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This paper designs the recursive fixed-point smoother and filter, in linear discrete-time systems, which

use the observed value and the covariance information of signal and observation noise for the white

Gaussian and white Gaussian plus coloured observation noises.

1. Introduction

In the previous research, the recursive fi芋ed-point smoother, which is different from the Kalman

filter in approach, is reported in linear continuous systems (Nakamori 1990). This smoother does not

use the state-space model of a signal but the covariance information of signal and coloured noise in

addition to the observed value. Therefore, this novel estimation technique is applicable not only to the

signal processes, which can be estimated by the Kalman filter, but also to those, for which the realization

by the state-space model is impossible. It is considered that the discrete-time estimator is appropriate for

the digital processing by a digital computer.

This paper, at first, presents the recursive least-squares fixed-point smoother and filter using the

covanance information for the white Gaussian observation noise in linear discrete-time systems.

Secondly, the relation between the filter using the covariance information and the Kalman filter is

clarified by introducing the innovations theory (Kailath 1968, Sage and Melsa 1971). The innovations

theory leads to the expression of the discrete-time Kalman gain using the covariance information. The

recursive algorithm for the impulse response function is also obtained for the white Gaussian

observation noise. Finally, the recursive fixed-point smoother and filter are proposed in the linear

discrete-time systems for the white Gaussian plus coloured observation noise when the signal and the

coloured noise are uncorrelated.

In this paper, it is assumed that the autocovariance functions of the signal and the coloured noise

are expressed by the semi-degenerate kernel forms. Since the semi-degenerate kernel can express the

autocovariance functions of nonstationary or stationary stochastic processes, the presented estimators

are suitable for estimating those general signal processes.
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2.Discrete-timefixed-pointsmoothingproblems

Theobservationofthesignalisassumedtooccuratdiscretepointsintimeinaccordancewiththe

linearrelationship

y(k)-z(k)+v(k),(1)

wherey(k)representsannx1observationvector,z{k)isazero-meansignalvectorandv(k)isazero-

meanwhiteGaussianobservationnoisevector.Itisassumedthatz(k)isuncorrelatedwithv(s)as

E[z(k)vT(s)]-O.(2)

Theautocovariancefunctionofv(k)isgivenby

E[v(k)vT(s)]-Rd(k-s),(3)

whereitisassumedthatRisapositivedefinitematrix.Theautocovariancefunctionofz(k)isexpressed

byusingthesemi-degeneratekernelformas

K<*,.)-A(サB'(S).OSsォ

IBOt)AT(s),O^A;^s.

Here,A(/c)andB(s)areboundedwXM'matrixfunctions.

Letthediscrete-timefixed-pointsmoothingestimatez(k,L)ofthesignalz(k)begivenby

L
z(k,L)-∑h(k,i,L)y(i)(5)

i=l

asalineartransformationoftheobservationdataset¥y(i),1≦i≦L},whereh(k,i,L)iscalledthe

impulse response function. It can be shown that minimizing the mean square value

J-E[(z(k)-z(k,L)V(z(k)-z(k,Lm

of the smoothing error z(k)-z(k,L) leads to the Wiener-Hopf equation

L

E[z(k)yT(s)]-∑h(k, i , L)E[y(i)yT(s)]
f=l

from the orthogonal projection lemma

L

z(k)-∑h(k,i,L)y({)⊥y(s),0≦S,k≦L,
1=1

(Sage and Melsa 1971). By using (1)-(3), one obtains

L

h(k,s,L)R-K(k,s)-∑h(k,i,L)K(i,s)
i=¥

(6)

(7)

(8)

(9)

from (8). (9) is the basic equation for the optimal impulse response function h(k, s , L) in the linear

discrete-time fixed-point smoothing problems.

In section 3, the Cauchy system for the fixed-point smoothing estimate is presented by starting with

(9).

3. Design of fixed-point smoother for white Gaussian observation noise

tTheorem l】 presents the recursive fixed-point smoothing algorithm for the white Gaussian

observation noise.
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ITheorem l]

If the autocovariance function of the signal is expressed by (4) in the semi-degenerate kernel form, if

the signal zv) and the white Gaussian observation noise v(-) are uncorrelated, and if the variance of

the white Gaussian observation noise v(k) is R, then the discrete-time fixed-point smoothing estimate z

(A:,L) is calculated by (10)-(16) recursively.

