
Stability of Variable-Step, Variable-Formula
pseudo Runge-Kutta Methods

著者 NAKASHIMA Masaharu
journal or
publication title

鹿児島大学理学部紀要. 数学・物理学・化学

volume 23
page range 31-40
別言語のタイトル 変動刻み幅を持つ変動型擬ルンゲ・クッタ式の安定

性について
URL http://hdl.handle.net/10232/00007027



Rep. Fac. Sci., Kagoshima Univ., (Math., Phys. & Chem.)

No. 23, p. 31-40, 1990.

Stability of Variable-Step, Variable-Formula

pseudo Runge-Kutta Methods

Masaharu. NAKASHIMA*

(Recieved September 7, 1990)

Abstract

Stabillity of Variable Step-size, Variable-Formula pseudo Runge-Kutta Methods. The

present paper deals with the stability of Variable-Stepsize Variable formula of pseudo

Runge-Kutta methods in the numerical solution of initial value problems.

1. Introduction

This paper deals with the variable step variable formula of solving the initial value

problem:

y-y(x,y) ,y(xo) 〒Jo. 1.1

The methods based on variable step-size and variable order are widely used for the

numerical solution of ordinary initial value problem and it is proved that the variable
●

step variable formula is superior to the fix step method. However, in [1962] A Nor-

dieck has pointed out instability in his interpolation versions of Adams formula if the
●

step-size was varied too frequently. G.W. Gear and K.W. Tu [2] have also shown that

Nordsieck method is unstable unless some restrictions are imposed on the step-size

sequence. In general case, stability of variable step-size variable formula can be ascer-

tamed if some restrictions are imposed on the step-size sequence.

We have proposed the following pseudo Runge-Kutta method [6, 9]:

i-1

g{i)(xn,yn,yn-i; h) - (l+at)yn-a^n-i+h ∑^�"/(r (*n>y*yn-v)>
J=0

(flo--l, oi==0, floi-Oif-O) (i-0, 1,..., r),

γ

J>w+l-｣-2_γn-i+b-iyn+ ∑bif(Ji)(xn, yn, yri; h)),
i-0
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and studied the variable step variable formula [10, ll, 12]:

1-1

･(;) ixn, yn¥ hn) - (l+ai)j>(xn) -a｣j>(xn-h^ +hn ∑旬砲(;) (xn, yn; hj),
∫-0

(ao--l, ai-O, flOi-flii-O) (i-O, 1　r),

γ

J>n+l-*-2(An+l)v(*n-An)十b-i (hn+i)y(xn) + ∑bMi+1)f{g{Hxmyn; hn)),
i-0

1.2

providing 3-stage fourth order which is stable only for bounded step-size selection of

the grid, so the aim of this paper is to investigate the stability (zero stability) of (1.2)

in more detail and to give the numerical results showing the characters of the formula
r　　　　　　　　　　　　.　1　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　4　　　　　　　　4　　　　　　　　　　　　　　　　　　　4　.　　　　　　　　　　　1　　　　　　　　　　　　　4

1.2 .

The outline of this paper is as follows. In § 2, we derive the order conditions, the

derivation of order can be clearly by using the tree notations studied by J. C. Butcher

[l], E, Haire & G, Wanner [3] and many peoples, then we use the those notation for the

expression. In §3, we analyze the stability of (1.2) and give some sufficient conditions

for stable, in the last section, we shall give some numerical examples justifying the re-

suits.

2. Derivation of the formulae

We define the order as follows. The method (1.2) is of order p if

Lvn-ォU,+vn)l-o(ォii),

where u(x) is the true solution to (1.1).

In the first place, we study the other condition of (1.2) with the help of a "tree model".

Let us define a(t) as the number of the ways of labelling tree t with a set of ordered

symbol such that along each outwardly directed arc labels increase and /?(*) as the

number of the ways of labelling a tree with r(t) distinct labels on the condition that the

root is not labeled but every other vertex is labelled. We also define the the elementary

differential F¥t) , corresponding to t, by

F(r) (y)-f(y),

where T is the tree with a single vertex and by

F(t) (y)-f(y) (F{h), F(t2),.‥, F(L)),

where t-[t¥, tz,..., ts].

and the elementary weight ◎,-(t) for stage t by



Stability of Variable-Step, Variable-Formula pseudo Runge-Kutta Methods

S,-(r)-*,-,

∫

◎M- ∑alj◎M)◎,(fe)-◎/(O.
ノ=1

Then the expansions for_γn+i and u(xn+hn) are given by

β(i) ◎ (t)F(t)

γ(t)<p K0-1!

J>n+l-J'(*J+　∑

and the true solution

u(xn+hn+i)-j>(xn) +　∑

y (t) +o(k君+1),

α (t) F(t)y (xn)

γ(∫)<♪

We see thatthe method (1.2) is of order p if

*(/)-

for all tree t such that r(t)≦p.

