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Abstract

The purpose of the present paper is to give two kinds of general expressions of Cartan

and Berwald types for any Finsler connection in a Finsler space or in a generalized Finsler

space, and to consider what kinds of Finsler tensor fields are essential in order to determine

a Finsler connection.

Introduction

Let (M, L) be a Finsler space, that is, a differentiable manifold M endowed with a

fundamental function L{x,y) iyl-xl). The fundamental tensor field gu is given by

gu-(∂djV)/2, where ∂i-dldy¥ We shall express a Finsler connection FT in terms of

its coefficients as Fr-(N¥, F/k, C/k).

In a Finsler space there are known two canonical Finsler connections, that is, the

Cartan one CF and the Berwald one βl. They are uniquely determined by the follow-
●

ing systems of axioms respectively

Cr (Matsumoto [7])

(Cl) gw*-0,

C2) Dlサ(-y'F/た-N¥)-0,

C3　TA (-F/た-F*',)-0,

(C4) SA (-C/九一Cたy-O,

(C5>　gtJW-0,

βr Okada[12]

BI L,た-0,

B2　D'*-0,

(B3　TA-O,

(B4) p*n {-∂*iV,-JV>)-0,

B5　CA-O,

where the short and long bars denote the respective h- and t;-covariant differentiations,

Dlk the deflection tensor field, and T/k, S/k and P'jたthe (h)h-, (v)v- and (t/)hv-
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torsion tensor fields respectively. It is noted that the coefficients C/fc of FT are also the

components of the ¥h)hv-torsion tensor field of FT.

If we omit some axioms from one of the above systems, we get various Finsler con-

nections of Cartan or Berwald type. For example, a Finsler connection satisfying (C 1) ,

(C 2) , (C 4) , (C 5) is called a generalized Cartan connection (cf. Hashiguchi-Ichijyo

[6]), and one satisfying (B 1), (B2), (B5) is called a generalized Berwald connection

(cf. Aikou-Hashiguchi [ 2 ]) , and these have contributed to generalize the notion of Ber-

wald space. More generally, a Finsler connection satisfying (C l) , (C 5) is called metri-

cal (cf. Miron-Hashiguchi [10]), and one satisfying (Bl), (B5) is called L-metrical (cf.

Aikou-Hashiguchi [3]). On the other hand, from various standpoints, non-metrical

Finsler connections have been also studied.

For a better understanding of the above systems of axioms, in the present paper we

shall show that any Finsler connection FT is uniquely determined by the tensor fields

appeared in each of the above systems. After the preliminary Section 1, in Section 2 the

coefficients of FF are expressed in terms of its giJ]k9　D¥, Tj¥, SA and gu¥k

(Theorem 2.1), and in Section 3 the coefficients of FF are expressed in terms of itsエーk,

Dlk, T/k, P'jたand C/た(Theorem 3.1 and Theorem 3.3). These expressions are called

the Cartan and Berwald expressions of FT respectively. The problems of arbitrariness of

the above tensor fields are discussed (Theorem 2.2, Theorem 3.2 and Theorem 3.4). In

the last Section 4 we shall treat the case of a generalized Finsler space (〟, gis) (Cf.

Miron [9], Hashiguchi [5] and Watanabe-Ikeda [14]). Similar problems are found in

Schouten [13, pp.131-137], Atanasiu-Ghinea [ 4 ] and Miron-Hashiguchi [11], etc., too.

As to the terminology and notations we use those in [10] and [3] , which are

essentially based on Matsumoto [8]. In reference to T/fc, the components of the (v)v-

torsion tensor field are denoted not by Sljk but by S/k.

The authors wish to express their sincere gratitude to Professor Dr. C. Udriste and

Professor Dr. M. Matsumoto for the invaluable suggestions and encouragement. The au-

thors thanks are also due to Professor Dr. R. Miron and Professor Dr. Gh. Atanasiu; the

present research, together with the previous ones [1,2,3], was stimulated by Romanian-

Japanese Colloquium on Finsler Geometry (1984) organized by them and Kagoshima

Symposium on Finsler Geometry (1985) with their attendance.

1. The *�"-operation

Throughout the present paper we shall use the following abridged notations without

comment‥ KO^y'KA, S,拙A-Kj¥+Kklj, AJK/^K/k-KJj. The metric tensor
field gu and its conjugate glJ will serve for lowering and raising indices, e.g., KJKl

-8ksgirKjSr, where the position and order of indices are important.

