢+T*)
;*
令

c
Especially,ifwetakeN-N9wehave

4.8)
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Theorem 4.6. Let Tjk, S)k be given alternate Finsler tensorメelds. Then there
c

exists a unique metrical Finsler connection FF(N) having Tjk, S}k as the torsion tensorメelds

T, Sl. It is given by

c .       .         .     c .

F)k-Fh+T*)k,　Gh-Ch+S*)h, 4.9)

whereT*l
jk,S*jkaregivenby(4.1).

CTheorem4.7.ThereexistsauniquemetricalFinslerconnectionFF(N)whose

torsiontensorメeldsT,Slvanish.ThisistheCartanconnection.

From(4.9)wehaveD孟-T*｡｣.Conversely,thesubstitutionin(4.5)fromDl-

●T*昌kyieldsX孟-0.Thuswehave

Theorem4.8.AmetricalFinslerconnectionhavingT)kasthetorsiontensorメeld

cThastheCartannon-linearconnectionNifandonlyifthedeflectiontensorfieldisgivenby

●D-T*ok(4.10)

4.4.AFmslerconnectioniscalledsemi-symmetricifthetorsiontensorfieldsT)%9

Sjkhavetheform

Tk-(T}h呈-Z*85)/(n-1),S}k-(Sj8長一/S*81)/(ォーl),(4.ll)

whereTj-TjiandSj-Sjiwillbecalledtheh-andv-torsionvectorメeldsrespectively.

TheCartanconnectionisconsideredasa.F-connection,oraFinslerconnectionFT

c(N),whichissemi-symmetricandmetricalandwhosetorsionvectorfieldsTy,Sjvanish.

●●●IfweputGj-Tjl(n-1),Ti-S,(n-1),thatis,Tjk-乳jhfafi鉦8h-%k{丁邦},then

T*jk,8*)kgivenby(4.1)become

T*)k-ofr-gitf-2鞘(o*-gサof),

●丁,･8孟-#*t'-2瑚丁,(7%-s
-n"丁,).

(4.12)

From Theorems 4.3 and 4.6 we have the generalizations of Hashiguchi's results [8],

in which the semi-symmetry was defined as T^-3t;^{8ya^}, /Sk-O:

Theorem 4.9. The set of all semi-symmetric metrical F-connections is give元by

c .      c .

N呈-N呈+L2C呈桝q桝+ao8孟�"yw書,

c .        c .  c     c .  c      c .  c

F)h - F)h-L*(C扉Z +o孟桝Cfs-Ct桝Cfk) *>
c .       c .       c            c .

+(G%yk+G呈yi-Cjkstf)^-Cjk<*｡+<*fi長一9jk-1 ,

c .
●

e;* - Ciサ+Ty8j-gry*T* ,

4.13

where07,
pTarearbitraryFinslervectorメelds.

6Theorem4.10.Thesetofallsemi-symmetricmetricalFinslerconnectionsFT(N)is

●givenby

c..c.
F)k-F'
jk+2瑚0)k-G)k+2瑚T,,

wheregj,tj,arearbitraryFinslervectorメelds.

(4.14)
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A Finsler connection obtained by putting Tj--0 from Theorem 4.9 is called a

Wagner connection [8], and was used to study Wagner's generalized Berwald space

[25]. It has moreover made the important contribution to the conformal theory of

Finsler metrics [10, 11], On the other hand, in a Finsler connection of Theorem 4.10

the deflection tensor field is alive: D芸-a｡8長一y#y¥　The simplicity will, however,

lead us inァ6 to the discussion of the transformations of such connections.

§ 5. The皇roup of transformations of′metrical Finsler connections.

5.1. Let FT, FT be any two general metrical Finsler connections. If we see
0

Fr, Fr as FT, FT in Proposition 3.1, the given FT, FF are expressed as
●

N呈-N長一A呈F)k-F)t+O)桝Af-B)^,C}k-G'
jk-Djjk (5.1)

forsomeuniquelydeterminedFinslertensor且eldsA¥,B)k,D)ksatisfying

●
QKr)B…-0,0*%rT)…-0,(5.2)

Conversely,givenFinslertensorfieldsA¥,B)k,D)ksatisfying(5.2),theabove

(5.1)isthoughttobeatransformationofaFinslerconnectionFTtoaFinslerconnection

FF.Thenittransformsametricalonetoametricalone.Weshalldenotethistrans-

formationbyt{A孟9B)k,D)k).

