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Abstract

Using a sequence of independent random variables which take on one of the values 0 and 1

with prescribed probabilities, we give probabilistic proofs of two expressions of Stirling numbers of

the first kind.

1.IntroductionandSummary

Sometheoremsthatcanbestatedwithoutreferencetoprobabilitynonethelesshave

simpleprobabilisticproofs.Bernstein'sapproachtotheWeierstrassapproximation

theoremisbasedonthebinomialdistribution.(SeeBillingsley[1],p.72.)Some

eombinatorialidentitieshavealsoprobabilisticproofs.Thisworkgivesprobabilistic

proofsoftwoexpressionsofStirlingnumbersofthefirstkind.

Stirlingnumbersofthefirstkindarethenumberss(n,k)suchthat

n
(*)-∑s(n,k)xforn-1,2,...,

fc-O

where(x)n-x(x-1)---(x-n+1).Byconvention,wetakes{n,0)-Oforn>0,s(0,0)

-1,ands(n,k)-0fork>n.Itsabsolutevalue¥s(n9K)¥isequalto(-1)n+ks(n,k).

Stirlingnumbersofthefirstkinds(n,k)hasthefollowingwell-knownexpressions:

¥s(n,k)¥-∑h-
n-k>
1≦il<=<iれ-k≦n-1

wherethesummation27takesplaceoverallpositiveintegersil9...9in^ksatisfying

l≦il<-<ln-1≦n-1.●

11　　　V

+rk-n fl'2'"rk
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where the summation E takes places over all positive integers rl?..., rfc satisfying

rx+--+rk-n.

n¥

Is(n, k)¥ -　　∑ 1.2

Ikj=k,Zjkj=n H　蝣u

∫

where the summation takes over all nonnegative integers kl9...9 kn satisfying kx +

+ kn- k and kl +2/c2 +�"�"�"+ nkn - n. (See for example Charalambides and Singh [2]

and Comtet [3].)

Using a sequence of independent random variables which take on one of the values

zero and one with prescribed probabilities, Yamato [8] presents a probabilistic proof of

the丘rst expression. By making use of Dirichlet process Yamato [7] gives a probabilistic

proof of the expression (1.2).

Our aim is to yield probabilistic proofs of expressions of Stirling numbers of the first

kind given by (1.1) and (1.2) using the sequence of independent and discrete random

variables.

2. Proofs of expressions of Stirling numbers

Let β1,月2, … be a sequence of discrete random variables as follows: β1,月2, … are

independent and for M>O andj- 1, 2,... 2?. take on one of the values 1 and 0 with

probabilities (ノーl)/(〟 +ノー1), and 〟/(〟 +ノー1), respectively. That is

P(Bj-O)-(j-1)/(M+j-1), P(B,-l)-M/(M+j-1) for　7-1,2,... (2.1)

The above sequences of random variables are for example given by an urn model
●

(Yamato [8]) and the sequence of new observations from a distribution having Dirichlet

process (Korwar and Hollander [4]).

Let us put B(n)-Bl +�"�"�"+Bn for n- 1, 2,..., which is a random variable taking

on one of the values 1,...,n. 5(1) is equal to one with probability one. Since

Bl9 B2,... are independent and take on one of the values 0 and 1, B(n) satisfies the

following recursive relation.
●

Lemma 2.1. For k-1,...,n,

P(B(n + l) - k) -P(B(n)- k)P(Bn+1 -0) + P(B(n) - k- 1)P(Bn+1 - 1),　(2.2)

P(B(n + 1)-n + 1)-P(B(n)- n)P(Bn+1 - 1).　　　　　　　　　　　　　(2.3)

The random variable B(n) has the probability distribution related to Stirling numbers of

the first kind as follows (Sibuya [5] and Yamato [8]).
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Lemma 2.2.

P{B(n)-k)-¥s(n,k)¥Mk/(M}n for k-l,...,n and n-1,2,　　　(2.4)

where <M}　-M(M+!)�"�"�"(M+n-1).

Proof of expression (1.1). We prove this by induction using the probabilistic

relations (2.2) and (2.3). Since P(B(1)- 1)-1, by Lemma　2.2　we have, |s(l, 1)|

- 1. On the otherhand the right-hand side of(1.1)with n-k- 1 is equal to 1. Thus

the expression (1.1) holds for n - 1.