｣U,L)-｣(fc,L-1)+MA;,L,L)te(L)-A(L)O(L-D)　　　　　　　　(10)

h(k,L,L)-(B(L)AT(L)-P(k,L-1)AT(L))(R+(B(L)-A(L)KL-1))AT(L))-1

(ll)

P(k,L)-P(k,L-1)+h(k,L,L)(B(L)-A(L)KL-1))　　　　　　　　(12)

P(L,L)-A(L)γ(L)　　　　　　　　　　　　　　　　　　　　　　　　　(13)

J(L , L) - (BT(L) -KL-1)AT(L))(R+(B(L) -A(L)KL-1))AT(L))-1　　　(14)

γ(L)-γ(L-1)+J(L, L)(B(L)-A(L)γ(L-D)　　　　　　　　　　　　　(15)

0(L)-0(L-1)+J(L,L)(m(L)-A(L)0(L-1))　　　　　　　　　　　　(16)

Here, h(k,L,L), PU,L), r(L)and J(L,L)areサxォ, nxM', M'xM'and M'xォmatrices

respectively.

The filtering estimate z(L,L) is given by

2(L,L)-A(L)0(L),

where 0(L) is an M'×1 vector.

(17

The initial conditions on the difference equations (15) and (16) for r(L) and 0(L) at L-0 are as

follows.

r(o)-0

0(o)-o

TheproofoflTheoreml】isdeferredtotheappendix.

(18)

4. Innovations theory and filtering error covariance

Let us introduce the innovations theory in relation to the estimation problems using the covariance

information for the white Gaussian observation noise. The innovations process is defined by

レ(k)-y(k)-z(k, k-1)　　　　　　　　　　　　　　　　　　　　　　　(19)

(Kailath 1968), where z{ k , k-¥ ) is the least-squares estimate of the signal z(k), at the discrete-time k,

based on the observation data set {yd), 1≦i≦k-1}. The filtering estimate z{k, k) is expressed by

k

z{k,k)-∑g(k,i)v(t)　　　　　　　　　　　　　　　　　　　　　　(20)
1=1

as a linear transformation of the innovations process vu), *-1, 2,�"�"�", A:, by an impulse response function

g(k,i). If one rewrites (20), one obtains

k-1

z(k,k)-i:g(k,i)v(t)+g(k,k)(y(k)-z(k,k-1))
1=1

(21)

from (19). Let W(fc) denote the Kalman gain, then g(k, k) is seen to be equal to W(/c) from (21). The

Kalman gain W(/c) is formulated as
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W(k)-A(k)](k, k)

- (A(fc)BT(fr) -A(*) KA;)AT(*))R-1　　　　　　　　　　　　　　　　(22)

from(16), (17) and(A12). From Sage and Melsa(1971), itisfoundthatthe variance function S(k, k) of

the filtering error z(k,k)(-z(k)-z(k,k)) is obtained as

S(k,k)-var(z(k,k))

-WOfc)R

-A(kW(k) -A(k)r(k)PJ(k)　　　　　　　　　　　　　　　　　　(23)
by the covariance information. The filtering error variance of z(k) is related to the covariance of

z{k,k-1), e.

var(z(k, k))-var(z(k, k-1))(l+R-lvar(z(k, k-1)))-　　　　　　　　　(24)

(Sage and Melsa 1971). If one uses an expression of W(A:)-var(z(k,k))R and introduces

varyレ(k))-var(z(k, k-1))+R,　　　　　　　　　　　　　　　　　　　　(25)

which denotes the variance of the innovations process v(k), one obtains the autocovariance function

Q(k) of the innovations process as

Q(k) -var{v(k))

- ((I-W(A;))-1W(A;) +I)R.

By the way, the filtering estimate z¥L,L) is written as

2(LfL)-A(L)0(L-1)+A(L)J(LfL)(y(L)-A(L)0(L-1))

(26)

(27)

by (16) and (17). Comparing the discrete-time Kalman filter (Sage and Melsa 1971) with (21) and (27),

one obtains

z(L,L-1)-A(L)O(L-1)

L-1

-∑g(L,i)v(i).
i=l

(28)

Therefore, (27) is written as

｣(L,L)-i(L,L-1)+W(L)(o(L)-2(L,L-1))

-z(L,L-1)+W(L)レ(L)　　　　　　　　　　　　　　　　　　　(29)

in terms of the innovations processレ(L). Thus, the innovations state-space model becomes

z(L+l,L)-¢(L+l,L)z(L,L-1)+¢(L+l,L)W(L)v(L),　　　　　　(30)

where S(L+1 ,L) is the state-transition matrix of the state-space model for z('). One finds that

¢(L+l,L)is given by

¢(L+1,L) -A(L+1)A-1(L)　　　　　　　　　　　　　　　　　　　　　　　(31)

on the condition that A(L) is a positive definite matrix of order n for n-M¥ It is clear that the

observation equation is given by

M(L)-2(L,L-1)+y(L), (32)

for the innovations state-space model of (30).

