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Abstract

The method deriving Bravais lattices, especially non-primitive lattices, is discussed. The
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

●                                                                                             ●

principles introduced to derive non-primitive lattices are:

(1) Rotative-translative invariance of the centering vectors for the primitive lattices.

(2) Similarity of the centering vectors.

(3) Closure of centering vectors.

The number of the primitive lattices in four-dimensional space is shown to be 18 and that
●

of non-primitive is done to be 22.
●

1. Introduction

Burzlaff & Zimmermann (1983) described that "The Bravais lattices may be derived by

topological procedures (Delaunay, 1933) or algebraic ones (Burckhardt, 1966; Neubliser,

Wondratschek and B山ow, 1971)". Regrettably, there is no description of completed algebraic

method of derivation of Bravais lattices even in three-dimensional space in Burckhardt (1966).

There are many investigations on Bravais lattices, but the fact that the number of Bravais
●

lattices in four-dimensional space was not uniquely determined and various numbers of the
●

lattices were proposed by the various investigators indicates the lack of the principles to derive
●

Bravais lattices. Mackey & Pawley (1963) discussed the lattices and concluded that the number

of the lattice was 52 (21 primitive and 31 non-primitive). Neub舶er & Wondratschek (1969

discussed that the number was 64 (33 primitive and 31 non-primitive). Kuntsevich & Belov

(1970) obtained 55 Bravais lattices (26 primitive and 29 non-primitive). We can not see even the

definition of Bravais lattices in these articles, although the restrictions for the centering
●

vectors of Mackay and Pawley (1963) and the geometrical method of Burckhardt (1966)

approached to near the nature of Bravais lattices. Novertheless, their methods could not

reached the decisive determination of the Bravais lattices in general space.

Brown, B山ow, Neub舶er, Wondratschek & Zassenhaus (1978) published the results of their

electronic computer study. Hereafter, their results are referred as B. B. N. W. Z. When the

present author read their lists, he felt very strange, since two crystal systems shared the same

lattice. The present author's understanding for a crystal system is that a crystal system
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consists of crystal classes of which symmetry operations make invariantly transform a lattice

into itself. That is to say, a lattice decides the crystal system. Lattice vectors in a conventional

unit cell or on the boundary of the cell of non-primitive lattices, centering vectors, are independ-
●                                                                                 ●

ent of one another for two- and three-dimensional lattices. The centering vectors of four-
●

dimensional space should also be independent of one another. Nevertheless, there are not

independent centering vectors in their Bravais lattices. In addition, their bases of the some

lattices are not always reduced, since the number 2 appears in their representation matrices. We

can not know the method of the derivation of Bravais lattices in their book. The method which

the present author supposed to be their method is discussed in the final section in this article.

Bravais lattices in any dimensional space can be obtained if point groups for the space are

determined. Four-dimensional point groups were derived by Hurley (1951) depending upon the

theory of Goursat (1889). The results were revised by Hurley, Neub舶er & Wondratschek

(1967). Since there are many crystal systems which seem to be merged to the other crystal

systems in the crystal systems of且且N. W. Z. , their principle to determine crystal systems
●

is not approved. Therefore, their results should be fundamentally examined from the crystall0-

graphic point of view. Although the present author's examination on the point groups of

four-dimensional space is not completed still, the results of且且N. W. Z. can be available for

the derivation of the Bravais lattices.

A symmetrical property of lattices that lattices are invariant for translation and rotation

operations is expressed as the rotative-translative invariance in this article. All the lattice

points of a non-primitive lattice can be transformed to have integral coordinates by adapting
●

the fractional bases of the corresponding primitive lattice. There is a subset which is isomorphic
●

to the set of lattice points of the primitive lattice in the set of the non-primitive lattice points.
●                                                                                                                                        ●

The subset composes of the lattice points of which coordinates are the integral multiples of

those of the lattice points of the primitive lattices. Then, the set of the coset representatives
●

of the cosets of the subset in the non-primitive lattice is a subset of the coset representatives of
●

the subset in the primitive lattece, in other words, the set of the lattice points of the non-
●

●                                                                                                                                                                                              ●

primitive lattice is a subset of the set of the lattice points of the primitive lattice. The coset
●                                                                                                         ●

representatives become centering vectors when the bases are again transformed to the ordinary
●                                                                                   ●

ones. The problem to derive non-primitive lattices from a primitive lattice becomes to study the

conditions that the sets of the coset representatives, the centering vectors, of the non-primitive
●                                                                                                    ●

lattices should satisfy.

The representations of the symmetry operations belonging to the holohedry of a primitive
I                             1I          II        l1      1         ll                  A                    +

lattice are invariant for some exchanges of the bases of the lattice, although the bases are not
●

symmetrically equivalent. This kind of the exchanges of the bases is called similar operation in

this article. Similar operations are one-to-one mappings of the lattice as a whole, and form a
●

●

group. The non-primitive lattices derived from a primitive lattices in three-dimensional space

can be characterized by the difference of the similar operations and the centering vectors. This
●

similarity of the bases of lattices is adapted as the one of principles to derive non-primitive
●

lattices.
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Since derivation of primitive lattices from point group symmetries is very easy by the use
●

of word processors, the present author discusses mainly the method to derive non-primitive
●

lattices in four-dimensional space and shows that the number of Bravais lattices is 40 (18

primitive and 22 non-primitive). The number was suggested by a certain Russian crystallogra-

pher.

2. Preliminary Remarks

The terms and the concepts used in this article are explained shortly in this section. The
●

methods and the principles established previously and related with the present author's method
●

are alse described.