Now we assume the expression (1.1) holds for k- 1,...,n with n≧ 1. We sha

show that (1.1) holds for k-1,...,n+1 with n+1.

For k- 1,...,n9 by (2.2) and (2.4) we have

P(B{n+ 1)-k)

鈷1.冒+　六･k cニlk

+

　

r

∑
↓+l山r �"rfr-k-1

2.5

where the summation 27+'s takes places over all positive integers rl9...9 rk and rl9…5 rk-l

satisfying rx +�"�"�"+rk-n and rl +�"�"�"+rk_1 -n, respectively.

On the other hand, for n-1,2,... and k-1,...,n we have

･n+1)r+...+rニ=n+1 7"i壬*rk 7=1 ri+-+rニ=n+l T¥
●

Separating the cases ofr�"- 1 and ≧2 forj- 1,...,k9

k

R.H.S. of (2.6)- ∑
J=1 rlサ.

r*
+rj

*-n V¥

+　　　∑+
r¥+'-rj-i+rj+i+'-+rk-n T¥'"fj-1'/+l'"'k

-n　∑･ ⊥'k
rl+-+rk-〃　rl･-rた lk

+

　

化

∑
↓+lHr rt-fc-i

By applying the above relation to the right-hand side of (2.5),

P(B(n+ l)-k) ∑+
(n+ 1)!　　　　　　　　　　　Mk

k¥　n+---+rk-n+1　　　<M}n+1

Thus by Lemma 2.2, for k- 1,...,n we

s(n+ 1,k)¥
in+1)!

fc!
l+〃≡

+HT LR+lH
r ri-rk

2.6
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Since ¥s(n9n)¥- 1, by (2.3) and (2.4) we have for k-n+ 1

M"　　M Mn+l
P(B(n+1)-n+1)-　‥　サr

-＼~＼~ー　~′　　　ー′　(M) M+n　(M)n+1

Therefore by Lemma 2.2, we have ¥s(n + 1, n + 1)| - 1. Thus the expression (1.1) holds

for k-1,...,n+1 with n+1>O and is proved by the induction.

Before proving the expression (1.2) we quote the following lemma, which is shown in

the proof of Corollary of Theorem 4 of Sibuya, Kawai and Shida [6].

Lemma 2.3. For n-1,2,... and k-1,...,n,

∑　　f(ki,k2,…;n+ i)
Zkj=k, Sjkj=n+1

∑　　f(ki,k2,...;n)+n　∑　　f(kuk2,...;n)
Ikj=k-1, Ijkj=n lkj=k, Ijkj=n

(2.7)

where f(k,,k2,...;n)-n¥/[口;k'-ty] for kuk2,...≧O and n-1,2,... and the
∫

summation 27's take over all nonnegative integers fcォ, /c2,... satisfying kl + k2 + k3 +

-k and kx+2k2+3fc3+�"�"�"-n+1 and so on.

Proof of expression (1.2). We prove this by induction using the probabilistic

relations (2.2) and (2.3). As stated at the beginning of the proof of (1,1), |s(l, 1)|

- 1. Onthe otherhand the right-hand side of(1.2)with n-k- 1 is equal to 1. Thus

the expression (1.2) holds for n - 1.

Now we assume the expression (1.2) holds for k- 1,...ji with n≧ 1. We shall

show that (1.2) holds for k-1,...,n+1 with n+1.

For k- 1,...,n, by (2.2) and (2.4) we have

P(B(n+ l)-k)

Ekj-k-1,Ijkj-n f(ku k2,...;n)

+n　　∑　　f(kuk2,...;n)
Zkj=k, Ejkj=n i

M7<M>n+l-

By applying Lemma 2.3 to the righトhand side of the above,

P(B(n+ 1)-k)-　　∑
Ikj=k, Ijkj=n+1

Thus by Lemma 2.2, for k- 1,...,n we

f(kl,k2,...;n+ 1)
Mk

(〟)〟+1
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∑s(n+1,k)¥-
n+1!

zkj=k,Zjkj=n+1口　蝣kj¥
∫

Since ¥s(n9n)¥ - 1 with ¥s(n,k)¥ given by (1.2), using (2.3) and (2.4) we have ¥s(n+ 1,

n + 1)I - 1 by the similar discussion to the last of the proof of(1.1). Thus the expression

(1.2) holds for k-1,…　n+1 with n+ 1≧2 and is proved by the induction.
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