For any Finsler tensor fields KJhk and Kj¥ we define the * -operati㈹ as follows:

1. 1)　　　　　　　　　K*Jhた-(Kj肋+ Kkjh- Kfchj) 2.
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1.2)

Then we have

KV*-(K*たl+ KkJl- KたIM.

9

Proposition1.1.(1)IfKjhkissymmetric(resp.alternate)withrespecttoj,fe,then

1.3)&jk¥Kjhk¥-Kj肋(resp.-0).

(2)IfKj¥issymmetric(resp.alternate)withrespecttoj,k,then

1.4)AJk¥KV*l-o(resp.-K/k).

Letusconsiderso-calledObata'soperators:

1.5)QZ-(Sと3,㌧gsjgtr)12,flS5-(*皇SJ+gsigけ)/2.

12

TheseoperatorsactonaFinslertensorfieldKj¥as

1.6QI

JjKrsk-¥Kj¥-Kljk)129QZKS^K/k+K'jM,

12

andifKj肋issymmetricwithrespectto/,h9thenK*/kisexpressedas

(1.7)K/k-Kjk:72-QsjKr予k.

1

The*-operationislinear:ifHjlk-Kjlた+LA,thenH*/k-K*/k+L*/k,anditacts

onaFinslertensorfieldexpressedasH/k-Kjkl(resp.Hj¥-Kkj)asif*/jk

-(k;た+Kktj-KkJt)l2(resp.ffV*-(ffVl-ff<w-/iO*<)/2).Hencewehave

Proposition1.2.(1)LetKj肋besymmetricwith柁spedtoj,h.IfHj¥-AjたiK,謝2,then

it*inirvs

(2)LetKj肋bealternatewithrespectt｡j,h.IfHjik-kjk¥Kjk¥thenH*/k-Kjk.

(3)//#/*-A,遁sjX/ふthenff*A-fl｣*5
rk-
11

Thelaststatement(3)followsdirectlyfrom(2)byputtingKjた-bdsjArk>

1

2.TheCartonexpressionofaFinslerconnection

InaFinslerspace,aFinslerconnectionFr-(N¥,F/k,C/k)isexpressedbythe

CC
differencefromtheCartanconnectionCF-{G¥yF/k,C/た)asfollows:

N¥-G¥-X¥,

C       C

F/k- F/*;+ CjlmXmk-Bj¥,

:ォ!

C/た-Ujk Ltjk'
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Thenwehave

Proposition2.1.LetUtKj,VikjandD¥beanyFinslertensorfields.

(1)8u¥h-Uihjygulh-ViKjareequivalentto

(2.4)ni7"Rsl>isjr>rた-UJkll2,(2.4′LdsjLfrた-Vォ72
2

respec tive ly.

(2) F.V-JVlた-D¥ is equivalent to

2.5　　　　　　　　　　　　　　　X¥-D¥+B｡ fcォ

Now,letFr-{N¥,Fj¥,C/*)beanygivenFinslerconnection,andweput

(2.6)Ww-(dngtj)Xnk,

(2.7)UikJ-gu*.(2.7′/vikj-SiJA>

SinceBj¥satisfies(2,4),fromtheresultaboutObata'soperators(cf.[10])itis

expressedintheformBj¥-Ujkl2-QIJjXrskbysomeFinslertensorfieldX/k,andso

1
wehave

2.8

from which we have

2.9

C

FA- F/*+(WV- UjkW+ Q'zXs*,
1

Vた- AJkl(wj- uJn+ QZx/i
l

Paying attention to Proposition 1.2 and applying the *-operation to (2.9) , we have

T*/k-QZ(Wrs - Ursk+Xrsk)> by which we can eliminate `2慧XA from (2.8). CA are

similarly treated, and we have from (1.7)

Proposition 2.2. In a Finsler space, let FJT-(iVlfc, FA, CA) be any Finsler connec-

tion. Then if we define X¥, Wikj9　Unuand Vtたj by (2.1), (2.6), (2.7) and (2,7′) respec-

tively, we have

C

F/k-FJ k+ W*j¥- U*/k+ T* i

C

Ci-ni T/*lた+sv

On the other hand, since X¥ and B/k of FF satisfy (2.5), we have from (2.2)

and(2.10)

X¥+ W¥¥-Klk,

●ff¥-DVH7Vサー蝣**i
OA>
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ft

Since W ｡k-¥skmA 0 wehavefrom (2.12)

(2. 14)　　　　　　　　　X¥- Kljt- gir(dmgHrl2)K¥.

