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Abstract

In a Finsler space the Finsler connections compatible with the given Finsler metric gu are

the metrical Finsler connections, which are characterized as ones preserving the length of a
●

vector under parallel displacements. If we consider the conformal Finsler structure e'pgu,

the compatible Finsler connections are the conformal Finsler connections, which are charac-

terized as ones preserving the angle between vectors under parallel displacements. The

authors [3, 4] have recently investigated these connections in detail.

On the other hand, continued from them, the authors [5] have treated an almost symplec-

tic Finsler structure au> which is defined as an alternate, non-degenerate Finsler tensor held

of type (0, 2), and have especially considered the problem of its integrability, in terms of the

compatible Finsler connections.

The purpose of the present paper is to discuss a conformal almost symplectic Finsler

structure e2<y<2ij. We first introduce such a structure　§ 1) and define the compatible Finsler

connections (§ 2). And the structure of the set of all such connections is discussed (隻 3), and
●                                                                                              ●

it is shown that the group of their transformations preserving a non-linear connection gives

various important invariants (§ 4). Finally, by lifting a conformal almost symplectic Finsler

structure to the tangent bundle (隻 5), we solve the problem of integrability of the structure

(§6).

As to the terminology and notations we retain those in our previous joint papers [4, 5],

which are based on Matsumoto [1, 21. And all the theorems are proved applying the methods

given in [4, 5] ; so the proofs and the detailed references are almost omitted.

ァ1. The notion of c.a.s-Finsler structure.

Let M be a differentiable manifold of dimension 2n. x-(x{) and y-(yl) denote a

point of M and a supporting element respectively. Let 212(M) be the set of all alternate

Finsler tensor丘elds of type (0, 2) on M. The relation for an, bn∈n2(M) de丘ned by

(1.1)　　　　　　　　　　an-bij't^3a(x, y)¥an-e2abij

is an equivalent relation of 912(Af). Since the property det(atj)≠O is preserved by the

relation, we can de丘ne as follows.

Definition 1.1. An equivalence class a of %2{M) is called a conformal almost symplec-

tic (abbreviated to c.a.s-) Finsler structure, if aa∈ a is non-degenerate : det(au)≠0.
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′                    ●

Every a ue cia *s expressed by

(1.2)　　　　　　　　　　　　　　　　a iy蝣蝣e2<ra<j,

and de丘nes an almost symplectic (abbreviated to a.s-) Finsler structure. An example of a

c.a.s-Finsler structure is given by aa from an example of an a.s-Finsler structure an

[5].

Given a c.a.s-Finsler structure 育 we can associate Obata's operators :

(1.3)　　　6>ij-i(83∂I-asjair),棉-i(didj+asJair),
where 0,-,-e a, and (aiJ) is the inverse matrix of (aij)'

1.4)　　　　　　　　　　　　　　　　ai3alh-∂lF.

Since the relation (1.2) implies

(1.5)　　　　　　　　　　　　　　　　a ij-e~2V,
Obata's operators do not depend on the representative of 育.

ァ2. C.a.s-Finsler connections.

On the analogy of the conformal Finsler connections for a conformal Finsler structure,

we shall de丘ne the Finsler connections which seem to be compatible with a given c.a.s-

Finsler structure as follows.

De丘nition 2.1. Let　∂ be a c.a.s-Finsler structure. A Finsler connection is called

conformal almost symplectic with respect to a, if for an∈ a there exists a 1-form m-

cdkdxk+d)k8yk ∈ AHTiM)) such that

(2.1)　　　　　　　　　　　　a,j¥k-2c方kdij. dijI k-2(bkdij'

This de丘nition is welトde丘ned, because we have

Theorem2.1. Let a Finsler connection satisfy (2.1)for an∈ #. Then for a′ij-e2aaij

it yields

(2.2)　　　　　　　　　　　aij¥k-26dkCt a, aij¥k-2cbkdij,

where co -co+da.