2. 1. Lattices and reduced bases

The infinite set of vectors-which are linear combinations of n independent vectors with

integral coefficients is called a lattice in n -dimensional space. The starting point of the vectors

is fixed and is called the origin of lattice. The n independent vectors are called the bases. The
●      ●

members of the set are called the lattice vectors. The set of the bases is called the basis of the

lattice. The origin of the lattice and the end points of the lattice vectors are called lattice
●      ●

points. The lattice is also defined as the set of the lattice points. The integral coefficients of

the bases in the lattice vectors are called coordinates of the lattice points. The lattice of n

-dimensional space is represented by

n

- {‡Pi*t¥- -≦Pi≦∞},　　　　　　　　　　　　　　(2.1.1)
令

where at is the ith base and p( is an integer.
●

A n -dimensional domain of polyhedron of which apexes of 2　are at lattice points and no

lattice point exists in the domain is called a n -dimensional unit cell. Although the every volume

of the n -dimensional unit cells of a lattice in n -dimensional space is equal, there are infinite

many shapes of unit cells. By fixing an apex as the origin of the unit cell, the vectors from the
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●　　　　　　●

●    ●       .        . 1                      ●    ●

origin to the remaining apexes can be the bases of the lattice.

The bases are chosen from the above vectors and linear combinations of them. When the

bases satisfy the following condition,
●

at+aj　≧　atI fori≠j, (2. 1.2)

the basis is called to be reduced. There are many possible bases for a lattice, even though the

bases are reduced.

Notations of points and vectors are of the same form and expressed by bold italic styles,

the representations of the points and the vectors which are given by row (the expression in the

text) or column (the practical calculations) matrices are expressed by bold styles in this article.
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2. 2. Symmetry operations and their representation

Rigid movements of a lattice which make coincide the lattice with itself are called

symmetry operations. When symmetry operations displace the lattice parallel, the symmetry

operations are called translation operations. The translation operations of the lattice form a

group, and can be represented by the form of equation (2. 1. 1), that is, the translation groups

are represented by the same forms with the lattices and are not necessary to distinguish each

other. Of course, another form of the representation is possible, see Burckhardt (1966). When

the symmetry operations rotate the lattice (in wide sense) by fixing the origin, the symmetry

operations are called point group symmetry operations. The point group symmetry operations

of the lattice form a point group.

There is the maximum group in the point groups for a lattice. The other point groups of the
●

lattice are the subgroups of the group. The maximum group is called the holohedry of the

lattice. There are many possible reduced bases which can span the lattice. Symmetry operations

which make one-t0-one correspondence of the reduced bases are symmetry operations of the

holohedry.

The point group symmetry operations of four-dimensional space given by Mackay & Pawley
●

(1963) are listed in Table 1.

A basis for the representations of symmetry operations is also expressed by a column

matrix of which elements are the bases as follows.

1
　
　
　
2
　
　
　
3
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i
i
i
i
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[

(2.2. 1)

When bases of two lattices are [a] and [6] , and the two bases are related by a trans-

formation matrix T,

[6] -no], (2. 2. 2)

asymmetry operations R represented on thebasis [a] , which brings [a] to [a ] by

[a] -R[a],

that is,

n

a t - Yj Rija,j,
]

is transformed to R in case of the basis being [6]

R'- TRT-i

(2. 2. 3)

(2. 2. 3′)

(2. 2. 4)

2. 3. Reduction of quadratic forms and representations of symmetry operations

A quadratic form ¢ is defined by the product of a square matrix A , a column vector ∫

of which elements are integers, and the transposed vector x as follows,
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¢ -x*Ax. (2.3. 1)

Without changing the values of quadratic forms, to change the diagonal elements of A to the
●

possibly largest values and the off-diagonal elements to the possibly smallest values is called

the reduction of quadratic form.

A lattice is also characterized by the metric tensor. The metric tensor for the basis [α] is

expressed by

M- [a][a]'. (2. 3. 2)

When the matrix A is substituted by the metric tensor 〟 and the elements of the column

vector are coordinates of a lattice point ∫ , the quadratic form becomes the square of the lattice

vector ∬　Hence, quadratic forms correspond to the squares of lattices vectors. Since there are

infinite many choices of the basis of a lattice, there are infinite many quadratic forms for a

lattice vector.

Symmetry operations of the point group of a lattice transform invariantly the metric

tensorofthelattice. If a metric tensor M is invariant for a rotation R, M-RMR , the

metric tensor Af'- [6][6]'is also invariant by Rf- TRT . Wecan see that if T is a
●

non-singular matrix, then any metric tensor transformed by T is invariant for the symmetry

operations of the lattice. We can not use the invariance of metric tensor for the criterion of the

existence of a new type of lattice. The matrix 〟 in equation (2. 3. 2) is composed of the basis

of a lattice, so that the study of the reduction of quadratic forms seemed to be useful for the

study of the nature of Bravais lattices. The reduction is essentially to obtain reduced bases of
●

given lattices, and not related with the derivation of Bravais lattices in itself.

Reduction of quadratic forms was discussed by many authors, the present author refers

Minkowski (1883). According to him, a quadratic form is reduced if

all≦a22≦…　≦ann

¢(｣i> ｣2>…, ｣サ) ≧ fcMI>

and

(2. 3. 3)

(2. 3. 4)

where a{j isthe ij elementof A, eh islandtheother ek areOorア1.
●

Thereis a verysimplerelationbetweenequations (2. 2.3') and (2.3.4). When h - i and

thebothsidesofequation (2.3.4) areequal, then ahh - a¥ and e;- - Rtj. Equation (2.2.3') is

forthecaseof h - i and ek - 0(J 4= k) inequation (2. 3. 4). Hence, therowmatricesofwhich

ith element is e{ must be the hth row of a symmetry operation R. From these relations, it

is concluded that symmetry operations represented on the reduced bases have only elements of

0, or ± 1. Matrices of which determinant are ± 1 and of which elements are integers are called

to be unimodular, but unimodular matrices in this article mean the unimodular matrices with

the elements 0 or ± 1.
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2. 4. Rotative-translative invariance of lattices

Two vectors (points) ∫ and ∬′ are called to be translatively equivalent, if the vectors are

related with

n

x′ -x-(≡ cidiX

i

(2.4. 1)

n

where ≡ Citti is a lattice vector. All the lattice vectors of a lattice are translatively equivalent
2

to one another. Bucckhardt (1966) expressed this relation as follows,

x　-x(mod. 1). (2. 4. 2)

This notation is convenient to express the translative equivalence, the present author uses this
●

notation. A point group symmetry operation R brings a lattice vector x to another lattice
vector ∫/. The lattice vector ∬′ should be translatively equivalent to ∫ Therefore, a point

●

●

group symmetry operation satisfies the following equation,

R*x-ximod. 1).　　　　　　　　　　　　　　　　　　　　　　　　　　(2. 4. 3)

The two vectors x and x - Rx satisfying equation (2. 4. 3) are called rotative-translatively
●

equivalent to each other for the lattice. The most important symmetrical property of lattices
to derived non-primitive lattices is rotative-translative invariance of the lattices.

