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Abstrat

The purpose of the present paper is to investigate conformal changes of Finsler metrics

and generalized Finsler metrics, which are also projective or collinear.

Introduction

Let (M, gu), (M, g`i) be two Riemannian spaces with a same underlying manifold M.

As is well-known, if the change gu一gu is conformal and projective, then it is

homothetic.

In the present paper, we shall first extend this result to the case of Finsler metics

(Theorem 1.1), and also to the case of generalized Finsler metrics (Theorem 2.4). On the

other hand, in the previous paper I81, we introduced the notion of collinear change of

Finsler connections and obtained some results. In the last section, we shall consider its

application to conformal changes (Theorem 3.1).

Throughout the present paper the terminology and notations are referred to Matsu-

moto【6】.

The author wishes to express his sincere gratitude to Professor Dr. M. Matsumoto

and Professor Dr. Y. Ichijyo for the invaluable suggestions and encouragement

1. Conformal and projective changes of Finsler mertics

Let Fn-{M,L) be an n-dimensional Finsler space, where L(x,y) is the fundamental

function, and x-(xl) and {x,y)-{x¥ yl) denote a point and a supporting element of the

underlying manifold M respectively. The fundamental tensor field gu¥xfy) is given by

8tj-a djV/2, where ∂i-dldy¥ A geodesic of Fn is given by the system of equations
in the form

1.1)　　　　　　　　　　　d2xi ds2+2Gi(x, dxlds)-O,
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ifwetakethearc-length♂asaparameter.

AccordingtoMatsumotol5],FinslermeticsgtJ,guareprojectivelyrelatedifand

onlyifthereexistsa(l)p-homogenenousFinslerscalarfieldP(x,y)onFnsatisfying

(1.2)ei{x,y)-Gi(x,y)+p(x,y)yt,

whereGlisthequantityconstructedfromgu.

Ontheotherhand,accordingtoHashiguchi[1],iftwoFinslermetricsgijyguare

conformallyrelated:

1.3)-z>2Bu-e如giJ,

thenwehave

(1.4)αt-Bu(GJ一己Jl

whereα戸∂a/∂xlandthetensorfieldBuisaconformalinvariantgivenby

1.5Bu-2(gu-2WILi

Nowweassumethattheconformalchange(1.3)ofFinslermetricsgu,guisalso

projective.SincethequantitiesG¥百`satisfytheequations(1.2),(1.4),wehavefrom

(1.5)

1.6)α-2Py,

Differentiating(1.6)byyJandsubstitutingintotheresultingequationfrom(1.6),we

have

1.7PgiJ-lt(2PIJ-LPj¥

wherePj-∂JP.Ifp専o,itfollowsfrom(1.7)thatrank{gu)≦1.Sowegetp-0,that

is,αi-0.Thuswehave

Theorem1.1.LetguandgubeFinslermetrics.Ifthechangegu一guisconformaland

projechve,thenthechangeishomothetic.

2. Conformal and projective changes of

generalized Finsler metrics

Due to Miron [7], a generalized Finsler metric is defined as follows.

Definition 2.1. A Finsler tensor field gu of type (0,2) on a differentiable manifold M

is called a generalized Finsler metric, if it satisfies the following conditions:

(1) giJ-gjU　　　　　　(2) det(gM)キ0,

and (M, gu) is called a generalized Finsler space. A generalized Finsler metric gu is cal一

led regular if it satisfies the following conditions:
●

(3) (∂たgu)ytyJ-O, (4) detU与)キ0,

where AHs a tensor field defined by

(2. 1　　　　　　　　　　　　与-郎+g細(∂jgm)y*.
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Inthefollowing,weshallassumethatageneralizedFinslerspace(〟,g`j)isregu-

lar,thatis,guisregular.Thearc-length5ofacurvex-¥xl)in(M,gu)ismeasuredby

s-jL(x,dxldt)dt,where

(2.2)L-(gwyV)1/1

andageodesicisdefinedasanextremalof#/L(x,dxldt)dt-0.Thehomogeneityis

notassumedforgu.Itisnoted,however,Lis(l)p-homogeneousowingtotheregularity

condition(3).ThiswasrecentlypointedoutbyKikuchi【41.Thusasaparameterofa

geodesicin(M,gu)wecantakethearc･length5,andthesystemofequationsofa

geodesicisexpressedintheform(1.1).

Ontheotherhand,sinceLis(I)j9-homogeneous,ifweput

(2.3)ut-∂tdjV/2,

guis(O)p-homegeneous.Sincewehave

2.4gu-A㌢&mj,

thematrix{gu)isregularowingtotheregularitycondition(4).Thus(M,Su)isaFins-

lerspaceandcalledtheFinslerspaceassociatedwith(M,gu).Inthesespaces(M,gu¥

(M,g%j¥thearc-lengthofacurveismeasuredbythesameformula.Sowehavethefol-

lowingtheorem(cf.【21).