Let蔓bethesetofallsuchtransformationst(A孟B)k,D)k).Foranyt(A孟jB)k>

D)k),t(A蓋,Blk,D)k)牀蔓theirproductbecomes

t(AIB)h,D)k)｡t(AIB)k,D}>)-t(Al+Al,B)h+B)h+D)jmオ?,D}サ+25Jサ),(5.3)

●●●

whichbelongsto蔓And,anyt{A孟9B)k>D)k)∈蔓hastheinversetトA¥,-BU+D)桝

AT,-D}k)in蔓.Thuswehave
●打～∃
Theorem5.1.Theset笈ofalltransformationst¥A¥,B)k,D)k)givenby(5.1)

with(5.2),togetherwiththemappingproduct,isagroup.Thisgroupactsonthesetofall

Finslerconnectionseffectively,andactsonthesetofallmetricalFinslerconnectionstran-

sitively.

〝i5.2.Thegroup芝isasubgroupofthegeneralgroup笠oftransformationsof

Fmslerconnections[18].Ontheotherhand,ithasfiveremarkablesubgroups:

蔓N-{t{O,B}k,D'
jh)∈登),登c-{t(Ai,B}k,O)∈範,

蔓r-{t(AIO,0)∈蔓),蔓NC-[t(0,B)k,0)∈範,蔓NF-{t(0,0,D)h)∈範･

Theseareallabelian,andwehavefrom(5.1),(1.1)

Proposition5.1.をand蔓NpreserverandNrespectively.%mfpreservesN

andTVandsorh,and蔓cpreservescandsorv-And,笠NCpreservesNandC.

登n,%candso還NCarenormalsubgroupsof%[18].登and鼠arenotnormalin

EPヱ】E7i】打才】
質butnormalin芝and笈Nrespectively.

肪1n彬
Anyelementof笈canbeexpressedastheproductofelementsof雪上and笈N:
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●●i(A圭,B)h,D)h)-t(O,B)k,D)h)｡t(Al
k,0,0),

which is not necessarily equal to t (A呈, 0, 0)｡t(0, B)k, D)k), Thus we have
解クル解

Theorem 5.2. The group笈is the semi-direct product of its subgroups笈　and笈N:
EZZ】　　m^^KmWi

隻-笈TX笈N.
un控き】        mi

Also, any element of笈can be expressed as the product of elements of芝　and軍ⅣF:

t(A去, B)h D)h) - t(Q, O, D)k)｡t(Al, B}k, O) ,　　　　(5.5)
●

which is not necessarily equal to t (Al, B)k, 0)ot (0, 0, D)k). Thus we have
〝i                                                    〟i解

Theorem 5.3. The group笈is the semi-direct product of its sbugroups芝　and笈N9'
〝i　　　〝;　. m

隻-笈cx笈NF.

5.3. By Proposition 5.1 we can consider that Theorem 5.2　and Theorem　5.3

correspond to Matsumoto's first and second definitions (p, N) and (p , pv) of a Finsler

connection respectively.
〝i彬クル御m

As is easily seen,笠N is the direct product of its subgroups芝NC and芝NF:笈　　NC

x蔓NF, and蔓c is the direct prochi｡t of its subgroups軍and蔓NC:蔓C-蛋,×蔓NC-　Cor-

responding to his third definition Fr-(Tv> N, rv) we have
2H]

Theorem 5.4. The group芝is expressed as

Z冴】             ∃       m ^^K^mVi】     Mi

蔓- (笠,×笈NC)×%NF -笈,×(笈NCX笈nf)�"

Corresponding to these decompositions the following commutative diagram holds for every

transformation of metrical Finsler connections t(Al, B)k, D)k) ¥ (N, F, G)-(N, F, C).

}
タ
岨
=
=
日
日
M
u
団

β酋
凧

蝣
t

o
云

〉
2
f
c
1
-
｣
引
｣
上
>
&

,
β
,

n
J
h
u

l
C

タ

lgl
叫

n
u
r
H
U

･･)ハ
U

n
H
r
L
H
u

一
C

-
1
9-
十
'
I
k
,

β

t
e
:

y
h
1

入-t{A¥,B)%,%p-t(O,B*jk,D)h),

●●α-M*.0,0),β-t(O,B)k,O),γ-t(0,0,D)k)

§6.The皇roupoftransformationsofsemi-symmetricmetricalFinsler

connections.