●

3. Nature of Bravais lattices

There is no decisive definition of Bravais lattices until now. In order to give definition of
●

Brarais lattices, their nature is to be studied.

3. 1. Translation groups of non-primitive lattices

The translation group of a primitive lattice is represented by the form of equation (2. 1. 1).

Non-primitive lattices have more lattice points in addition to those of the corresponding
●

primitive lattices. The additional lattice points should have translation symmetries of the

primitive lattices. That is to say, there are lattice vectors of the primitive lattices in the

additions or the subtractions of the additional lattices vectors. The coordinates of these

additional lattice points can be transformed to integers by multiplying common integral

numbers, if not, the additional lattice points do not have translation symmetries of the
●

primitive lattices.

When the least common multiple making all coordinates of the lattice points of a non-
■                                                                                                                                                                                      ●

primitive lattice be integers is m , the corresponding primitive lattice can be expressed by a

union (a sum in this case) of cosets of Vp , which is a subset of the lattice, in Vp as follows.

The elements of Vp are expressed by the multiples of those of the primitive lattice by m , then
●

equation (2. 1. 1) is rewritten by
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Vp- Vp′+Ul+Fp′)+‥‥ +(xg+VP′).

83

(3. 1. 1)

where

n

vp′- (‡w(Ac/);--≦Pi≦∞),
i

When m - 2 , then q - 3 , 7 and 15 for two-, three- and four- dimensional primitive lattices,

respectively. Thesubset ^xt+Vp ) iscalleda (right) cosetof Vp in Vp. Thevectors xts are

called the coset representatives of the cosets (xt+Vp )s. By dividing the elements of VP in

equation (3. 1. 1) by m , the coefficient of the vectors xt become fractional numbers. The

vectors xt with fractional coefficients are rewritten by tt , and called centering vectors. That
●

is, the centering vectors are the coset representatives. The primitive lattice with the fractional
●                                                                                                                                                                               ●

coefficients is expressed by the following form,
●

v/'- vp+(t:+vp)+....+ctg+vpy (3. 1. 2)

It must be noticed that Vp in equation (3. 1. 1) is quite the same form as that in equation (3.

1.2), thatis, thesubset Vp in equation (3.1.2) is isomorphic to the set Vp and the subset

Vp inequation (3.1.1).

The sets of tt of the non-primitive lattices are the subsets of the sets of tt of the primitive
●                                                                                                                                                                                                            ●

lattices. Since all the lattice points should be translatively equivalent to one another, the

centering vectors should also be translatively equivalent to one another. The translative

equivalence is guaranteed if the cosets (｣,�"+TO in Vp" form a factor group, [Vp /Vp~¥. The

unit element of the factor group is Vp and the coset representative of the element is null vector.
●

It must be noticed that the non-primitive lattices are essentially of one-t0-one correspond-
●

●                                                                                                                                                                                                                                                                                                         ●

ence to the primitive lattices, if the bases are chosen to span the unit cells. That non-primitive

lattices are subgroups of the primitive lattice is due to special choice of the bases, we can

reversely regard that the primitive lattice is the subgroup of the non-primitive lattices.
■　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

3. 2 Rotative-translative invariance of centering vectors

The conditions to be satisfied for the centering vectors t{ is the lattices should be invariant

for the point group symmetry operations of the corresponding primitive lattices. Since the
●

representations of a symmetry operation of a primitive lattice expressed by equation (2. 1. 1),

(3. 1. 1) and (3. 1.2) are of quite the same form, the centering vectors should satisfy the

rotative-translative invariance. Then equation (2. 4. 3) becomes

R% ≡ tXmod. 1/ra). (3.2. 1)

Since bases of the lattice expressed by equation (3. 1. 2) are multiplied by ∽　the 1 in equation

(2.4.3) shouldbedivided by刑.

When the subset of the lattice (3. 1. 2) is required to have translation symmetry of the

original lattice, {mod: 1/ra) in equation (3.2.1) should be replaced by　{mod. 1). The

condition that the translation group expressed by (3. 1. 2) is invariant for the point group
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symmetries becomes

Wti- tj(mod. 1). (3. 2. 3)

That is to say, the set of centering vectors, {tt} is rotativetranslatively invariant for a point

group.
●

When the number of the equivalent positions with a position is equal to the order of the

point group of the crystal, the position is a general position: Since the position vectors of the
●                                                                                                                                                                                                                                                                                                    ●

equivalent positions with the general position do not form a group, the number of the equiva-

lent positions must be less than the order of the point group. Then there must be one symmetry

operation at least, except identity, satisfying

Rtf.- tt(mod. 1). (3. 2. 4)

The points satisfying equation (3. 2. 4) are called rotativetranslatively invariant points.

The rotative-translatively invariant points for the symmetry operations in Table 1 are
●

listed in Table 2. The letters a , b and c in Table 2 indicate that the coordinates are indefinite.

Point-group symmetries can be divided into three categories with respect to rotative-

translative invariance.

(1) The coordinates are limited within 0 or 1/2.

The symmetry operations are: A, D, E, F, M, Nf R and T in symbols of Hurley

1951 .

(2) The coordinates have fractions with denominator 3.

Thesymmetryoperationsare: B, K-N -Z¥ BL- S*andMl

(3) The coordinates are fractions with denominator 5.

The symmetry operation is:上.