From (1.2) we have

(ft) H4.=｡->GO,

kr )¥ hn=｡-cif{xn) ,

γ(～)!

a (t)

7(t) (3(t)

h芸&+o (ォii).

(怒¥r(t)

y (2)| AM=｡- (ォ;+2 ∑dicj)f(xn),
i

反,-) (3) hn=Q- ∑ (-ai+3 ∑aijc/)yM,f) (y(xn)) +
～              ∫

∑ (-ffl,-+3 ∑djjCj¥ciiH-2 ∑djk Ck)cj)fy(fy(/)) (jV(xn))�"
j           k

Therefor we have the following order conditions listing up to order 4.

f

●

Ⅰ

∨

-b-2+　∑hi-6n,
a

6-2+2 ∑biCi-dn,
～

-6-2+3 ∑biCi -dn, (2.1

33
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where az-i=-l, ^o-0 and vn-

Masaharu. Nakashima

-6-2+3 ∑bA-ai+2 ∑axe,)-dn ,
i ∫

b_2+4 ∑biCi -dn,

6-2+4 ∑bA-ot+Z ∑aijCj)ci- dn ,
J J

b-2+4 ∑bAoi+3 ∑flyCj2-- dr
‡　　　　　　　　　　　　ノ

b-2+4 ∑6,-jfl,-+3 ∑*,}�"(-*;+2 ∑ojkCk)¥ - 9n ,
i J　　　　　　　　　　　　　*

ln+l

hn

Solving (2.1) with r-2, we have the solutions, abbreviating bi-bi( On), as follows:

order2:

β2
bo-也+c2b2　-,bi-6n-(-b-x+bo+bz),

2

#21-｣2--(#2+#20/, A-i-1 A-2,

6-2, b& C2, dn, f12,ォ2o; free parameters.

order 3:

∂2=
en2(z+2dn) -b-o¥

6c2 {l+c2)

h- en-トfr-2H-^o"-t-^2上b_1-1-6-2

c書

･20-"号-, (121-C2-(f12+^20),
b-2, ｣2, 0m ^2; free parameters.

order 4.

∂2=

dnHdn+D2

12c2(2c2+l) (c2+l)l
bo- (3ci+4cl) - (dn3+ dn4

(2.2

(2.3

2.4
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b-2- dn2-2c2b2+2bo, 6-1-1-6-2, ｣1- en- (-b-i+bo+bz),

#2-- (3^2+2^2), ^20-^2+^2, #21-｣2-- (^2+^20/,

C2, 0 'free parameters.

3. Stability properties of pseudo Runge-Kutta Method

We now turn to the stability problem.

Definition.

Consider

応-b-㌫三+b-yn+ ∑bi(hn+1)f(g(i) (xn, hl元)) + γn , 3.1

35

where the function f 伝(t)(#ォ, hwy^)) are same to that in (1.2).

The formula (3.1) is called zero-stability if there exist a constant u and for any e >0,

d (e) suchthat

¥jォーJn ≦_E,

whenever

n

∑tγil≦,*(ォ,
i-0

uniformly in hn≦_u.

Introducing the notations:
●

yn+i-Gvj*+i),毛玉-玩,元宕)t,

γF(Yn)-(O,∑MAサ+i)/U(i)(*.*サ..?サ))',

l-0
γF(柔)-(0,∑bi(hn+i)f(g{i)(*,hn,義))'.

1-0
AnO

b-zl

b-i

theequation(1.2)and(3.1)canbewrittenintheform

Yn+1-AnYn+F(Yn),

電工-AnYn+F(亨n)+(0,γn+l).

Subtracting(3.2)from(3.3),wehave
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｣n+i=Anen+Bnen+Cn+1, (3.4

where

-Y-Y

-/oo¥
B'-¥P.gn)'Cn+1-γ)

n+1)

with

pn--azbzfy(d)+b2a2ohnfA8)fAjn-i+Vl(jn-i元-1)).

qn-h(l+a2)｣(8)+b2fi2ihnfJ(d)fAyn+ワ蝣hn-玩)),

*-W2)W+v3(/2)W-/2)玩))(o≦71,ワ2,V3≦1).

Wecall(3.4)asthestabilityequationandwewanttoknowthebehaviorofdn,

UsingstandardteandardtechniquesoneobtainthefollowingLemmas.

Lemma3.1.The∫olutionof

dn+i-Andn+Bndn-i+Cn

l∫

n                           n

8n- ∑SnjBj-ldj-¥+ ∑SnjCj3
ノ=l J=1

3.5

where

Snj=An-iAn-r-Aj, and Snn-L

From the result stated above we know that the behavior of on is determined by the

norm of Snj. The following conditions will be shown to be sufficient for on to be

bounded.