Thus we have proved

ifl

Theorem2.1.InaFinslerspace,letFr-{NiJt,Fjlk9Cj¥)beanyFinslerconnection.

//weconstructUikj,VikjjK¥>X¥andWtたjfrom(2.7),(2.7′),(2.13),(2.14)and(2.6)

successively,thenthecoefficientsofFlareexpressedas(2.1),(2.10)and(2.ll).

TheexpressionofFFstatedinTheorem2.1iscalledtheCartanexpressionofFF.

ItisnotedaFinslerconnectionisuniquelydeterminedbyitsgu^,gu¥k,D¥,T/h

andSA.ThisshowsanexcellenceofMatsumoto'ssystemofaxiomsforCF.

Conversely,theabovetensorfieldsarearbitrarilygiven.Infact,wehave

Theorem2.2.InaFinslerspace,letUikj(-Ujki),Vikj(-Vjたl),Dlk.t;た

(ニーTた¥)andSj¥{--Skj)beanyFinslertensorfields.ThenthereexistsauniqueFins-

lerconnectionFr-{N¥,F3¥>C/た),inwhichtheh-andv-covariantderivativesofgijythe

deflectiontensorfield,the(h)h-and(v)v-torsiontensorfieldsarethegivenUikj9Vikj9D¥,

T/kandS/krespectively.IfweconstructK¥,X¥andWtKjby(2.13),(2.14)and(2.6)

fromthegiventensorfields,thenFiisgivenby(2.1),(2.10)and(2.ll).

Proof.From(2.2)and(2.10)wehave

(2.15)BJhk-Wj肋/2-w*Jhk+u*Jhk-T*1jhh*

Proposition1.1(1)yieldsSJh¥BJhJi-Uj肋i.e.,(2.4),whichisequivalenttogu¥k-Uikj.

Similarlygij¥k-Vikjisobtained.Alsousing(2.15),andX¥-K¥ywehave(2.5),

whichisequivalenttoFolk-Nlた-Dlk.Finally,Fj¥-F*S-7Vた(resp.C/k-Cklj

-sA)followsdirectlybyapplyingProposition1.1(2)to(2.10)(resp.(2.ll)).

3. The Berwald expression of a Finsler connection

In a Finsler space (M, L), a Finsler connection Fr-{Nlk, FA, CA) is expressed

by the difference from the Berwald connection βr-( `ゎ　GJ`ゎ　0) as follows:

(3.1)　　　　　　　　　　　　　N¥-G¥-x¥fc>

(3.2)　　　　　　　　　　f;た-GA-a YI T>1

The coefficients C/k of FT coincide with the components of the (h) ftv-torsio.n tensor

field of Fi. Then we have

Proposition 3.1. Let Lk, D¥, Tj¥ and Pljたbe any Finsler tensorfields, and we put
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3.3

3.4

3.5

(1) L|fc-L/c is equivalent to

3.6

which is also equivalent to

(3.6′)

T. Aikou and M. Hashiguchi

Fk- LLto

QA- TA-(PォーPlたj),

H-k-D一九+ Tk O-^-P Oft-

ymXmk- Fk,

Xol-Fl.

(2) F｡¥-NIK-D¥ is equivalent to

3.7　　　　　　　　　　　　　　　　　∂rX¥-D¥+P¥fc｡サ

(3) FA- F*V= 7Vたis equivalent to

(3.8)　　　　　　　　　　　∂ yi -∂jXlk-Q/k'

Under the assumption (3.8), the condition (3.7) is equivalent to

(3.7′　　　　　　　　　　　　X¥-y'∂たX- -HIArt

which is also expressed as

(3.7〝) 2X¥-∂kX o-H fc.

Now, let Fr-(Nik, FA, C/k) be any given Finsler connection, and we put

(3.9)　　　　　　　　　　た-U, Fた-{V/2),* (-LLk),

(3.10)　　　　　　　Ek-yT∂ tFr-Fk (-a ｣Fォー2FJ.