When a centering vector is rotative-translatively invariant for a subgroup of the holohedry,
0                                  +                        +                            .I        I        1       +

then there are rotationally equivalent vectors with the centering vector. The number of the
●                                                                                    ●

cosets of the primitive lattice in the non-primitive lattice, excluding the coset with zero vector,

is N/n , where N is the order of the holohedry and n is the order of the subgroup. The cosets

are invariant for the trnaslation operations of the primitive lattice, hence, the cosets have
●

translation symmetry of the primitive lattice.
●

●                                                                                                                                                                                             ●

The centering vectors of KU-centered lattice are generated by the following four rotatively
●                                                                                                    ●                                                                                                                                                                        ●

equivalent but translatively not equivalent vectors, that is, not rotative-translatively equiva-

lent vectors.

t,- [1/4 1/4 1/4 1/4], U- [-1/4 -1/4 1/4 1/4],

tz- [1/4 -1/4 -1/4 1/4] and 14- [-1/4 1/4 1/4 -1/4].

The other centering vectors can be expressed by linear combinations of these four vectors. The
●

number of the cosets becomes sixteen for this lattice. Thses many cosets are necessary for the

set of the vectors to form a lattice. If this lattice is allowed, the lattices with the centering
●

vector,
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[1/n ¥ln ¥ n 1/n]

and its equivalent vectors can be lattices where n is any integer, since the representations of the
●

symmetry operations are the same with the case of n - 1/2.

The KG-centered lattice is obtained by adding a centering vector,
●

[1/4 1/4 0 1/2]

to the G-centered lattice. When crystal system is 12, the rotatively equivalent vectors with the
●

vector becomes 8, and there is a vector [1/4 3/4 0 1/2]. The addition of these two vectors

becomes [1/2 0 0 0] , this vectorhalves thebase α　Thiskind ofvectorscannotbecentering

vectors.

All symmetry operations in the point group should bring the lattice points to the lattice

points which are translatively equivalent to one another in a primitive lattice. For non-
●

primitive lattices, there are not translatively equivalent lattice points with respect to the
●                                                                                                                                                      ●

translation of the corresponding primitive lattices, for example, three kinds of lattice points
●

of all-face centered lattices, which are translatively equvalent to the three centering lattice
●

points are not translatively equivalent to one another with respect to the translation of the
●

corresponding primitive lattices. There are symmetry operations which bring these not trans-
●

latively equivalent lattice point to one another. The centering vectors are not rotative-
●

translatively invariant for the symmetry operations.
●

3. 3. Similarity of centering vectors

To avoid confusions, the lattices expressed by the form of (3. 1. 2) are called centered

lattices and the lattices formed by Vp are called the primitive lattices of the centered lattices,
●

or shortly the primitive lattices.
●

Obtaining centered lattices is equivalent to obtaining the sets of centering vectors. Center-
●

ing vectors from which all centering vectors belonging to the sets can be obtained by applying
●                                                                                              ●                                                   ●

the point group symmetry operations to the vectors are called generating centering vectors of
●

●                                                                                                                                                   ●

the sets. There are sets of the centering vectors which have more than one generating centering

vector. AlLface centered lattice of orthorhombic lattice is for this example. Then, a set of
●

centering vectors can be divided into subsets which have respective generating vectors. Hence,

we must find out the method which can derive this kind of centered lattices.
●

To find the method, three-dimensional lattices are to be studied. The sets of the centering

vectors of cubic lattices are invariant for the three-fold rotations about the body-diagonals.

Hence, the centering vectors of cubic lattices are equivalent to one another. The rotations
●

exchange cyclically the three equivalent bases. The body-centered lattice of tetragonal lattice is
●

invariant for the exchange of the two bases which form two-dimensional square lattice. This

exchange is also a symmetry operation. The representations of symmetry operations are

invariant by the transformations due to the symmetrical exchanges of the bases. There is

another kind of the exchanges of the bases which transform invariantly the representations of



86

鹿児島大学教育学部研究紀要　自然科学編　第47巻1996)

symmetry operations. The cyclical exchange of the bases of orthorhombic primitive lattice
●

transform invariantly the representations of symmetry operations.

The present author calls that the bases are similar to each other, if the representations of

symmetry operations are invariant by the exchanges of the bases. Transformations caused by

the exchanges of the similar bases are called similar transformations, and the exchanges as

similar operations. If the bases are equivalent to one another, the similar operations become
●

the symmetry operations. Similar operations for a lattice form a group. Although similar

operations are not symmetry operations, the sets of the vectors, the lattices, are invariant as

a whole for similar operations. The sets of the lattice vectors of non-primitive lattices should
●

be also invariant as a whole by the similar operations. This nature of a lattice is called the

similarity of the lattice. The invariance of a set of centering vectors for the similar operations
●

is called the similarity of the centering vectors.
●

A similar operation is one-t0-one mapping of a lattice as a whole. When a similar operation
●

isrepresentedby S, the exchanged basis [6] is given by S[a] where [a] is the original

basis, and the mapping is given by
●             ●            ●

n-S'n,　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(3. 3. 1)

where n is a lattice vector.

3. 4. Closure of centering vectors

Rotative-translative invariance of centering vectors reduces the possible number of center-
●

●                                                                     ●                                                                                                                                                                                         ●

ing vectors in a non-primitive lattice. Regrettably, we can not find out a basic principle that
●                                                                                                      ●                                                                        ●

how many systems of centering vectors can exist in a non-primitive lattice. This principle is

introduced as the form of a postulation in this article. Of course, this postulation is satisfied

in two- and three-dimensional lattices.
●                                                                              ●                                                                                                               ●

The postulation for the centering vectors of a non-primitive lattice is that the centering

vectors should be similar to one another, where symmetry operations are included in the similar

operations. The similar centering vectors are linearly independent of one another, since the
●

similar operations are exchanges of the independent bases. This postulation is called the closure
●                                                                                                                                                                                                                                                                                    ●

of centering vectors in this article, since this postulation limits strictly the set of centering

vectors. As seen in the case of KU-centered lattice, not similar centering vectors are possibly
●

introduced for non-primitive lattices to form groups, if this postulation is not set.
●

The similar centering vectors are at quite similar situation to the primitive lattice with one
●                                                                                                                                                                                   ●

another, and the numbers of the equivalent vectors obtained from the holohedry are the same.
●

