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Abstract

In this paper we consider adaptive meshes for the Galerkin's method to solve

a two point boundary value problem. The interval is partitioned so that errors

under the jL2-energy norm and the L∞-norm are less than a wishful value. Some numeri-

cal results are given.
●

1. Introduction

Recently, many reseachers study the method of adaptive meshes for various

approximate solutions of two point boundary value problems ([1], [2], [3], [4], [5], [6]).

For example, Babu紘a and Rheinboldt published a posteriori error estimates which

gave bases of adaptive meshes for the Galerkin's method読nd, using their estimates,

●

they calculated examples of adaptive meshes ([1], [2], [3], [4]). Also the studies of

adaptive meshes have been doing for the difference method and the collocation

method ([5], [6]).

We shall consider adaptive meshes for the Galerkin's method to solve two point

boundary value problem (3.1) in §3. Babu紘a and Rheinboldt considered adaptive

meshes on condition that number of intervals used in the partition is fixed. In

paper, for a positive constantァ, we shall consider approach to optimal meshes which

satisfy conditions

′　　　　　|y-rh<i> ≦8

and

ny-Y¥¥i∞(I) ≦8,

where y is a genuine solution of (3.1) and Y is its Galerkin's approximation.

The examples are ､shown inァ4. The actual errors are very small at the nodes

against the wished errors. Also it isn't mentioned in tins paper how we partition the

interval at first. If the studies for these And the improvements of error estimates inァ3

make progress in futuer, adaptive meshes mentioned in this paper will turn out to more
●                                            ●

sigm丘cant meaning.
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2. Notation

Given real α and β with α<β, let I be the open interval {x∈Rllα<x<β} and /

its closure.

For an integer Jc^O let Ck(I) be the space of &-times continuously differentiate

functions on /.

Also let L2{I) and L∝(I) be the spaces of measurable functions/ such that

II/IL'</)-(J7(*)2^ ′2　<+-

and

||/||ioo(j) - ess supげMl　<+∞ ,

respectively. Further more let (�",�") be the inner product in L2(I) and Hl(I) be the

space of locally integrable functions u such that u,u′ ∈ LHI) and u(α)-ォ(β)-0. For

each u ∈ Hl(I), define

Nh.1(/) - (HV(j)+KII2lォ(/))1/2 ,

which is the norm on H去(I)-

Assume that functions a and b are in C-(I) and there are constants左a and I such.

that

房≧a(x)≧a>0,あ≧blx)20, ∀∬∈J.

Fortheseaandb,defineforuandvinHl(I)

Bilu,v)-∫(au'v'+buv)dx,

i
and

1回|*(i)-(｣/(ォ,W))1/2.

ThenBAu,v)isabilinearformonHl(1)×H去(/).Also|H|e(/)isanormequivalent

tothenorm¥¥-¥¥hUdon#サ(/).

Ontheinterval/considerapartition

A;α-x%<x今<-ォ-i<atf-βm-m(A)≧1,

introducethenotations

J/A)- (隼1,弔) ,

*i(A) -弔一年1 ,

h(A) - maxhAA).
1≦)Ism

●

J-l. ,m

Let Pk{J) denote the space of polynomials of degree not greater than k restricted to

a set J(J⊂Rl). For the partition A and an integer r≧1, define

MÅ- tv∈C-(I)¥ v¥im ∈P,(/;(A)),j- l, -,m;v(α)-ォ(β)-0}.

Obv阜ously the relation ^f左⊂ lh(I) holds.
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3. A Boundary value Problem and its Error Estimates

●

In this paper we consider the following two point boundary value problem:

L[y]-一意(a(x)忽I+b{x)y-f(x), x∈I-(0,1),

ォO)-yl-0,

3

3.1

where a ∈ CV), b, f∈ (7f-1(/) and, as before, assume that there are constants a, a and
b such that

aT≧a(x)≧a>0,あ≧b(x)≧0,　　　VxeI.　　　　(3.2)

From now on assume that (3.1) has a unique solution y ∈ Gr+1(I) for each/∈ (M7).
Also for a partition A, let Fa be the Galerkin's approximation to y determined by

the relation

(aYk,v′)+(bY｡,v) - (/,v),　　　Vv∈J?左.

Then the following result is known by Babu紘a and Eheinboldt ([1]).