A c.a.s-Finsler connection with respect to 育 determines an equivalence class d of
●

Al¥ T(M))> classified by the equivalent relation defined by

(2.3)　　　　　　　　　　　　　co′～a)≠=⇒co -co is exact.

When we want to express explicitly that a c.a.s-Finsler connection 〃'satis丘es　2.1) for

a fixed aij e a, we shall say a c.a.s-Finsler connection with respect to dij, corresponding

to a), and denote Fr(co).

Let X, Y be two Finsler vector fields. Then aa∈ a defines a Finsler scalar丘eld

(2.4)　　　　　　　　　　　　　　a(X, Y)-aaX'YJ.

Given a c.a.s-Finsler connection Fr(co) with respect to fiij9 if X, Y are parallel along a

curve C{xl{t)) in M, withrespect to a curve C(x*(t), yl{t)) in T(M) mapped on C bythe

canonical projection of T(M), the above a(X, Y) satisfies the property

(2.5)　　　　　　da{X, Y)/dt-(cok(dxk/dt)+cbk(Syk/dt))a(X, Y)
′ヽl′

along C with respect to C. Since (1.2) implies

(2.6)　　　　　　　　　　　　a¥X, Y)-e2aa(x, Y),
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the property (2.5) has the meaning depending on 育 and we can also de丘ne a c.a.s-Finsler

connection as a Finsler connection satisfying the property (2.5 ) for arbitrary parallel X, Y
′ー･

along arbitrary C with respect to arbitrary C.

If we consider the case c0 -0 in Theorem 2.1, we have the following de缶nition and

theorem.

Definition 2.2. A c.a.s-Finsler connection FF with respect to a is called almost

symplectic if there exists a representative da ∈ a such that a′ij¥k-0, fl J*-0.

Theorem 2.2. A c.a.s-Finsler connection FP(co) with respect to Su is almost symplec-

tic if and only if the l-form a> is exact

If we apply the Ricci identities to atj, we have similarly to Proposition 3.1 in

Theorem 2.3. A c.a.s-Finsler connection is almost symplectic if and only if

(2.7)　　　　　　　　　　　　Rski-0, Pski-0. Sski-0.

Furthermore, if we put generally

(2.8)

R*l
jki-R}ki-去∂iDS

Ski,

jkl-Ljkl去sip?ski,

jkl-Sjkl一志<5jSs

ski,

payingattentionthatObata'soperatorsareh-andf-covariantlyconstant,wehave

similarlytoTheorem3.4in[4]

Theorem2.4.TheFinslertensorメelds6*皇jKrki,(y皇rjP*srki,&*皇r
jS*rkiandtheirh-
andv-covariantderivativesofeveryordervanish,foreveryc.a.s-Finslerconnection.

J.Thesetofallc.a.s-Finslerconnections.

Thesetofallc.a.s-Finslerconnectionsisdeterminedinthesamewayasinourpaper

41

0Theorem3.1.LetFTbeafixedFinslerconnection.Thesetofallc.a.s-Finsler

connectionsFFwithrespecttosijisgivenby

(3.1

N孟-N完VI

Fjk-Fljk-^Cl
jmX^-¥-iaim(amjlk-2aJkamJ+amApXpk)+SSSXh,
000

Cjk-Cl
jk+ia-{amiIk-2(bkamj)蝣+6%YA,
00

where co is an arbitrary I-form in T(M), and X孟Xjk, Yjk are arbitrary Finsler tensor

丞elds.

Putting X孟-Xjk- Yjk-O in Theorem3.1, we have an example of a c.a.s-Finsler

connection FPico) with respect to　3ij, which corresponds to the Kawaguchi metrical
0

Finsler connection derived from FT in a Finsler space.

0

Theorem3.2. Let FF be a.面ed Finsler connection, and let co be a given I-form in
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T(M ). Then the following Finsler connection is a c.a.s-Finsler connection with respect to

fiij, corresponding to co :

3.2)

N孟-N%,

FL-Fi
jk+iaim(amAk-2dkClmj),0

Cjk-C}&+iaim{amj¥k-2ti)kamj).00

If we take a c.a.s-Finsler connection FF(co) as FF in Theorem 3.1, we have
0

Theorem3.3. Let FFico) be a.面ed c.a.s-Finsler connections with respect to cLu.