The closure of centering vectors closes centering vectors of a non-primitive lattice within those
●                                                                                      ●                                                                                  ●

at similar situations to the primitive lattice.
●

The D-centered lattice has three centering vectors,

f,-[1/200 1/2], t2-[0 1/2 1/20] and t3-t,+t2

The vector t3 is necessary together for tl and t2 to form a group. The generating symmetry
●
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operation of the holohedry of the lattice is E. The representation of E is invariant for the

exchange of the first and second bases and the third and fourth bases. This exchange is a similar

operation. Thesimilar operation transforms tl to t2 , t2　to tx and t3　to itself. The three

subgroups generated with thecosets (tt+ Vp′) (i - 1 to 3) havethesame order. The subgroup

generated (tz+ Vp ) is not similar to the other two subgroup. The closure excludes this centered

lattice from the Bravais lattices.

Monoclinic all-face centered lattice in three-dimensional space can be excluded by this

closure, although the transformed representations of symmetry operations are unimodular.

3. 5. Definition of Bravais lattices

The definition of the lattices is:

When the representations of symmetry operations belonging to the holohedry of a lattice
●

with reduced bases are the most simple in comparing with those of the other lattices with the
●

same holohedry, the lattice is called the primitive lattice.
●

The most simple representation of a symmetry operation is of the least sum of the square

of the elements of the representation matrix. If two representations have the same sum, the

representation with more diagonal elements is simpler. Representations of symmetry opera-

tions become unimodular matrices with the elements 0 or ±1, if the basis is reduced. There are

many reduced lattices with the same holohedry, but the lattices with the most simple represen-

tations are limited within very few, and these can be transformed one another by the exchanges

of the bases.

The definition of non-primitive lattices is :
●

The lattices derived from a primitive lattices by addition of the lattice points which are
●

translatively equivalent to the centering vectors which are rotative-translatively invariant for
I                                                                  ●                                                                                                                                                    ●

the symmetry operations of primitive lattice and eqivalent or similar to one another are called
●                                                                      ●

the non-primitive lattices derived from the primitive lattice.
●                                                                                                                      ●

The representations of symmetry operations of the rhombohedral system in three dimen-

sional space are the most simple, when rhombohedral bases are adapted. The rhombohedral

lattice is derived from the addition of rotative-translatively invariant point for three-fold
●

rotations to the hexagonal lattice. The representations of the three-fold rotations bases on the

hexagonal bases are not simpler than those based on the rhombohedral bases.

4. Types of non-primitive lattices

4. 1. Non-primitive lattices compatible with symmetry operations of category (1)

The non-primitive lattices with the generating symmetry operations of this category
●

described by B. B. N. W. Z. are S (seitenflachen-zentriert), / (innenzentriert), Z (zentral-

zentriert), D (doppert-seitenflachen-zentriert), F (flachen-zentriert), G (gemischt-zentriert

S, I ), KG (kombiniert-gemischt-zentriert), U (uberall-seitenflachen-zentriert) and KU
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(kombiniert-uberall-seitenflachen-zentriert ).

There are four, eight and sixteen translatively equivalent positions for the positions,
●

[1/2 1/2 0 0], [1/2 1/2 1/2 0] and [1/2 1/2 1/2 1/2],

respectively. If these four, eight and sixteen positions are rotatively equivalent for the
●

holohedries of the lattices, then there are face-centered ( S -centered of B. B. N. W. Z. ), three-

dimensional body centered ( / -centered) and four-dimensional body-centered ( Z -centered)

lattices for the lattices, respectively. In addition, when the bases of primitive lattices are

similar for the cyclic exchange of three bases, there are three-dimensional alLface-centered

lattices ( F -centered).

The other lattices of this type, D-y G-, U-, KU-, and KG-　centered lattices, should be

discarded.

4. 2. Non-primitive lattices compatible with symmetry operations of Category (2)

This types of non-primitive lattices of B. B. N. W. Z.. are R (rhomboedrisch-zentriert),

RRx (rhomboedrisch-rhomboedrisch-zentriert) , RR2 (rhomboedrisch-rhomboedrisch-zentriert)

and RS (rhomboedrisch-seitenflachen-zentriert).

Rotative-translatively invariant points exist for only operations related with three-fold
●

rotation operations. The possible centering vectors related with three-fold rotations are:
●

(i) [2/31/3　0　0].

(ii) [2/31/31/3　0].

(iii) [2/3 1/3 2/3 1/3].

(iv) [2/3 1/3 1/3 2/31.

When the bases are hexagonaLIike, the number 2/3 in ( i ), (ii) and (iii) is replaced by

[1/3] and thevector (iv) becomes [1/3 1/3 2/3 2/3]

The vector ( i ) does not change the representations of symmetry operations, hence there is

no non-primitive lattices with the centering vectors of this kind. The non-primitive lattice with
●                                                                                                                                                                                                                                               ●

the centering vector of the kind ( ii ) is R -centered lattice of B. B. N. W. Z. and analogous to

the rhombohedral lattice of three-dimensional space. This non-primitive lattice occurs in the
●

case of generating operation being g The vectors (iii) and (iv) are invariant for the

symmetry operations S. The vector (iv) is not translatively equivalent to the vector (iii).

The non-primitive lattice with the centering vector (iv) is different from that with the vector

ill).

We can not understand the centering vectors of the i?i?2 - and RR2 -centered lattices
●

described by且且N. W. Z. , since the bases of the primitive lattice of the crystal system 17 of
●

B. B. N. W. Z. (abbreviated as C. S. 17 hereafter, similarly abbreviated for the other crystal

systems) are trigonal-like but the centering vector of i?i?i -centered lattice is given by [1/3

1/3 1/3 1/3] and the bases of the primitive lattice of C. S. 29 are hexagonal-like but the

centering vector is [1/3 2/3 2/3 1/3]
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The present author denotes that the non-primitive lattices with the centering vector (iii) as

RRi -centered lattices and those with the vector (iv) as RR2 -centered lattices. This denotation

may be different from that of且且N. W. Z. , it would not arise confusion if the difference is

noticed.