(3.3)

The

Galerhin'冒HEMl

appr｡;Letybethesolutionof(3.1).Also,forapartitionA,letFAbethe

imati｡nt｡ydeterminedby(3.3).Thentheinequality¥¥y- Y4E(I)

holds, where

)1′ '(1+O(A(A)))

A

p目; Tj(x)2dx,
rAx) - L[Yaトf,　x∈ tyA)

a孟in- ｡min｡ a(x)¥
*y-i ≦x≦xj

●

J-h　,m,

3.4

Using theorem 1, we shall show the following
●

Theorem 2. For the same assumptions in Theorem 1, there are positive constants C′ and

0" such that

¥¥y-Y△||loo(/サ(A)) ≦ C′(

W*)%A ヾ′2r｢

) '+C〝||2/('+1>lkoo(/,.(AサA,-(A)'-サ(3.5).7-1 7Cl砿in

for each interval J*(A).

Proof. Let g-^y-YA, then

(al′, v')+(b?,v) - O,

Let G(x, S) be the Green's function for (3.1); i.e.,

V∈.,W左.

y(x) - (L[yl G(x,-) )-(ay',貰(x,.))+(by, G(x,.^
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Inparticuler,thisrepresentationholdsforY¥∈mi).Thus

弼)-(<′,蛋(xl-])+(b^G(xf,.)),

-(ar′,貰(*S,-)-*)+(-(吟)-v),

Isfil割

ば(^)l≦l馴E(I)mf¥¥G(吟･トォy*(i)�"

H3T4員

Also,since

G{x%-)∈H'+H(0,x号))nH'*H(吟1)).

then

inf三IflK.トv¥¥eu)≦｣(*Cf,.i-

v-=l

･&cv,aAy(A)a<'+1>)||0<'+1>(x?,-)l裾>�"<*))y′2,

where,forexample,itisfoundby[7]that

Cr.l-4/(r!f,

^r,2`-4/((r+1)/)2･

Tbus

IW)I≦(
MA)V5 ¥1/2

)
■■■■■

;=1 7Ta砿in

V∈　ftA　　　3.6

(3.7)

･　　　　　　…HG<f-*>(a;?,�")ォ!�"</-,)1′2

X(1+O(A(A))). (3.8)

From now on, for simplicity, denote the right-hand side of (3.8) by Cv

Now, let function α(x) be the linear function on the interval 7f*(A) such that

α(弔-i) - r *含-1) ,

α(撹) -nサ号) ･

Also de丘ne

P-(I,-(A)) - (v∈P,(/,(A) ) |ォ(s含-i) - v(xチ) - 0} ,

and let z ∈ PJIXA)) satisfy the relations z(弔-i)-y(撹-i), zlx号)〒y(x号) and

Bu(A)(z,w) - Bm｡>(y>ォ0サ　　　　w∈ W<A) ).

Then it follows from Peano's theorem ([8;P 1081) that there is a positive constant C2

such that

P-yh ∞(W*)) ≦G2¥¥y{r+1)¥¥坤{Ii(A))hi(A)if+i

Set

(3.9
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v{x) -

i

Fa-z+α,　x∈Zi,

0,　　　x∈I＼/,.
Then

1回|1(/*<A)) - Bu(A)iv> v) >

- B/ォ(Ai(Y｡, v)-B云(A)(y, w)4-Bォ(A)(α, ") ,

- B蝣ォ(A)(α, ").

-1回¥S(H(｡サH*<ォ<｡)).
Thus

1回E(Ii(A)) ≦ l回U(j*<A))

Moreover by Markoぽ's inequality ([9; §1.3]) we have

l回I*蝣</*�"<｡)) ≦ (*||a′ !!�"(ォ(aサ+b¥¥αlほ卓(/f(A)))1/2 ,

･ (蒜cf･榔ォ(A)I)1′2,

-c,
(

4房

MA)
+lh(A).. /2,

i.e.
＼

l回¥e(ih△,, ≦ Cl(蒜+l hi(A)a/2

It follows from [10; P845] and Poincare's inequality ([11; P57]) that there is a positive

constant C* such that

Mj叫*�"(*)) ≦ CxCJL如+bhi(アn/　　　　　　　　(3.10)

Since :｣-y-z-v-¥-α the estimates (3.9) and (3.10) show that the inequality

¥¥y-Y｡IIL∞(/*�"(*)) ≦ CAl+CJia+bhAAW/'')+C4y{r+1)h∞(im)hi(*)r+1 (3-ll)

holds. Q.E.D.

Now比e problem (3.1) is replaced by

L[y] - y〝-a(x)y -b(x)y- -f(x) ,　　　x ∈ I,

ォo-yiJ-o,

where a,b,f∈&-i(I).