Theorem2.1.Let(M,gu)bearegulargeneralizedFinslerspaceand(M,gu)bethe

Finslerspaceassociatedwith(M,gu).Thenanygeodesicin(M,gu)isalsoageodesicin

(A/,gu)andtheconverseisalsotrue,anditisexpressedby(1.1).

Nowweshallconsidertheconformalchangegu-e'y)guofgeneralizedFinsler

metricsgijygu.Thenfrom(∂gu)ytyJ-2(∂kαteuV'v'+e'i∂hgij)yify¥wehaveeasily

thefollowingtheorem(cf.[3]).

Theorem2.2.LetgubearegulargeneralizedFinslermetric.Themetricgugivenby

gu-e2略guisregularifandonlyifαdependsonposition{xl)alone.

ThusweshallconsidertheconformalchangeofregulargeneralizedFinslermetrics

Sijy&U:

(2.5)Bu-e'qx)'gu.

Since45-#+gin(a,･g肋)yk-郎+gin(∂jg肋)yk-Aj,theFinslermetricassociatedwith

guisgivenby

2.6
′ヽ′

8u-e2如uJ-

Consequently we have

Theorem 2.3. Let gu and gu be regular genemIized Finsler metrics, and suppose that

they are conformally related: gu- e2Q(∬]gij. Then the tensor field Aj is a conformal invariant
′ヽ′

by the confonれal change guーgij, and the respective Finsler metrics gijt gu associated with
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■ヽ′

Sth gu are also conformally related: gu- e仰6u.

Hence, by Theorem 2.1 and Theorem 2.3, if the conformal change (2.5) of regular

generalized Finsler metrics gu, gu is projective, the associated conformal change (2.6) of
′l■′

the associated Finsler metrics gu> gu is also projective. So, by Theorem 1.1 we get

Theorem 2,4. Let gu and gu be regular generalized Finsler metrics. If the change g£jー

gij is confonれal and protective, then the change is homothetic.

3. Conformal and collinear changes of

generalized Finsler metrics

In the previous paper 【81 from the standpoint that a Finsler connection on 〟 is a

linear connection in its tangent bundle T(〟) satisfying a certain condition, we intro-

duced the notion of collinear change of Finsler connections. By the definition, the change

Fr-F戸of Finsler connections FF-(iV',, FA, C/K), Fr^N'j, FA, C/K) is called

colhnear, if they are expressed as the form

(3.1)　　　　　Nlj-N`j-B`j, Fj¥-Fj*+CjlrBrk, Cj¥-C/fe

where Blj satisfies the conditions

(3.2/i)　　　　　BV-O, (3.2γ) BIAた-0,

withrespecttoFF.

Nowweshallconsidertheconformalchange(2.5)ofregulargeneralizedFinsler

metricsgu,gi3.ThenbyTheorem2.3,thechange(2.6)oftheassociatedFinslermetrics

′ヽ′StjySuisalsoconformal.ThuswecanusearesultofHashiguchi[1],andtherespective

non-linearconnectionsG*j,GljofCartanconnectionsCF,C戸oftheFinslerspaces(M,

8tj¥(Af,ァij)satisfytherelation

(3.3)Glj-G`}-Bl,

ifweput

(3.4)B㌔-vjd*-fit
Ja9-ytαT2pi

whereyj-gJryr{-g.iri㌔-gけa,,α｡z=aryrandCj`ニー(∂,r/2)α,.

Itseemstobeinterestingtoconsiderthecasethatintheconformalchange(2.5)the

correspondingchangeCF-CFiscollinear.Ingeneral,however,ifthechangeCJH-

C戸iscollinear,thenwehaveCF-C戸fromthecorollayofTheorem3.1in[8].Hence

theconformalchangeisprojective,andsohomotheticbyTheorem1.1.Sincethecoレ

linearchangeoftheCartanconnectionisnothingbuttheidentity,wehopetoconsider

somechangessatisfyingweakerconditions.

LetFF,FFbeFinslerconnectionsonasameunderlyingmanifoldM.Thechange

FF一蠎FFiscalledh-weakly(resp.v-weakly)collinearifthedifferencetensorfield

B㌔-Nlj-N`satisfiestheequation(3.2h)(resp.(3.2t;)).

InregulargeneralizedFinslermetricsgi3,gi3,ifthechangeCF-CFoitheCartan
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connections CF, C戸of the associated (Af, gu¥ (M,島j) is /i-weakly (resp. v-weakly) col-

linear, the change gu-gu is called h-weakly (resp. v-weakly) collinear.

Now suppose that the change (2.5) is　九一weakly collinear. Then by direct calcula-

tions from (3.4), we have

(3.5)

The converse is also true.

α…-0, αrc/¥K-O.

Similarly, if the change (2.5) is V･weakly collinear, we get αi-0, that is, the change

is homothetic.

Thus we have

Theorem 3.1. Let gtj and gu be regular generalized Finsler metrics and suppose that

they are confmally related: gu- e qx)g`J.

(1) If the change gu-gij is h-weakly collinear if and only if α satisfies (3.5).

(2) // the change gtJ-gu is v-weakly collinear if and 脚ly if the change is homothetic.
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