It is an advantage that this innovations model can be determined only by the covariance

information. It is also interesting that the whitening filter is constructed from the innovations model,

where this whitening filter yields the white Gaussian output innovations process from the observation

process.
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5.Optimalimpulseresponsefunctionh¥k,s,k)andh(k,s,L

Letuspresentalgorithmsfortheoptimalimpulseresponsefunctionsh(k,s,k)and

h(k,s,L)'m[Theorem2].

【Theorem 2】

Let the covariance information of the signal zv) and the white Gaussian observation noise vv) be

given, then the impulse response function h( k , s , k), which is useful in computingthe filtering estimate

z(k,k)by (5) for L-k, is calculated by (14), (15), (33) and (34).

h{k,s,k)-k(k)](s,k),0≦S≦k　　　　　　　　　　　　　　　　　　　(33)

J(s,L)-J(s,L-1)-J(L,L)A(L)J(s,L-1).　　　　　　　　　　　　(34)

The initial condition on the partial differential equation (34) atL-l-s is](s , s).](s , s) is calculated

by (14) and (15).

Also the optimal impulse response function h(k, s , L), which yields the fixed-point smoothing

estimate of (5) is calculated by (ll), (14), (15), (34) and (35).

h(k,s,L)-h(k,s,L-1)-h(k,L,L)A(L)J(s,L-1)　　　　　　　　(35)

(Proof)

(33) is clear from (A22). (3.4) is derived by substituting (A7) into (A9).

(35) is derived by (A.4) and (A.7) (Q. E. D. ).

6.Fixed-pointsmootherforwhiteGaussianpluscoloredobservationnoise

Letanndimensionalobservationequationbeexpressedby

y(k)-z(k)+v(k)+vc(k),(36)

forthewhiteGaussianpluscolouredobservationnoise,wherevc(k)isazero-meancolouredobservation

noise,andy(k),z(k)andv(k)arethesamequantitiesintroducedin(1)forthewhiteGaussian

observationnoise.Itisassumedthatz(m),v(-)andvcv)areuncorrelatedmutually.

Theautocovariancefunctionofthecolouredobservationnoisevc¥k)isalsoexpressedbythesemi-

degeneratekernelform

Kc(k,s)-¥a(k)£T(s),O

T(s),｡≡;……(37)

wherea(-)andfi(')arewxN'boundedmatrices.

Thefixed-pointsmoothingestimatez(k,L)isexpressedby(5)alsoforthewhiteGaussianplus

colouredobservationnoise.Anequation,whichcorrespondsto(9)forthewhiteGaussianobservation

noise,becomes

L

h(k,s,L)R-K(k,s)-∑h(k,i,L)(K(i,s)+Kc(i,s))
1=1

for the white Gaussian plus coloured observation noise.

(38)

The fixed-point smoothing algorithm for the white Gaussian plus colored observation noise is
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summarized in 【Theorem 3].

【Theorem 3]

Let the autocovariance functions of the signal z(k) and the coloured observation noise vc(k) be

expressed by (4) and (37) respectively in the semi-degenerate kernel forms, and let R denote the variance

of the white Gaussian observation noise, then the fixed-point smoothing estimate z( k , L ) is calculated

by (39)-(48) recursively.

z(k,L)-z(k,L-1)+h(k,L,L)(y(L)-A(JL)O(L-1)-α(L)Q(L-1))　　(39)

/?U,L,L)-(B(L)AT(L)-EU,L-1)α (L)-FU,L-1)AT(L))(R+(B(L)-A(L)

KL-D-α(L)C(L-1))AT(L)+(β(L)-A(L)G(L-1)-A(L)D(L-1)))αT

(U)-1　　　　　　　　　　　　　　　　　　　　　　　　　(40)