Since X¥ satisfies (3.6) , operating giryh∂　to the both-sides of (3.6) , we have

from (3.6')

(3.ll)　　　　　　　　Xt｡-X｡i+gtrykym∂rxnk-Ei.

On the other hand, since X¥ satisfies (3.7′), we have

(3.12

Hence we have from (3.ll)

(3.13)

and from (3.7〝　and (3.13)

X^-g^vn∂ ¥rm Tji

Xo-Ho　¥E,
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3.14

Thus we have proved

x'*-(ff'*+ 8サ(ff.'+ E'))/2.

13

Theorem3.1.InaFinslerspace,letFF-¥N¥,Fj¥,C/*)beanyFinslerconnection.

IfweconstructF*,EK>H¥andX¥from(3.9),(3.10),(3.5)and(3.14)successively,then

thecoefficientsN¥andFj¥ofFTareexpressedas(3.1)and(3.2).

TheexpressionofFFstatedinTheorem3.1iscalledtheBerwaldexpressionofFF.

ItisnotedaFinslerconnectionisuniquelydeterminedbyitsL¥k,D¥,T/fc,Pljkand

Cj¥.ThisshowsanexcellenceofOkada'ssystemofaxiomsforBF.

ContrarytotheCartanexpression,theabovetensorfieldsarenotarbitrarilygiven.

Infact,fromProposition3.1wehave

Theorem3.2.InaFinslerspace(M,L),letLk,D¥,T/k(--7V,)andPIJkbeany

Finslertensorfields,andweconstructFk,Ek,Qj¥,H¥andX¥by(3.3),(3.10),(3.4),

(3.5)and(3.14)fromthegiventensorfields.ThenthereexistsauniqueFinslerconnection

Fr-{Nlk,F/k,Cj¥),inwhichtheh-covariantderivativeofL,thedeflectiontensorfield,

the{h)h-and(v)hv-torsiontensorfieldsarethegivenLhjD¥,T/kandPljkrespectively,if

andonlyifX¥satisfiestheconditions(3.6),(3.7)and(3.8).ThecoefficientsC/*arearbi-

●tranlygiven.

ItisnotedthatXiたgivenby(3.14)satisfies(3.7)and(3.8)ifandonlyifX¥

satisfies(3.7)and

(3.15)yr白,(∂∂jX'^y'i∂tQ/r-∂jQk¥).

IfweassumeaFinslerconnectionispositivelyhomogeneous,theconditions(3.7)

and(3.15)become

(3.16)D-*+P¥｡-0,

(3.17)yrO*QA-∂jQ*fr)-O

respectively,andHlたandX¥aregivenby

(3.18H*た-Qi
k｡>

(3.19)xlた-(Q*i｡+a*(Q'｡｡+｣i))/2

respectively.HenceTheorem3.1andTheorem3.2arestatedasfollows.

Theorem3.3.InaFinslerspace,letFr-[Nlk,F/k,C/k)beanypositively

homogeneousFinslerconnection.IfweconstructFk,Ek,Q/kandXlたfrom(3.9),(3.10),
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(3.4) and (3.19) successively, then the coefficients Nlk and F/K of FF are expressed as (3.1)

and(3.2).

Theorem 3.4. In a Finsler space (M, L), let Lk, D¥, T,¥ (--Tk*j), Pljhand Cj

be any positively homogeneous Finsler tensorfields of柁spective degrees 1, 1, 0, 0, -1,

and satisfy the conditions (3.16) and (3.17), where Q/k is constructed by (3A)from the given

Tj¥y Pljk. Then there exists a unique positively homogeneous Finsler connection Fr-(Nlk,

Fj¥, C/k), in which the h-covariant derivative of上, the deflection tensor field, the (h)h-f

(v)hv- and (h)hv-torsion tensorfields are the given Lk, D¥, TA, PIJk and Cj¥ respective-

ly. If we construct Fゎ　Eたand Xlたby (3.3), (3.10) and (3.19) from the given tensorfields,

then the coefficients N¥ and Fj¥ are expressed as (3.1) and (3.2).

For the proof it suffices to show (3.6), which follows from (3.16) and

(3.20)　　　　　　　　　　　　vt∂ :Ei-2Fk.