6.1.Weapplytheprecedingconsiderationstothesemi-symmetriccase,andwe

willdeterminesomeinvariants[18].

LetNbeanon-linearconnection.Thenanysemi-symmetricmetricalFinsler

connection打(N)isgivenby(4.7)with(4.12).Hencetwosemi-symmetricmetrical

FinslerconnectionsFT{N),FF(N)arerelatedintheform

N呈-N呈F)k-F)k+2'jkjk一明0¥k-C)k+2
<jkjk一明丁(6.1)
forsomeuniquelydeterminedFinslervectorfieldsgj,t;ォ.Conversely,givenFinsler
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vectorfieldsay,Ty,theabove(6.1)isthoughttobeatransformationofFinsler

connectionspreservingthenon-linearconnection.Thenittransformsasemi-

symmetricmetricalonetoasemi-symmetricmetricalone.Weshalldenotethis

stransformationbyt(avTi),Let笈Nbethesetofallsuchtransformations.Thenit

b

t(apテ∫)ot(ai>丁;-)-%+<rpTj+テj)

andwehave

sTheorem6.1.Theset笈Nofalltransformationst(apTj)givenby(6.1),togetherwith

themappingproduct,isanabeliangroup.ThisgroupactsonthesetofallFinslercon-

nectionseffectively,andforeachnon-linearconnectionNitactsonthesetofallsemi-

symmetricmetricalFinslerconnectionsFT(N)transitively.

ssssAnd,軍Nisthedirectproductofitssubgroups%Nc-{t(^jO)笈N]and笈NF-{t(O,rj)

ssss
虚N):笈N-笈NCX笈NF.

s6.2,Inordertofindinvariantsofthegroup笈n,letusconsiderthetransforma-

tionformulasofthecurvaturetensorfieldsbyatransformationofFinslerconnections

N孟-mk)F¥k-F¥k-B)
)kjk-0}%,Cfh-Gik-Da
'jkjk-^jk(6.2)
FromProposition3.1of[9]ordirectlyfrom(1.9),(1.10),(1.ll)wehave

Proposition6.1.Byatransformation(6.2)ofFinlserconnectionsFT,FTthecurvature

tensorメeldsaretransformedasfollows:

●●Rikl-Ritjhljkr-D)mRfi-B)桝Tfi+乳ki{-B)M+BfkBl
mi],(6.3)
●p)ki-P)ki-D)桝hi-tit桝Cw-B)k¥i+Df
ji.,+Bm^-D^BU,(6.4)

I●●B)ki-S)m-D)桝STi+%1トDhU+DftDUi)(6.5)

WecaneliminatethetorsiontensorfieldsRliandP孟from(6.3),(6.4)andobtain

theFinslertensorfieldswhichhavethetransformationformulassimilarto(6.5).

Proposition6.2.TheFinslertensorメeldsdefinedby

^jkl m一　　桝

●

晦l -乳m {P)m-Q)桝aNfldyl}

are transformed by the transformation (6.2) as follows :
- ●                ●             ●                                   ●

K)ki - K)ki-B)桝T?i +乳hlt-B)k¥i+BjlB㌫β , (6.8)

邪hl -郵hi-B)桝Sti-D)桝T?i +乳hlト　　　　　　　　　　　‰β　(6.9)

6.3. Now, we shall treat the transformation (6.1) of semi-symmetric metrical

Finsler connections. Substituting in (6.8), (6.5), (6.9) from

B)k - -2瑚　　Dh - -2堵　　Ttl -%u{TkS¥}l(n-1)
8h - Xu{8サfi}Kn-1) ,

we have



Metrical Finsler Connections m

Proposition 6.3. The Finsler tensorメelds Kjkh 8}kh郵ki of a semi-symmetric

metrical Finsler connection FT are transformed by the transformation (6.1) of FT to FT

as follows:

K)ki-K)ki+%^jkijkV乳klt瑚ori}>

..■■●●8)ki-S)ki+2>iォjki乳hlt瑚Trl)>

●郵kl-邪ォ+23tw(0呈jPri)

whereweputfortheh-andv-torsionvectorメeUsTj,SjofFr

arl-iar¥l-aral+÷gri0-orTil(n-1)(a-grsaras),

丁,i-7,ll-fTj+÷gHT-TfSil(n-1)(7-<rT'Ts),

(6.13)

(6.14)

ph -or¥i+Tru-{orrl+Trol)+grlP-{TrTi+orSi)Kn-1) (p-grsafrs). (6.15)

If we pay attention to the type of the transformation formulas shown m the above

proposition, we have the following important invariants similar to the Weyl conformal
●           ●

curvature tensor丘eld by a welLknown elimination me也od.