0(L-1)-0(L-2)+J(L-l ,L-1)(w(L-1)-A(L-1)0(L-2)-α(L-1)Q(L-2))

(41)

Q(L-1)-Q(L-2)+I(L-l ,L-1)(ォ(L-1)-A(L-1)O(L-2)-α(L-1)Q(L-2))

(42)

γ(L-1)-γ(L-2)+J(L-1 ,L-1)(B(L-1)-A(L-1)γ(L-2)-α(L-DC(L-2))

(43)

G(L-1)-G(L-2)+J(L-l ,L-1)(B(L-1)-A(L-1)G(L-2)-α(L-DDCL-2))

(44)

C(L-1)-C(L-2)+I(L-l ,L-1)(B(L-1)-A(L-1)γ(L-2)-α(L-1)C(L-2))

(45)

D(L-1)-D(L-2)+I(L-l , L-1)(B(L-1)-A(L-1)G(L-2)-α(L-1)D(L-2))

(46)

J(L-1,L-1)-(BT(L-1) γ(L-2)AT(L-1)-G(L-2)α (L-1))(R+(B(L-1)

-A(L-1)γ(L-2)-α(L-1)C(L-2))AT(L-1)+(β(L-1)

-A(L-1)G(L-2)-a(L-1)D(L-2))aT(L-1))-1　　　(47)

I(L-1,L-1)-(BT(L-1)-C(L-2)AT(L-1)-D(L-2)α (L-1))(R+(B(L-1)

-A(L-1)γ(L-2)-α(L-1)C(L-2))AT(L-1)+(β(L-1)-A(L-D

G(L-2)-α(L-1)D(L-2))α (L-1))-1　　　　　　　　(48)

The filtering estimate z(L,L) is given by

z(L, L)-A(L)O(L).　　　　　　　　　　　　　　　　　　　　　　　　　(49)

E(k,L)-E(k;L-1)+h(k,L,L)(B(L)-A(L)KL-1)-α(L)C(L-1))　(50)

E(L,L)-A(L)γ(L)　　　　　　　　　　　　　　　　　　　　　　　　　(51)

FU,L)-FU,L-1)+/*U,L,L)(B(L)-A(L)G(L-1)-α(L)D(L-1))　(52)

F(L,L)-A(L)G(L)　　　　　　　　　　　　　　　　　　　　　　　　　(53)

Here, O(L-1) and Q(L-1) areM'×1 andN'×1 vectors. The functions r(L-1), G(L-1), C(L-1),

D(L-1),J(L-1,L-1),KL-1,L-1),E(k,L),F(k,L)andh(k,L,L)areM'×M¥M'×N',

N'XM', N'XN¥ M'xw, N'x^,ォxM' wXN'and nXn matrices respectively.

The initial conditions on the difference equations (41), (42), (43), (44), (45) and (46) are as follows.
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【Theorem 31 is derived by using an invariant imbedding method as in the proof of 【Theorem l], then

its proof is omitted.

7. A stabilty consideration

Let us consider a stabi】ity problem. The smoothing error covariance function is defined by

mk,s,L)-E[(z(k)-z(k,L))(z(s)-z(s,L)y],0≦S,k≦L.　　　　　　(55)

From an orthogonal projection lemma that the smoothing error z¥k)-z(k> L) is orthogonal to the

smoothing estimate z{s ,L) for O≦S, k≦L, one obtains

U(k,s,L)-K(k,s)-E[z(k,L)zT(s)l

-K(k,s)-E[z(k,L)zT(s,L)]

-K(k,s)-¥Jz(k,s,L),　　　　　　　　　　　　　　　　　(56)

where U2(k , s , L) denotes an autocovariance function of the fixed-point smoothing estimate z( k , L).

¥Jz(k,5 ,L) and U(k,s ,L) are positive semi-definite matrices. Therefore, one has a relationship

O≦U2(/c,s,L)≦KU,s).　　　　　　　　　　　　　　　　　　　　　　(57)

According to a discussion on stability problems (Kailath 1976), one notices that (57) ensures that the

presented smoothing algorithm has a unique solution, since Uz(k, s , L) is lower and upper bounded.

It can be shown that the smoothing error covariance function Uz(k,k,L) is given by

U,U,A;fL)-/KifcfL,L)R　　　　　　　　　　　　　　　　　　　　　　　(58)

after some manipulations. A(A:,L,L) is calculated by (40), (43)-(48) and (50)-(53).