Lemma 3.2. If there exists constants K¥ and K2 such that

(1)　Jnj主Kl,

(2)　|A匡K2　foralln,j,

then

〟

a.I≦K∑yj,
ノ=1

where K i∫ ∫ome con∫tant.
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Proof

We can prove the result by using the Bellman-Gronwell inequality. By assumptions

(1) and (2), wehave

n                        n

l∂nI≦　　∑f∂j-1I+Kl ∑Cj･
ノ=1ノ=1

Solving this equation yields the result.

3.6

When the step size-ratio dn is constatnt, An is constant matrix with the eigenvalue of 1

and 0-2, so it is easy to derive the condition for the boundedness of S}nj�"

Lemma 3.3. When the ∫tep ∫ize-ratio Qn is con∫tant and

b-2　-|l-6-1 <1,

Then

ISnjI≦K･

From the result, we have the following Theorem.
●

Theorem 1. The method (1.2) with (2.4) i∫ ∫table if the con∫tant 6n ∫atisfie∫･

on2¥ sdn2+A{a2-1) 6n+6a2I
(2α2+D

o<a2≦i (o<dn≦∂),

30ォ+403-1

403+60S+2

which lead to

<1,

<α2≦1 (∂<α2<L5-),

(3.7)

where 9 is the positive rootto 3x +Ax -1-0.

We have plotted the region k(dm az) satisfing (3.7) in Figure (I).

Noting that the coefficients b-2 given by (2.2) and (2.3) are independent upon dn, we
●

may say the following corollary.

Corollary. The method (2.2) given by (2.2) and (2.3) i∫ Ao-∫table under for any 6n.

when A{ is the constant matrix, as we have seen, it is easy to study the stability
●

conditions, however for the variable matrix Ah it is difficult to obtain the conditions

for stability. We [13] shall study these problem by using the spectral decomposition

notations.
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Stability region in the plane (♂m, α?) for Theorem 1

4. Numerical Examples

In order to test the method (1.2) , we wish to present some nimerical results to

show how our scheme compares with R-K method. The descrided method is program-

med in FORTRAN and run on the Personal Computer 9801RA (NEC). The computa-

tions are done in double precision.

The test problems, where (2) and (3) are considered from DETEST [14], are the

following:
●

(1) /--ソ+x,y(0)-3,

(2) /--y,j(O)-l,

(3) /- (y(l-j>/20))/i,y(0) -U.

The true solutions to the problems (l), (2), and (3) are

y(x) -exp(-x) +2-2x+x.

y(x) -vVて抑

サ(*) -20/(1+19. exp(-*/4)),

respectively. The initial value _γi necessary for the method (1.2) , is computed by

Runge-Kutta of order five.
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Table Resultusigthe On-l.l and h-l/27

Problem 1

Absolute error

O.062‥　　　　　　　0.500‥ 3.811‥

o　　　　(0.012..)　　　(0.052..)　　　(0.3535.;

R-K　3　　　　　　0.666E-10

F N　　　　　　　　　18

R-K 4　　　　　　0.173E-12

F N 24

0.642E-10

36

0.765E-8

12

0.275E-10

12

0.188E-7

63

0.193E-9

84

0.341E-9

126

0.182E-5

41

-0.269E-7

41

0.177E-4

123

0.142E-5

164

0.909E-7

246

0.183E-3

81

-0.353E-4

81

Problem 2

0.062‥

(fin)　　　(0.012..)

Absolute error

O.500‥

(0.052‥)

3.811‥

(0.3535.

R-K　3　　　　　　0.610E-10

R-K 4　　　　　　0.463E-14

R-K　5　　　　　　0.104E-10

1.2)3　　　　0.259E-7

(1.2)4　　　-0.246E-9

0.549E-8　　　　　　0.103E-6

0.217E-11　　　　　0.175E-9

0.529E-10　　　　　0.516E-10

0.254E-5　　　　　　0.509E-4

-0.728E-7　　　　　-0.381E-5

Problem 3

0.062‥

ou　　　(0.012..;

Absolute error

O.500‥

(0.052‥)

3.811‥

0.3535.

R-K 3　　　　　　0.693E-13

R-K 4　　　　　　0.463E-16

R-K　5　　　　　　0.538E-ll

1.2)3　　　　0.171E-10

1.2 4　　　　　0.874E-14

0.246E-10　　　　　0.668E-7

0.677E-13　　　　　0.133E-8

0.490E-10　　　　　0.698E-9

0.636E-8　　　　　　0.119E-4

0.114E-10　　　　-0.664E-7

39
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number of function evaluation.

Heun third-order formulas.

Heun fourth-order formulas.

Heun fifth-order formulas.

Method (1.2) with (2.3) taking c2-0.5, a2-0.01 and b-2-0.01,

Method (1.2) with (2.4) taking c2- (40.67)/52.
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