4. The case of a generalized Finsler space

Let (Af, gtj) be a generalized Finsler space, where gu is a generalized Finsler met-

ric tensor field defined as a symmetric and non-degenerate Finsler tensor field of type

(0,2). We assume that gu is regular in the sense of Miron [9] :

(4. 1)　　　　　　　　　　　　O*gォ)yV-0,

(4.2　　　　　　　　　　　　　　det Ug≠0,

where A¥-Sと　　∂>srs)yr, (giJ)-(gu)~　Since the condition (4.1) yields

∂jd*(grsyrys)l2-gj九十(∂kgrj)yr, we have Ajた-Ak, (∂たgrj)yr is symmetric with respect

to7, k.

Since {A¥) has the inverse′{B¥¥ we can put Gi-Bir7｡r｡121 where /A denote the

Christoffel symbols with respect to gu. Then G¥-∂ zGl define a non-linear connection.

Two canonical Finsler connections 〟CF and 〟βr have been known by Miron [ 9 ].
m       m

The one MCr-{G¥, FA, C/J called the Miron-Cartan connection is given by
m

(4. 3)　　　　　　　　F/k- gir(S,｣jr+ Sjgkr- SrgjM,
771

(4. 4)　　　　　　　　C/k- gけ(∂*gjr+ ∂j8kr- ∂rォ#*)/2,

where ∂蝣-dldx¥　ak-∂k-Gricdr. This is uniquely determined by Matsumoto's system

of axioms for CF inwhich (C2) is replaced by (C2 ) Nlた-G¥.
m

For any Finsler tensor field X¥ we have the expression CjlrXrた-(Wjたi+KJki)12,

where Wj肋-(∂�"8jh)Xrk, Kj肋-A.jhl (∂jghr)X¥ I and Wj肋(resp. Ky肋) is symmetric
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(resp. alternate) with respect to j, h.

If we express any Finsler connection FT by the difference from the Miron-Cartan
c          c                        m

connection MCF as (2.1), (2.2) and (2.3), where F/k and C/k are replaced by F/h
m

and C,`k respectively, then by the similar way as the proof of Proposition 2.2 we have

Theorem 4.1. In a generalized Finsler space (M, gu), let FF^N**, FA, C/*) be
any Finsler connection. Then if we define X¥, Wikj, UiKj and Vik3 by (2.1), (2.6), (2.7) and

(2.7′) respectively, the coefficients Fj¥, C/* of FF are expressed as

m
FA-Fjlk+W*jlた-u*i
jk+TV*.

m
CiniT/*ij-C*i
jk-^jkVjk-T&jk

｣
1
　
　
^
*

Conversely, the tensor fields Urn, Vikj, X¥, Tj¥ and Sj¥ appeared in Theorem

4.1 are arbitrarily given. In fact, we have
●

Theorem 4.2. In a generalized Finsler space ¥M, gu)f let Uikj (- Urn), VikJ {- VJki),

Xlk, Tj¥ (--Tkj) and Sj¥ (--Skj) be any Finsler tensorfields. Then there exists a

unique Finsler connection Fr-{Nlゎ　Fj¥, CA), in which the h- and v-covariant deriva-

tives of gih the difference of the non-linear connections of FF from MCF, the (h)h- and (v)v-

torsion tensorfields are the given Unzjy Vntj9　X¥>　T/先and S/k respectively. FT is given

by (2.1), (4.5) and (4.6) constructed from the given tensorfields.

We shall here consider whether the role of X¥ in the above theorems is replaced

by the deflection tensor field D¥. Let Fr-{N¥, Fjk, C/k) beチny Finsler connection.
Instead we define K¥for a Finsler space by (2.13), we define K¥by

m

(4.7)　　　　　　　　　Ktk-D¥-D¥+ U*<stk- T¥¥,
m

where D¥ is the deflection tensor field of MCF. Then it is shown in the same way as

for a Finsler space that the difference Xlたgiven by (2.1) satisfies (2.12).