Theorem 6.2. For n>2 the following Finsler tensorメelds H)hh M)u, N)ki of
s

semi-symmetric metrical Finsler connections are invariants of the group笈N :

Ijkl - K)kl+2乳kl{QY}(Krl-Kgrll2(n-1)))l{n-2) ,

M)U -8)M+軌lt鞘(Srl -8grl12(n-1))}l(n-2) ,

N)M -晦*+29tォ{鴫opw一軸/2(n-1))}/(サー2) ,

whereKxb-K¥tjkjki9S;l-S]?]kjki3軍jk軌K-9*K}h,
S-g>kSjk,甲-g甥/ft.

6.4.Inthefollowing,letusassumethenon-linearconnectiontobetheCartanone

c
NandconsidersomepropertiesoftheinvariantsHfoi,MUhN)kiofsemi-symmetric

cc.c.c.metricalFinslerconnectionsFT(N).SinceH)ki-H)kuM)M-M)kuN)ki-N)huitis

sll鮎IenttostudythepropertieswithrespecttoOF.

ThetagentspaceMxatxeMisconsideredtobeaRiemannianspacewithg^(x,y)

c.c.asthemetrictensorfield.SinceCUistheChristo鮎1symbolfrom(1.16),8.}uisthe

c.curvaturetensorfield.HenceMUi^nothingbuttheWeylconformalcurvaturetensor

●fieldoftheRiemannianspaceMx.FromtheinvarianceofM)%iwehave

cTheorem6.3.LettheFinslerconnectionbeasemi-symmetricmetricaloneFr(N).

//w-3,thenMjM-O.Forn>3M}kl-0才andonlyゲateachpointxeMthetangent

RiemannianspaceMxisconformallyflat.

Since∂Nu∂-mi∂ykfrom(1.14),wehave妬-9t*/{jPyw}foraFinslercon?ec-

tionFT(JV).Asiseasilyseen[7],wehave妬--#y*n｡>whichimpliesN)M-

¢.
-Mjm|O.Hencewehave
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cTheorem6.4.Forasemi-symmetricmetricalFinslerconnectionFT(N)itholds

cN)u--M3･的｡i(6.19)

andM)ki-OimpliesNt
jki-O.
●

.cc.cc.Next,withrespecttoCTwehavefrom(2.9),(2.12)Q*l芸Krkl--03･桝

cccc.c.-CmRTi,whereCm-C芸Ontheotherhand,K)uisthecurvaturetensorfieldofthe

c.RundconnectionRF.AsoneoftheBianchiidentitieswehaveSjki{KUi}-0>from

whichitfollows%ki{Kk{]-♂%Rti-Asto,S!w,妬wehavethesimliarrelations.Since

sCm-Cl桝andRliareinvariantsof笈N,wehavefrom(2.3),(2.4)

c
Theorem6.5.Forsemi-symmetricmetricalFinslerconnectionFT(N)theinvariants

●●HjkhM*
jM9NjMhavethefollowingproperties:

c .

siKWrki--G)mRti,　a*芸,rM…w-0.,　q*i:n…ォ-O, (6.20)

Hiki--CJITi,Mt
iM-0,N言kl-0,H)ki-0,

M)hi-0,N)hi-0.(6.21)

●毎jkl{Hjkl)--C,,ら)uWjRTi)l(n-2)t毎yw(M}w)-O,

●魯蝣ju{N)m}-0.(6.22)

Itisnotedfrom(6.21)thataBerwaldspacesatisfyingHlki-0isjustthespace

treatedbyGr.Soos[24].Weshallfinallygiveanexampleofthespacesatisfying

●B)u-0.

Theorem6.6.IfthetensorメeldKUiofasemi-symmetricmetricalFinslerconnection

cFT(N)hastheisotropyproperty

Kjki -A(x, yWigjk-Blgu) , (6.23)

then H)u-0.
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