Then the set of all c.a.s-Finsler connection FF(o)) with respect to dij is given by

3.3

Nl-N左-Xk,

00Fjk-Ft
jk+(C'
jm+8jd>m)X?+疏,rX字k,
OCjk-Cjk-¥-銚j*rk,

where X孟XU, Yjk (ire arbitrary Finsler tensorカelds.

Let TV be a丘xed non-linear connection. We denote by FP(N, co) a c.a.s-Finsler

connection, corresponding to α and having TV as the non-linear connection. The set in

Theorem 3.1 has the following subset.
0

Theorem 3.4. Let FTbe afixed Finsler connection. Then the set of all c.a.s-Finsler
0

connection FF(Ny co) with respect to Stj is given by

(3.4)

N孟-N左,

Fk-F)k+iaim(amjU-2c5kamj)+ &SXsrk,
0

C}k-Cjk+iaim{amj¥k-2wkamj)+Si) rk,
0　　　　　　　　　　　　　　　　　　　　　　　　　　　0

where X)k, Yjもare arbitrary Finsler tensorメelds.

ァ4. The group of transformations of c.a.s-Finsler connections.

Let us consider the transformation FP(N, co)→FF(N, at ) of c.a.s-Finsler connec-

tions, which preserves the non-linear connection. Owing to Theorem 3.4 we have

Theorem4.1. Two c.a.s-Finsler connections FF(N, co). FF(N, co ) with respect to

dtj are related as follows

(4.1)

NL-N去,

,~ミ_.=Fk-Fk-81jpk+跳,rX字k,

Cjk-Cjk∂}f>k+銚r¥rs
J*rk,

where p-co -co, and X]k, Y}k are some Finsler tensorカelds.

Conversely, if Finsler tensorメelds Xjk, Yjk and a 1-form p on T(M) are given, then

(4.1) is thought to be a transformation of a c.a.s-Finsler connection FF(N, co) with respect

to dij to a c.a.s-Finsler connection FF(N, co+p) with respect to ai5.
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Theorem4.2.Theset鑑ゥofalltransformationsofc.a.s-Finslerconnectionswith

respecttoaagivenby(4.1)andmappingproductisanabeliangroup,whichactstransitively

onthesetofallc.a.s-FinslerconnectionsFF(N,co)withrespecttoctij.

Atransformationgivenby(4.1)isexpressedbytheproductofthefollowingtwo

transformations:

(4.2)Nl-Nl,Fjk-FJH-∂jfik,Cjk-Cjk-Stik,

(4.3)Nt-N遥F]k-F]k+疏,rX字k,Cjk-Cjk^r銚T
jY;rk.
Theformerisaso-calledco-paralleltransformation,andthelatterisatransformationof

a.s-Finslerconnections.Thuswehave

Theorem4.3.Thegroup鑑ゥisthedirectproductofthegroupofallco-parallel

transformationsandthegroupofalltransformationsofa.s-Finslerconnections.

Itisnotedthattheinvariantsof鑑ゥaretheinvariantsofeachofthesesubgroups,and

reciprocally.Therefore,inordertoobtaintheinvariantsof笹ゥweshallpayattentionto

αtheinvariantst)k,Rk**ォ*,R*m,T*ijk,S*mandxm(a-l,2,3,4)ofthelattersubgroup,

whichhavebeende丘nedin[5]asfollows:

(4.4)

tU-%k{∂wj to"},

R!k-%Jlt{8Nj/8xk}, Pj>- ∂Wldyh - FL
n-su{FU SSM-%>{akL

/*ijk-@ijk¥CLimtTk), R*ijk-@ijk{ciimRfk},

T*ijk-^>ijk¥dimTjk}, S ijk-&ijk{<2imSjkj,

xijk- ttkm Tij -¥-<iij¥dimPjk}, Xijk- &imSjk-¥-<*jk ¥(lkmC封,
3                              4

xijk-%jk{akmP8},　　　xijk -W.ij{aimCZk},

where 2lo{- -} and <5iJk{' -} denote, for example,乳�",{Ajk}-Ajk-Akj and <&iJk{AiJk}-

Aijk+Ajki+Aku.