Similar results to Theorem 2 can be found without using Theorem 1 ([12]). But,

compared with previous problem, it must be generally di鮎ult to compute the

constants of this problem.

4. Adaptive Meshes and their Examples

In this section, we consider the methods of partition in accordance with the error

estimates in §3.
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警hji^m
■■■-

i-l TCZ砿in )

1/2

Then it follows from Theorem 1 that

l¥y-y｡¥¥e(I) ≦ C(A) (l+O(h(A)¥ ).

紘a and Ehemboldt considered adaptive meshes on condition that number

of intervals used in the partition is fixed. But we consider the partition such that

C(A) ≦　　　　　　　　　　　　　　　　　　4.1)

with a few number of intervals used in the partition and less computational time.

There are various methods to get (4.1).

In this paper we use the method (Method I) which bisects all intervals such that

H*) fi

7T2砿in
>82

till the inequality (4.1) holds. We compare this method with the method (耶ethod II)

which bisects the only intervals I*(A) such that

WA)ォ写　　　　h(*)ri
IMKl坦

7t2aふ　.7-1,�"二　7z2a'in

>32. (4.2)

Generally speaking, Method I takes more number of intervals used in the partition than

Method II, but on the other hand Method I takes less computational time than Method

II. The computational results by each method are summarized in Table 1 and Table

4.

Next we consider the partition in accordance with Theorem 2. Then it is the

important problem that the value ||^/(f+1) ||i∞(∫/(A)) isn't generally known. Using (3.1),

we get the representation such that

C+i) ≡ A(x)y'+B(x)y+C(x).

Also, using the same way as in [12],

Wy^-Y^h ∞(I) ≦ C%('+DL ∞(/>*(A)f+1->　　　(i - O, i).

Thus we substitute the norm

¥¥AYA+BY｡+Ch ∞</*'(A)) (4.3)

for　¥¥y('+1)IU∞(U(A))

De丘ne

C(A, J,(A)) - <7(A) ( ｣ (uCr* hjiAr+bCr.z Ay(A)ォ('+D) ]¥G-(xS, 'flh-am))1′2

×(<?3(如+bh{(An/2+l)+C2¥¥AYk+BY｡+Ch ∞(J�"�"(.*))h(A)r+1 (4.4)

Obviously
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lly-Y｡IU--(/,'(A)) ≦ C(A, J,-(A) )(1+O(*(A) ) ).

Using this inequality, we consider the partition such that

C(A,/<(A) ) <; 8

for each interval IAA).

In this paper the following methods are introduced.

●

(I) Designate the first partition. Next bisect all intervals such ′that

C(A,I,-(A) ) > 8

7

(4.5)

till the inequality (4.5) holds.

(II) Designate the first partition. Next seek the partition satis丘ed (4.1) and bisect all

intervals such that

(7(A,/,(A)) > 8

till the inequality (4,5) holds.

The following are examples in case of r-2.
●

Example 1.

ey〝-</- l,　(fi> 0),

2/(0) - 2/(1) -0,

with, the genuine solution y -

eガ/ノ丁　　,-*/ノ丁

el/ノ丁+1 'e,-i/ノ丁+1
-1

The results used the methods in accordance with Theorem 1 are summarized in

Table 1 and the results used the methods in accordance with Theorem 2 are summarized

m Table 2. Also the interval (0, 1) is divided into four equal parts at first in either table

and the computations are done for the constants

a-i+ We　　　　15MA)2
2(10｣+A,-(A)2) maoe+h漸'

C3 - (15/8)1/21

m Table 2.

Example 2.

y〝-m(m-1) 35桝　　(m≧3),

y(O)-y(l)-O,

with the genuine solution y-x耕一x･

The Green s function for this problem is a linear function for each variables.

Thus, according to the error estimate in §3. the errors at the nodes vanish. Con-

sequently, the partition used Theorem 2 is done in accordance with the values

OAA Yム+BY&+CIL∞(/*�"(*))hMr+i

The results in case of Cォ=- i+警㌘ are su--arized in Table 3. Also the results
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used the methods in accordance with Theorem 1 are summarized in Table 4. In this

case the first partition is the same as in Example 1.

The notations in each table are as follows;

Jc: number of equal intervals used in the first partition

Jc : number of intervals used in the last partition

E: maximum error at the nodes

T: computational time (s)

Table 1

Method C{ △ )

Table　2
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Table　4

m Method　　　　′ E T

9

All the computations were carried out using the OKITAC system　50/40　disk

oriented system.
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