The most easy and sure way to determine the non-primitive lattices of these kinds is to
●

＼

calculate the rotatively equivalent vectors with a assumed centering vector. If the rotatively
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

I        1        .                                          ll .I                   .I        +       .I                 +        lI                  .I              I                             I              1I          .I                          I

equivalent vectors are all translatively equivalent, then the vector is to be the centering vector.

4. 3. Non-primitive lattice compatible with symmetry operations of Category (3)

Only one symmetry operationエbelongs to this category. The invariant points are

in/5 2n/5 3n/5 4n/5] (n-1 to 4).

The symmetry operation is transformed invariantly by the change of the basis to the above four

vectors and their rotatively equivalent ones. The centering vector [1/5 2/5 3/5 4/5] does not

satisfy rotative-translative invariance for the other member of C.S. 31, hence, there is no
●                                                                                       ●

non-primitive lattice for the centering vectors.

5. Bravais lattices

5. 1. Primitive lattices

To derive primitive lattices, the holohedries must be determined correctly. It seems to be

reexamined for the holohedries of且且N. W. Z. , since some holohedries contradict with the

nature of lattices.

If the representation matrix of a symmetry operation is a direct sum of principal minor

●          ●

matrices, the subspaces corresponding to the minor matrices should be perpendicular to one

another, because the subspaces transform to themselves by the operation and a subspace can be

transformed by inversion without changing the other subspaces. For example, the generating
●                                                                                ●

operation of theholohedry of C.S. 10 is the operation D. The representation of D is the direct

sum of two two-dimensional four-fold rotations. The primitive lattice is composed of two

two-dimensional sublattices. If one of the sublattices is spanned by a and b , then　-a and

-o can span the sublattice. The operation E must be an element of the group. Hence, the

C.S. 10 is not a holohedry of the lattice.

In order to determine primitive lattices, the symmetry operations of the holohedries of
●

crystal systems should be properly obtained. In addition, the lists of the symmetry operations

of B. B. N. W. Z. are not directly available by themselves. The present author deduced the

symmetry operations from the lists, the results are listed in Table 3. The matrices expressed in

the Table 3 are given in Table 4. The C.S. 33 could not be examined by the personal computer

in the present author's laboratory. The sets of representations of symmetry operations of

crystal systems agree with the sets of those given by B. B. N. W. Z. as a whole, except C.S.s
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27,28and31.TheC.S.27ofB.B.N.W.Z.agreeswiththesetobtainedbythepresent

author'srepresentations,whenthematricesaretransposed.TheC.S.28agreeswiththesetof

thepresentauthorsbytransposingandexchangingthesecondandthirdaxes.TheC.S.31I11+

agreeswiththesetofthepresentauthorsbytransposingandexchangingcyclicallythefirst,●●

secondandthirdaxes.Thesetofthepresentauthor'srepresentationsagreeswiththesetof

crystalclass31/07/02.Thismeansthatthecrystalclasses31/07/01and31/07/02of

且且N.W.Z.arethesamegroup.

TheC.S.5isclearlyasubgroupoftheC.S.6.TheC.S.8isasubgroupoftheC.S.9.The

transformationofbasestoR-centeredlatticeproposedbyB.B.N.W.Z.donotchangethe

representationsofsymmetryoperationstotheunimodularones.TheC.S.s10,16and18are

thesubgroupsoftheC.S.19,sincetheirlatticesconsistoftwotwo-dimensionalsquare

lattices.ThesamerelationexistsintheC.S.sll,21,22and23.TheC.S.12isasubgroupof

theC.S.13.TheC.S.17isasubgroupoftheC.S.23.Oneofthegeneratingoperationsofthe

C.S.17isdoubletwo-dimensionalthree-foldrotation.TheC.S.17becomesaholohedryowing●

totherhombohedrallattice.TheC.S.24isasubgroupoftheC.S.25.TheC.S.27isa

subgroupoftheC.S.31.But,thegeneratingoperationLispurelyfour-dimensionalandthe

latticehavingthesymmetryoftheC.S.27differsfromthathavingthesymmetryofthe●●

C.S.31.TheC.S.s28and29aresubgroupsoftheC.S.30.TheC.S.29becomestheholohedry

owingtotheexistenceofthenon-primitivelattice.Thetotalnumberoftheprimitivelattices●●

becomes18.ThemetrictensorsoftheprimitivelatticesaregiveninTable5.Theyarethesame●

asthoseofB.B.N.W.Z.forthecorrespondingC.S.s

PrimitivelatticesareobtainedbyreducingthemetrictensorstosatisfyRM-M(/2')t¥-¥

Thisreductioncanbecarriedouteasilyandsurelybytheuseofwordprocessors.

5. 2. Non-primitive lattices

The non-primitive lattices to be examined are S, /, Z, F, R, RRx and RR2
●

C.S. 1. There is no non-primitive lattice.
●

C.S. 2. There is S -centered lattice.

C.S. 3. There is S -centered lattice.

C.S. 4. There are S -, /-centered lattices. F-centered lattice violates similarity.

C.S. 5. This crystal system should be merged to C.S. 6.

C.S. 6. There are S-, /-, Z-, F-centered lattices.

C.S. 7. There is ∫-centered lattice.

C.S. 8. There is no non-primitive lattice. This crystal system should be merged to C.S. 9.
●

As seen from Table 3, this crystal system has a generating symmetry operation Te′. This

operation change the third and fourth coordinates, so that the two vectors

[0 1/3 2/3 1/3] and [0 1/3 1/3 2/3]

●                                                                                                                                                                                                   ●

are rotatively equivalent. These two vectors are translatively not equivalent. If the former

vector is a centering vector, then the latter vector should be also the centering vector. Then,
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the vector [0 2/3 0 0] must be the centering vector, this contradict the translation symmetry

of primitive lattice. The representations of symmetry operations can not be transformed to
●

unimodular matrices.

C.S. 9. There is no non-primitive lattice.

C.S. 10. This crystal system should be merged to C.S. 19.