Calculating the transformations of these tensor fields by a co-parallel transformation

㌔(4.2), we have

Proposition 4.1. By a transformation (4.1) of c.a.s-Finder connections the above

tensorメelds are transformed as follows'.

tjk-tjk, Rjk-Rjk, t ijk-t ijk, R ijk-R ijk,

1 ijk-1 ijk LjZI

R
uJ

f

｣
5

.

一

J

.
‡α

n
u
H
U

'
児

.1ノ
●
■
t

m2 S*ijk- S*uk-2ョuk{aijpk},

(4.9)

1     1                   2     2

xijk-Xijk-2Wij{ajki> i}, Xijk -xijk-2(Hjk{aijpk},

言　　　3　　　　　　　～　　　　　7　　　4　　　　　　　.

Xijk-Xijk　2<2jkPi,　　Xijk-Xijk-2aij♪k.

We can easily eliminate pk- pk from (4.8), (4.9). Putting

(4.10)

1        1

Xk-a Xpqky

3       3

xk - apqxpqk,

3　　　　　　　　3

A i-U　/Cipq,

2　　　　　　　2

Ai-Cl　/Cipq.

4       4

xi - apqXiPq,

4         4

x*k - apqxpqk,
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we have from (4.9)

(4.ll)
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pk--r(xk一妄k)-i(妄k一芸k)-去{x¥-x¥),

12
pi--r(xi一芸i)-i(妄i一芸i)-去44

As is easily shown from (4.6) it holds
1     3     2     4

(4.12)　　　　　　　　　　　　　　xk-2xk, Xi-2xi.

We can recognize from (4.ll) that the following tensor fields are invariants of鑑6 :

1      1    3      2     2    4

(4.13)　　　　　　　　　　　pk-nxk+x*k, pi-nxi+x*i

If we substitute from (4.ll) into (4.8), (4.9), we have the following invariants of鑑6

(4.14)　　Tijk- 1 ijk- ‡ゥijk{aijXk}, Tun-S*ijk-‡ゥijkiaij妄k),

(4.15)
oijk一左ijk- iwij{ask左A, djk一芸ijk- iwjkidijXk},

3　　　　　3　　　　　　　　　3　　　　　　　　　　　　4　　　　　4　　　　　　　　4

Oijk - Xijk - CljkXi Oijk - Xijk - dijXk.

Thus we have proved

α               α

Theorem4.4. The Finsler tensorメelds tL Rk t*ijk, R*ijk, Pk (fl-l, 2), rm (a-l, 2)
α

and djk (a-l, 2, 3, 4), constructed for a c.a.s-Finsler connection with respect to a c.a.s-

Finsler structure sij, are invariants of the transformation group位@. They are uniquely

determined by a given ai5 and a given non-linear connection N.
●

5. C.a.s-structures in the tangent bundle.

If a non-linear connection is given on the tangent bundle, a 2-form Q ∈ A2( T(M)) is

expressed as

(5.1)　　　Q-isudxlAdxj+ bijdxlA∂y+-2-ctf∂y2<∂yJ,
′ヽ■■

where aij--ajiJ Cij--Cji. We say that Q is non-degenerate, if the matrix

5.2)　　　　　　　　　　　　　　A-
cL ij b ij

dj

is non-singular. In this case Q determines a c.a.s-structure A on T(M).

Definition 5.1. A non-degenerate 2-form Q ∈ A2 ( T(M)) is called conformally inte-

grable, if there exists a 1-form A ∈ Al(T(M)) such that

(5.3)　　　　　　　　　　　　　　　　　dQ-2A∧B.