8. A numerical example

Let us show a numerical example of 【Theorem 31 for the white Gaussian plus coloured observation

noise. The observation equation is given by (36). The scalar observation process is considered here.

The autocovariance functions of the signal z¥k) and coloured noise vc¥k) are given by

KU, s)-1.026-0.95(k-s)　　　　　　　　　　　　　　　　　　　　　　(59)

and

Kc(ft, s)-0.1-0.5ik-s)　　　　　　　　　　　　　　　　　　　　　　(60)

for O≦S≦k respectively. The functions, which constitute the autocovariance functions of the signal and

the coloured observation noise, are as follows.

A(fc)-1.026-0.95*, B(s)-l/0.95s, α(k)-0.1-0.5*,β(s)-l/0.5s.　　　　　(61)

Substituting (61) into the smoothing algorithm of 【Theorem 3】, one can calculate the fixed-point
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Fig. 1 Fixed-point smoothing estimate 2(6,6+k) vs. k.

z(6,6+k) for the white Gaussian observation noise N(0,0.1 ).

f(6,6+/c) for the white Gaussian observation noise N(0,0.32).

z(6,6+A:) for the white Gaussian observation noise NOO, 1).

｣(6,6+k) for the white Gaussian observation noise N(0,32).

e..‥‥ z(6,6+k) for the white Gaussian observation noise N(0,52).

f z(6,6+k) for the white Gaussian observation noise N(0, 72).

0

‖
りl

(
0
1
+
^
1
.
I
)
川
　
s
q
e
u
r
p
s
a
　
叫
u
-
占
U
o
o
u
i
s

Fig. 2　Fixed-point smoothing estimate z(k,/c+10) vs. k.

a ‥.… Signal process.

b z(k,/c+10) for the white Gaussian observation noise N(0,0.I2).

z(k,A;+10) for the white Gaussian observation noise N(0,0.5 ).

z(k,fc+10) for the white Gaussian observation noise N(0, l).
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smoothing estimate. Fig. 1 illustrates 2(6, 6+k) vs. k for the white Gaussian observation noises

N(0,0.12)(N(0,0.32),N(0,l),N(0,32),N(0,52)andN(0,72).InFig. 1,the fixed-pointis6.

In Fig. 2, the fixed-lag smoothing estimate z(k , k+10) is plotted by repetitive uses of the proposed

fixed-point smoothing algorithm for the white Gaussian observation noises N( 0 , 0.I2), N(0 , 0.52 ) and

N(0, 1) in the interval of O≦k≦19. In Fig. 2, the fixed-point corresponds to k. Here, it is needless to

say that the fixed-lag smoothing estimate is calculated by a fixed-lag smoother usually.

For reference, the state-space realization for the signal z¥k) from the covariance information (59) is

expressed by

z(k+l)-0.95z(k)+u(k), E[u{k)u(s)i -O.ld(k-s).

Also, the state-space model for the coloured noise vc¥k) is

ve(k+l) -0.5ve(k) +vi(k), E[vi(lc)vi(sn -0.0755 {k-s).

(62)

(63)

9. Conclusions

The numerical example has shown that the linear discrete-time fixed-point smoother presented in

this paper is feasible.

The presented filter in this paper can be classified as the recursive Wiener filter (Kailath 1974) in

linear discrete-time systems.
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Appendix (proof of 【Theorem l】)

Putting L->L-1 in (9), one obtains

L-1

h(k,s,L-1)R-K(k,s)-2:h(k,itL-1)K(i,s).
i=¥

Subtracting (Al) from (9) yields

(All

L-1

(h(k,s,L)-h(k,s,L-1))R--h(k,L,L)K(k,s)-∑(h(k,i,L)-h(k,i,L-1))K(i,s).
1=1

(A2)

Introducing the equation

L-1

jKs,L-1)R-K(L,s)-∑jl(i,L-1)K(i,s),
1=1

which the function A(s,L-1) satisfies, and using (A2) and (A3), one obtains

hik,s,L)-h(k,5,L-1)-h(k,L,LM(s,L-1)

(A3)

(A4)
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after some manipulations. If one takes into account of the property of the semi-degenerate kernel of (4), (A3) is

rewritten as

L-1

ylU(L-1)R-A(L)BT(s)-∑A(i,L-1)K(.i,s).
1-1

Similarly, from (A5) and

L-1

J(s,L-1)R-BT(s)-∑JG,L-1)K(*,s),
1=1

yl(5,L-1)is given by

A(s,L-1)-A(L)JU,L-1).