C.S. ll. This crystal system should be merged to C.S. 23.

C.S. 12. This crystal system should be merged to C.S. 13.

C.S. 13. There are S-, /-, Z-centered lattices.

C.S. 14. The primitive lattice agrees with that of C.S. 15.
●

There is R -centered lattice.

C.S. 16. This crystal system should be merged to C.S. 19.

C.S. 17. There are two pairs of rotatively equivalent points for the rotative-translatively
●                                                                   ●

invariant points,

(1) [2/3 1/3 2/3 1/3], [1/3 2/3 1/3 2/3],

(2) [2/3 1/3 1/3 2/3], [1/3 2/3 2/3 1/3].

These pairs of the vectors can be the centering vectors so that there are RR, - and RR2 -centered
●                                                                                                                          ●

lattices.

C.S. 18. This crystal system should be merged to C.S. 19.

C.S. 19. There is Z-centered lattice.

C.S. 20. There is no non-primitive lattice.
●

C.S. 21. This crystal system should be merged to C.S. 23.

C.S. 22. This crystal system should be merged to C.S. 23.

RR2-centered lattice is proposed by B. B. N. W. Z. The rotatively equivalent vectors with the
●

vector [1/3 1/3 2/3 2/3] are:

[1/3 1/3 1/3 1/3], [2/3 2/3 2/3 2/3]
I

[1/3 1/3 2/3 2/3], [2/3 2/3 1/3 1/3].

If the vector [1/3 1/3 2/3 2/3] is taken as the centering vector, then the vector [1/3 1/3

1/3 1/3] must be one of the centering vectors. Then these centering vectors violate the

similarity, since the vector [2/3 2/3 0 0] should be the centering vector.

C.S. 23. There is no non-primitive lattice.
●

C.S. 24. This crystal system should be merged to C.S. 25.

C.S. 25. There are /-, Z- and F-centered lattices.

C.S. 26. There is no non-primitive lattice.
●

C.S. 27. There is no non-primitive lattice.
●

C.S. 28. This crystal system should be merged to C.S. 30.

C.S. 29. Thereisanon-primitivelattice. Thecenteringvectoris [1/3 1/3 1/3 1/3] , that

is, the vector (iii) in 4. 2. The centered lattice becomes RR, -centered lattice by the notation of

the present article‥
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C.S. 30. There is no non-primitive lattice.
■

C.S. 31. The centering vectors of SAT"-centered lattice are given by B. B. N. W. Z. are
●                                                                                                                                                                  ●

[1/5 1/5 1/5 2/5], [1/5 1/5 2/5 1/5],

[1/5 2/5 1/5 1/5] and [2/5 1/5 1/5 1/5].

●                                                                                                                                                                                          ●

Thses four vectors are equivalent to one another, but the total number of equivalent vectors of

these vectors is forty. The lattice spanned by the four vectors is different from the lattice with

the forty centering vectors. This can be shown easily by comparing the points generated by the
●                                                                                                                                                                               ●

linear combination of the four vectors.

C.S. 32. The non-primitive lattice of this system is body-centered lattice and the lattice is
●

said to have more symmetry than the system. The body-centered lattice is that of C.S. 33. The

lattice was not examined. This lattice is counted as the approved.

5. 3. Summary of Bravais lattices

The primitive and non-primitive lattices derived by the present author's method are listed
●                                                                         ●

in Table 6. The crystal systems are due to且且N. W. Z. The double circles in Table 6 indicate′

that the lattices of　且且N. W. Z. are approved by the present author. The single circles
●

indicate that the lattices are proposed by the present author. The crosses indicate that the

lattices of且且N. W. Z. are discarded by the method of the present author.

The number of crystal systems proposed in this paper becomes 20. Eighteen crystal systems
●                                                                                                                                                                                                                        ●

correspond to the 18 primitive lattices, two crystal systems are obtained from the no-primitive

lattices.

6. Discussions

The present author introduced the three principles to obtain centering vectors of non-
●

primitive lattices:

(1) Rotative-translative invariance of the centering vectors for the primitive lattices.

(2) Similarity of the centering vectors.

(3) Closure of the centering vectors.

The method to obtain centered lattices from a primitive lattice is as follows. At first,

possible centering vectors for the holohedry are obtained by the rotative-translative invariance.

The centering vectors are classified into sets of centering vectors according to the similarity.
●

Then, the sets of similar centering vectors are tested to be the set of coset representatives, and

the sets which are not closed in themselves to be coset representatives are excluded by the

closure.

The geometrical method of derivation of non-primitive lattices described by Burckhardt

(1966) presupposes evidently the principle (1).

Mackay and Pawley (1963) described the restrictions for the centering vectors as follows.
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(1) The point-group symmetry at each lattice point must be the same as in the uncentred

lattice.

(2) Every lattice point must have the same environment.

(3) Halving of translation merely gives the same lattice.

(4) The coordinates of the lattice points form a group closed with respect to addition and

subtraction (mod. 1)

The restriction (1) is satisfied if the principle (1) is satisfied. Quantitative criterion for

the restriction (2) is lack in their method. The present author introduced the closure of

centering vectors for this purpose. The restrictions (3) and (4) are the direct results of the

condition on the translation groups described in this article.

The only apparently reliable method to derive non-primitive lattices until now is as
●

follows. The set of the representations of symmetry operations of the holohedry of a lattice

with reduced bases is denoted by G. There are two kinds of transformation matrices in

equation (2. 2. 4) which transform the representations to the unimodular matrices, the one kind

is that the transformation matrices are unimodular, the matrices are denoted by Us , the other

kind is that the transformation matrices are singular matrices with the elements of fractional
●

numbers, the matrices are denoted by Ts. The former kind of transformations is of iso-

volume, and the latter kind of transformations is not of iso-volume.

Two representations of a symmetry operation are said to be arithmetically equivalent,
●

when the representations are transformed to each other by the former kind of transformation.

Two representations are said to be geometrically equivalent when the transformation is of the
●

latter kind.