Especially, if d& -0, then Q is called integrable.

If Q, Q ∈AHT(M)) have the relation

(5.4)　　　　　　　　　　　　　　　　Q′-e2EQ

for some scalar丘eld g in 7'(〟), (5.3) implies

(5.5)　　　　　　　　　　　　　　dQ -2A′AQ ,

where A -A+ d2. Therefore, the above definition has the meaning depending on the c.a.s-
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J

structure A, and we have

Theorem 5.1. Let a non-degenerate 2-form Q ∈ A2( T(M)) be conformally integrable.

There exists an integrable 2-form Q such that Q -e2EQf if and only if the form A

appearing in (5.3) is exact.
●

Let us express the exterior differential dQ of Q ∈ A2( T(M)) given by (5.1) in the form

(5.6)　　dQ-‡ふiJkdxiAdxj/¥dxk+ 1品ijkdx{AdxJASy"

L                    0

Since aih bij, dij in(5.1) are considered as Finsler tensor fields on the base manifold M,

we have

α

Proposition5.1. If a Finsler connection is given on M, coijk (a-l, 2, 3, 4) in (5.6)

have the expressions

(5.7)

Theorem 5.2.

1
coijk-ゥijk¥Sij¥k-^SimTjl+bimRfkii-¥

2
coijk-Sij¥k+bmkT]i+ckmR詔+%j{bjku+SmCfk+bimPfk¥,

3
(oijk-bimSjk+cjk¥i+yijk{bij¥k+bmjCTk+cmjPik},

4
cDijk-<5ijk{cij¥.:+cimS?k}.

Anon-degenerate2-formQ∈A2(T(M))givenby(5.1)isconformally

integrable, if and only if there exists a I-form, A-Ai dx +Aidy* ∈ Al(T(M)) such that the
α

Finsler tensorメelds cotjk (a-l, 2, 3, 4) given by (5.7) are expressed as

(5.8)

1

a)ijk-2ョijk{sijA k}i
2

(oak-221ij{bjkAi}+25ijA >
3

coijk-2cjkA i+2SU{6ijAk},
4

a)ijk-2<&ijk{c ijA k}.

Conformal integrabilities of a c.a.s-Finsler structure.

Assume that a non-linear connection TV be given in the tangent bundle T(M). Then

a c.a.s-Finsler structure aa is lifted to a 2-form Q ∈A2(T(M)) in various ways. We

consider the lifted forms 良 of the types II, I+ll, I+III and ll+III given by (5.1) with the

following coe氏cients.

メ-∫CLu b ij C ij

ⅠⅠ d ij

1+ II a u a t

I+ III d ij Cli

II+ II a n a u

Proposition6.1. Each 2-form Q of the財es II, I+ll, I+III and ll+III is non-

degenerate, and defines a c.a.s-structure on T(M).
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Proposition 6.2. Let FF(N, co) be a c.a.s-Finsler connection with respect to a c.a.s-
α

Finsler structure fi^. The coefficients coijk (a-l, 2, 3, 4) of the exterior differential dQ of

the 2-form Q given in Proposition 6.1 are expressed as follows:
1

II : o)ijk-R ijk,
3     2

coijk - Xijk + 221^ {aijduk},
1

I+ II : coijk-R*ijk+T>nk

+ 2<&ijk{aijd)k},
3     2

coijk - Xijk + 291jk {aijti)k},
1

I+III : o)ijk- T*ijk+2&ijk{aijd)k},
3     3

(oijk - Kijk + 2ajkCOi,
1

ll+III : com-R*ijk,
3     2     3

coijk - Xijk + xijk + 2ajkCOi

+ 2%jk{aijti)k),

2      1

coijk - Xijk+291a{djkcdi},
4

coijk-0 ;

2      1     4

coijk - Kijk +xuk + 22t,-,�"{ajkCOi }

+2aij(bk,
4

Q)ijk-O ;

2      4

(oijk-Xijk+ akmR詔+2aijcbk,
4

coijk - S*ijk+2@,-.,�"*{aijcbk} ;

2      1

a>ijk-Xijk+ akmR詔+2%ij{ajkd)i l
4

Q)ijk- S*ijk+2ゥijk{aijCbk}.