Putting L-L-1 in (A6) and subtracting the obtained equation from (A6), one has

A5

(A6)

(A7)

L-2

(J(s,L-1)-J(s,L-2))R--J(L-l,L-1)K(L-l,s)-∑(J(i,L-1)-J(i,L-2))K(if5).
1-1

(A8)

Thus the difference equation for J(5 , L-1) becomes

J(s,L)-J(s,L-1)-J(L)LM(s)L-1)
by (A3) and (A8). Putting蝣s=L-1 in (A6), one obtains

L-1

J(L-1 ,L-1)R-BT(L-D-2JO¥L-1)B(OAT(L-1)
f=l

with the property of the semi-degenerate kernel of (4). Introducing

L-1

KL-1)-∑J(i,L-1)B(0,
1-1

one can rewrite (AIO) as

J(L-1,L-1)R-BT(L-1) γ(L-1)AT(L-1).

Putting L-L-1 in (All) and subtracting the obtained equation from (All), one has

L-2

KL-1)-KL-2)-J(L-1,L-1)B(L-1)+∑a(tfL-1)-J(ifL-2))B(d.
f=l

(A9)

(AIO)

(All)

(A12)

(A13)

Substituting (A9) into (A13) and using (A7) and (All), one obtains (15).J(L, L) of (14) is derived by using (A12)

and (15). The initial condition onthe difference equation (15) for r(L) atL-0 is r(0) -0 from (All). If one puts s-L

in (9), the result is

L

*(*fL,L)R-K(*,L)-S*U,i,L)K(t,L).
*-1

Using the property of the semi-degenerate kernel of (4), one can rewrite (A14) as

L

*U,L,L)R-(B(*)-∑MM,L)B(0)AT(L).
t-l

Let us introduce the function

L

P(ft,L)-∑*u,;,L)B(f).
1=1

Then (A15) is transformed into

MA;,L,L)R-(B(A;)-PU,L))AT(L).

Putting L->L-1 in (A16) and subtracting the obtained equation from (A16), one has

L-1

P(k,L)-P(k,L-1)-h(k,L,L)B(L)+∑(*(*,サ,L)-h(k,i,L-im({).
i-l

(A18) is rewitten as

P(/c,L)-P(fc,L-1)+/t(A;)L,L)(B(L)-A(LML-1))
by (A4), (A7) and (All). The initial condition on P(A:,L)at k-L is given by

L

P(L,L)-S*(L,i,L)B(i)
f=1

from(A16).

It is shown that h(L,i,L) satisfies

(A14

(A15)

(A16)

(A17)

(A18)

(A19)

(A201



Smoother using covariance information

L

*(L,サ,L)R-A(L)BT(i)-∑*(L,サ,L)K(rt,f)
n=¥

from (4) and (9). One can express A(L,/,L)as

h(L,i,L)-A(L)J(i,L)

by comparing (A21) with (A6). Substituting (A22) into (A20) and using (All), one obtains

P(L,L)-A(L)γ(L),

The filtering estimate z(L,L) is given by

L

*(L,L)-∑h(L,i,L)y(i)
l=1

from (5). Substituting (A22) into (A24) and introducing
L

O(L)-∑Hi,L)y(i),
1-1

(A21)

(A24)

(A25)
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one obtains (17) for the filtering estimate. Putting L-L-1 in (A25) and subtracting the obtained equation from

(A25), one has

L-1

Oa)-O(L-1)-J(L,L)o(L)+Z(J(i,L)-J(i¥L-1))サ(!").
1=1

(A26)

Then (16) is derived by substituting (A9) into (A26) and by using (A7) and (A25). The initial condition on the

difference equation for O(L) at L-0 is O(0)-0 from (A25).

Finally, the difference equation for the fixed-point smoothing estimate is obtained as follows. Putting L->L-1 in

(5) and subtracting the obtained equation from (5), one has

L-1

z(k,L)-z(k,L-1)-h(k,L,L)y(L)+∑(h(k,i,L)-h(k,i,L-1))y(i).
i=l

Then (10) is derived from (A4), (A7), (A25) and (A27) (Q. E. D.*).

(A27)