The set, S , of all the unimodular representations of symmetry operations of the holohedry

can be classified into the subsets of the unimodular representations of the symmetry opera-

tions, the subsets are geometrically equivalent to one another,
●

S- {URU'.RfEG}V{URUl:RG TGTIU.....

where TGT - {TRT : R GE G} , that is, the set of the representations of the holohedry trans-

formedby amatrix T, and　{URU :R ^ TGT }　means that the set of the representations

arithmetically equivalent to the members of TGT . Although there are infinite many
●

equivalent transformations with a T , these can be expressed by UTU , and the representations
●

transformed by UTU* are contained in the set {URU*: R G TGT*}

The number of the distinct subsets　{URU : R J TGT }　which are not arithmetically
●                                                                                                                                                                               ●

equivalent to one another is assumed to be the number of non-primitive lattices.

According to this method, the D -centered lattice can be a Bravais lattice. But, this method

fails to exclude the AlLface centered lattices of monoclinic and tetragonal lattices, since the

holohedry of the monoclinic lattice is a subgroup of that of the orthorhombic lattice, and the

tetragonal one is a subgroup of that of the cubic one, the representations of the symmetry

operations of both the All-face centered lattices become the unimodular matrices.



94

鹿児島大学教育学部研究紀要　自然科学編　第47巻1996

Literatures

Brown, EL, Billow, R., Neubuser, J., Wondratschek, H. & Zassenhaus, H. (1978). Crystallographic

groups offourdimensional space. New York. John Wiley.

Burckhardt, J.J. (1966). Bewegungsgruppen der Kristallographie. Basel. Birkhauser.

Burzlaff, H. & Zimmermann, H. (1983) In International Tables for Crystallography, Vol. A. 2 nd

ed. Dordrecht: Reidel

Delaunay, B. (1933). Z. /. Krist. 84. 109-149.

Goursat, E. (1889). Ann. Sci. Ecole. norm, super. Paris. (3), 6, 9-102.

Hurley, A. C. (1951). proc. Cambridge Phil. Soc. 47, 650-661.

Hurley, A. C, Neubiiser, J. & Wondratschek, H. (1967). Ada Cryst. 22, 605.

Kuntsevich, T. S. & Below, N, V. (1970). Soviet Physic-Crystallography. 15, 180-192.

Mackay, A. L. & Pawley, G.S. (1963). Ada Cryst. 16, ll-19.

Minkowski, H. (1883). Compt. Rend. Acad. Sci. Paris. 96, 1205-1210.

Neubtiser, J. & Wondratschek, H. (1969). Internat. Union of Crystallography, Eighth General

Assembly and Internat. Congress. Collected Abstracts, 1-3, New York.

Table 1. The symmetry operation in [4] After Mackay & Pawley (1963)

Multiplicity m　　( %, o, ¥ T{j ¥ )　　　Hurley's letter Hermann's symbol Matrix

(4,6, 1)

(0,0, 1)

(0,1,1)

(0,-1, 1)

(0,2,1

(0, -2, 1)

(0, 0, -1)

(1,0,1)

(1,1,1)

(1,2, 1)

(1, 0, -1)

(2,2,1)

(2,3,1

(2, 0,-1)

(3,4, 1)

ー

ー

ー

-

ー

ー

ー

-

ー

･

-

1

･

1

-

-

ー

ヽ

l

ー

ー

l

-

r

l

O
O
O
H
 
O
O
H
O
 
O
O
H
H
 
H
H
O
O
 
O
O
H
O
 
O
O
O
H
 
O
O
O
i
-
h
 
O
O
O
H
 
O
O
h
h
 
O
O
H
O
 
O
O
O
i
-
i
 
O
O
O
H
 
O
O
h
h
 
O
O
O
h
 
O
O
O
h

一

　

I

 

i

 

l

 

l

O
O
H
O
 
O
H
O
O
 
O
O
O
H
 
O
H
O
O
 
O
O
O
H
 
O
O
H
O
 
O
O
H
O
 
O
O
H
O
 
O
H
O
H
 
O
O
O
H
 
O
O
r
H
O
 
O
O
H
O
 
O
O
O
h
 
O
O
H
O
 
O
O
H
O

i

 

l

 

l

 

I

 

I

 

I

O
H
O
O
 
i
H
O
O
O
 
H
H
O
O
 
O
O
h
h
 
H
O
O
O
 
O
H
O
O
 
H
O
O
O
 
h
h
O
O
 
h
O
O
h
 
h
h
O
O
 
h
h
O
O
 
i
-
1
0
0
0
H
H
O
O
 
O
h
O
O
 
h
h
O
O

I

 

I

 

I

 

I

 

I

 

I

 

I

 

I

 

I

H
O
O
O
 
O
O
O
i
-
H
 
O
H
O
O
 
O
O
O
H
 
O
H
O
O
 
H
O
O
O
 
O
H
O
O
 
O
H
O
O
 
O
O
O
i
-
1
0
H
O
O
 
O
H
O
O
 
O
H
O
O
 
O
H
O
O
 
r
-
i
O
O
O
 
O
H
O
O

I

 

I

 

I

 

I

 

I

 

I

 

I

 

I

′

I

I

　

　

　

　

　

　

　

　

　

　

　

ー

　

　

　

　

　

　

　

　

　

l

 

t

 

I

 

t

　

′

　

　

　

　

　

　

　

　

ー

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

-

　

　

　

　

　

　

　

　

1

,

･

　

　

　

　

　

　

　

　

-

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

-

　

　

　

　

　

　

　

　

　

　

　

J

1

　

　

7

　

　

　

　

　

　

　

　

-

　

　

　

　

　

　

　

　

　

　

1

,

　

　

　

　

　

　

　

　

　

　

ー

　

　

　

　

　

　

　

　

　

　

　

′

L

 

i

l

t

･



95

Forty Bravais lattices of four-dimensional space, Hidewo Takahashi

Table 3. Crystal systems and generating operations
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Table 4. Representations of symmetry operations used in Table 3.
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Table 5. Metric tensors of primitive lattices four dimensional space
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Table 6. Crystal systems and Bravais Lattices
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Table 7. Crystal systems and primitive lattices
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