Definition 6.1. A c.a.s-Finsler structure aa is called conformally integrable of the

type II, I+ll, I-hIII or ll+III, if there exists a non-linear connection such that the

corresponding lifted 2-form of T(M ) is conformally integrable.

If dij-e2<saij, then the lifted 2-forms have the relation Q -e2<sQ>　Hence, from the

remark followed by De丘nition 5.1 the above de丘nition has the meaning depending on the

c.a.s-Finsler structure atj-　Then, from Theorem 5.2 and Proposition 6.2 we have

Theorem 6.1. A c.a.s-Finsler structure Su is conformally integrable of the type of II,

I+II, IH-III or II+IIL if and only if there exists c.a.s-Finsler connection FP(N, co) with

respect to Sij and a 1-form A on T(M) satisfying the following conditions :

II: /?*ォ*-0,

1

xijk+2%j{ajk(d)i-Ai)}-0,
2

xiJk+2%jk{aiA(bk-Ak)}-0 ;

I+ II : /?*ォ*+T*ォ*+2@ォ*W<u*-/**)}-(),

1

Xijk

4

+xijk+2Wij{ajk(<Ot- Ai)}+2aij(cbk-Ak)-O,
2

xijk+2%-k{aij(cbk-Ak)}-0 ;

I+III : T*m+2ョm{aiAd)k-Ak)}-0,
4

xijk-^-UkmR詔+2aij(cbk- A k)-0,
3

xtjk+2ajk(d)i-Ai)-O,

S*tf*+2ゥォ*{aw(a>*-/U)}-0 ;

ll+III: R*m-0,
1

xijk-¥-CtkmR詔+2ォォWdi-Ai)}-0,

J　妄ijk+妄ijk+2ajk(c｡i-Ai)+2Wjk{aij(ti)k-Ak)}-0,
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S*ijk+2@ijk{aij(Q)H-Ak)}-0.

Now, let a c.a.s-Finsler structure Su be conformally integrable of the type II. From
●

Theorem 6.1 we have

(6.1)　　　　　　　　　　　　　　　　R*ijM-O,
1

(6.2)　　　　　　　　　　　　xijk+221 {a,�"*(Q)t-Ai)}-0,

2

(6.3)　　　　　　　　　　　　xijk+2%k{aiAti)k- A k)}-0.
′ー′

We can eliminate a)i-Ai, cdk-Ak from (6.2), (6.3) respectively, we have
1          2

(6.4)　　　　　　　　　　　　　　oijk-0, oijk-0.

Conversely, if (6.4) holds for some FF(N, co¥ then (6.2), (6.3) are satisfied by Ai-Q)i

･宕　　12 The other types can be solved in the same manner, and we have

Theorem 6.2. A c.a.s-Finsler structure ai5 is conformally integrable of the type II, I

+ll, I+III or ll+III, if and only if there exists a non-linear connection satisfying the

following invariant conditions of鑑6 :
1        2

II : /?*ォ*-0, <7ijk-0, oijk-0 ;

1                2

I+ II : R'uk+TuH-iョijk{aijpk}-0,

1     4      1         2       2

oijk-I-oijk i%ij{ajkpi}-0, 6ijk-O ;
1         4

I+III : TiJk-0, oijk-aijRTm+akmR詔-0,
3        2

oak-0, Tijk-ゥijk{aijRkm}-0 ;
1

ll+III : /?*ォ*-0, oijk+akmR詔-iapqRmij{ajkaim}-0,

2

Oijk

3                 1

･ oijk-‡%k{atJ(pk+ napqRfqakm )¥-iapqR%ajkaim-O,
2

Tijk -

1

‡<sm{aij(pk+ nakmapqRZ)} -0.
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