Contracting (2.12) by yky we have from (4.1)

4.8

Hence if we put

4.9

we can rewrite (2.12) as

4.10)

J¥ 0--D r*ア　oォ

QI

Ik-Q誌+QZ*Ams,

21

D誌Xsr- Ktk-gir(a lgj2)BnsKi

Conversely, we can show FJh-N'^D'* from (2.1) , (4.5) , (4.7) , (4.8) and

(4.10). Thus we have proved



16 T. Aikou and M. Hashiguchi

Theorem4.3.InageneralizedFinslerspace(M,gu¥letFr-(Nlk,Fj¥fC/た)be

anyFinslerconnection.ThedifferencetensorfieldX¥(-G*fc-iV**)inTheorem4.1satisfies

(4.8)and(4.10),whereK¥空givenby(4.7).

Conversely,letFr-(Nlk,F/k,Cj㌔)betheFinslerconnectiongivenbyTheorem4.2

fromanyFinslertensorfieldsUikj(-UjたIVm-V,*),X<k,TA(--7Y,)andS/

(--Skj).LetD¥beanyFinslertensorfield,andwedefineK¥by{A.I)fromthegivenD¥>

UikjandTj¥.IfX¥satisfies(4.8)and(4.10),thenthedeflectiontensorfieldofFTisthe

givenU¥.

Weshallconsideracasetheequation(4.10)withtheunknownX¥hassolutions.

Ifthen2×n2-matrix{Qlliwith`XJicasthe(ik),{sr)component,isregular,thatis,if

thereexistsaFinslertensorfield¢誌satisfying

(4.11¢裟52冨;-D裟*｣-*忘鋸,

then¢誌isuniquelydeterminedby`2^,and(4.10)hastheuniquesolution

(4.12)¢誌(K%-gpr(algj2)BmsKs｡).

SinceQ*

Jkisgivenbyguonly,theregularityfor¥Q誌imposesonguaregularity

condition.Thetensorfield

4.13欝-2`2宅

isjusttheonegivenby(3.1)ofWatanabe-Ikeda[14].Hencetheaboveregularitycon-

ditionistheoneintheirsense.Theyintroducedthisconditioninordertoassuretheex-

istenceanduniquenessoftheCartan-likeconnection,i.e.,theFinslerconnectionsatisfying●

thesamesystemofaxiomsasMatsumoto'soneforCF.Thuswehave

Theorem4.4.InageneralizedFinslerspace(M,gu)satisfyingtheregularitycondition

inthesenseofWatanabe-Ikeda,letFr-(Nlk,Fj¥,C/*)beanyFinslerconnecti仰.Defin-

ingX¥by(4.12)thecoefficientsofFTareexpressedas(2.1),(4.5)and(4.6)intermsofits

gu¥k,Su¥k9Dlk,Tj¥andS/*

TheabovetensorfieldsUihj-gu¥k9Viut/-&./L>Dlk,Tj¥andSj¥arearbitrarily

given,undertheassumption(4.8).

Inthefollowingweshallassumethatguispositivelyhomogeneousofdegree0i

mgtAx,¥y)-gu(x,y)for入>0.Thencalculatingfrom(4.3)wecanshowF｡¥>-Gl｡,i.e.,

m
D¥-0.

m
InTheorem4.4,ifweputUikj-Vikj-D¥-Tjlた-Sfた-0,wehaveK¥--D¥.

SinceK¥-払thecondition(4.8)becomesXi0-0,andX¥givenby(4.12)becomes

x¥--¢?kDpq.X¥satisfies`TsrkX3r--Dlk,whosecontractionbyykyields

X'｡+A'sx^O.Hence,ifthematrix(Al九)doesnothavetheeigenvalue-1,wehave



On the Cartan and Berwald expressions of Finsler connections 17

X^O. since A¥yk-yl, the matrix {A{k) has the eigenvalue 1. By Theorem 3 of [14]
the sum of two eigenvalues of {Alk) is not equal to zero if and only if the matrix (｣2s*) is

regular. Thus (Al九) does not have the eigenvalue -1. This shows the existence of the

Cartan-like connection in a generalized Finsler space.

The other canonical Finsler connection MBr-{G¥, G/*, 0) called the Miron-

Berwald connection is given by Gj¥- ∂jG¥. Putting LMguu'v*)1'*, we have宮tj -

∂tdlU/2)-girArj. Since L is positively homogeneous of degree 1, and satisfies det (豆Ij)

#=0, we have a Finsler space (M, L). Hence Theorem 3.3 and Theorem 3.4 hold also in

the case of a generalized Finsler space (M, gw), if the rowering and raising of indices
~  ● ●

are made by gu and gJ

l

l

悶
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