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Abstract This paper proposes recursive least-squares (RLS) filtering algorithm using

the covariance information in the case of white Gaussian plus colored observation noise

in linear discrete-time wide-sense stationary systems. Here, it is assumed that the

system matrices in the state-space models for both the signal and the colored noise, the
●

crossvariance functions of the state variables for the signal and the colored noise with
●

the observed value, the observation vectors for the signal and the colored noise, the
●

variance of white Gaussian observation noise and the observed value are known.

1. Introduction

In the approach to the estimation theory using the state-space model, the Kalman
●

filter [1],[2] is well-known. Besides the Kalman approach, the estimators using the

covariance information are designed. In [3], the estimators use the covanance

information in the form of the semi-degenerate kernel function. The semi-degenerate

kernel function expresses the covariance information as the finite sum of products of

nonrandom functions. In [4],[5],[6], the continuous- time estimators use the observation

vector, the system matrix and the crossvariance function of the state variable with the

observed value, which constitute the autocovariance function of the stochastic signal.
●

In the theory of detection and estimation 【7】 the estimation problem using the

covariance information is investigated for both white Gaussian and white Gaussian plus

colored observation noises. Correspondingly, the RLS estimation algorithms using the
●

covariance information are derived for white Gaussian plus colored observation noise

【3日6】.
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This paper proposes the RLS filtering algorithm using the covariance information
●               t            ●   ･■                   ●

for white Gaussian plus colored observation noise in wide-sense discrete-time

stationary stochastic systems. The filter is derived based on the invariant imbedding

method [81. The filter necessitates the information of the observation vectors, the

system matrices for the scalar signal and colored noise in the both state-space models,
●

the crossvanance functions of the state-variables for the signal and the colored noise
●

with the observed value, the variance of white Gaussian noise and the observed value. It

is shown that these necessary quantities in the filtering algorithm are obtained from the
●

autocovanance functions of the signal and the colored observation noise.
●

2. Filtering problems for white Gaussian plus colored noise

In this section, the least-squares filtering problems using the covariance
●                                                           ●

information are introduced for white Gaussian plus colored observation noise in linear

discrete-time stochastic systems.

Let a scalar discrete-time observation equation be given by
●

y(k)=z(k)+v(k)+v (k), z(k)=Hx(k), v (k)-Hcx (k)　　　　　(1)

for white Gaussian plus colored observation noise in linear discrete-time wide-sense

stationary stochastic systems. Here, y(k) is an observed value, z(k) is a zero-mean

signal, H is a 1 Xn observation vector for a state variable x(k) concerned with the

signal z(k), V(k) is zero-mean colored observation noise, H is a lXm

observation vector for a state variable xc(k) concerned with the colored noise v (*)

and v(#t) is white Gaussian observation noise with the variance R.

E[v(k)v(s)] = RSK(k-s)　　　　　　　　　　　　　　　　　　　　(2)

Here, SK(k-s) represents the Kronecker delta function. It is assumed that the signal

^(0, the white Gaussian noise v(-) and the colored noise v (�") are uncorrelated

mutually as written by

E[z(k)v(s)]-O, E[z(k)vc(s)]=O, E[vc(k)v(s)]-0, 0≦s,k<∞　　　(3)

Also, we assumethat F and F representthe systemmatrices for x(k) and xc(k).

Let us assume that the filtering estimate 蕊(k,k) of the state variable x(k) is

●

givenby
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x(k,k) - ∑Kk,i)y(i),
J=l
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(4)

whereh(k,s)representsannXlimpulseresponsefunction.Minimizingthemean-

squarevalueofthefilteringerrorx(k)-£(k,k)

J=E[(x(k)-蕊(k,k))'(x(k)-蕊(*,*))],(5)

weobtaintheWiener-Hopfequation【2】:

k
E[x(k)y(s)]-∑h(k,i)E[y(i)y(s)l(6)

/=LetK(k,s)representthecrosscovariancefunctionofthestatevariablex(k)with

theobservedvaluey(s)andletK(k,s)representthecrosscovariancefunctionof

thestatevariablexc(k)withtheobservedvaluey(s).Substituting(1)into(6),and

using(2)and(3),weobtain

k
h(k,s)R-K(k,s)一
蝣xy'∑h(kJ)(HK(i,s)+HcK(i,s)).

xycyy(7)J=l

(7)istheequationwhichtheoptimalimpulseresponsefunctionh(k,s)satisfiesin

linearleast-squaresfilteringproblemforwhiteGaussianpluscoloredobservationnoise.●

LetK(k,s)representtheautocovariancefunctionofthestatevariablex(k).

TheautocovariancefunctionKz(k,s)ofthesignalz(k)isgivenby

Kz(k,s)-HA(k)B'(s)H'¥(k-s)+HB(k)A'(s)Hll(s-k),

A(k)=Fk,Bl(s)=F-sK(s,s),(8)

whereFisthesystemmatrixinthestate-spacemodelforthestatevariablex(k)and

l(k-s)representstheunitstepfunction.LetKc(A:,s)representtheautocovariance

functionofthestatevariablexc(k)forthecolorednoisevc(k).Theautocovariance

functionofthecolorednoiseV(k)isgivenby

Kc(k,s)=HcC(k)DT(s)H*¥(k-s)+HcD(k)CT(s)Hj¥(s-k),

C(k)=Fck,DT(s)-F;sKc(s,s),(9)

whereFcisthesystemmatrixinthestate-spacemodelforthestatevariablexc(k).

TheRLSfilteringalgorithmproposedinsection3usestheinformationofthe

observationvectorHforthestatevariablex(k),thesystemmatrixFforx(k),the

crossvariancefunctionofx(k)withy(k),K(k,k)9theobservationvectorHcforthe

statevariablexc(k),thesystemmatrixFcforxc(k),thecrossvariancefunctionof

thecolorednoisevc(k)withy(k),K(k,k),andtheobservedvaluey(k).
cy"
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3. Derivation of filtering algorithm for white Gaussian plus colored

observation noise

In [Theorem l], the RLS filtering algorithm using the covariance information is

derived based on the invariant imbedding method 【8】.

[Theoreml]

LetFandFcbesquaresystemmatricesofordersnandmrespectivelyinthe

state-spacemodelsforthesignalz(k)andthecoloredobservationnoisevc(k).Let

HandHbetheobservationvectorsconcernedwithz{)l)andv(｣).Let

K(k,k)bethecrossvariancefunctionofthestatevariablex(k)withtheobserved

valuey(k).LetK(k,k)bethecrossvariancefunctionofthecolorednoisevc(&)

withtheobservedvaluey(k).Letz(k,k)andvc(k,k)representthefiltering

estimatesofz(k)andv(*)respectively.ThentheRLSalgorithmforthefiltering

estimatesz(k,k)andvc(k,k)consistsofthefollowingequations(10)-(17)for

whiteGaussianpluscoloredobservationnoise.

Filteringestimateofsignalz(k):z(k,k)=Hx(k,k)

蕊(*,*)=Fx(k-l,k-1)+h(k,k)(y(k)-Hfic(k-1,k-1)-HcFJ{k-1)),蕊(CO)=0

(10)

Filteringestimateofcolorednoisevc(k);vc(k,k)=Hcf(k)

f(k)=Fcf(k-1)+◎(k,k)(y(k)-HFx(k-l,k-1)-HcFJ(k-1)),/(0)=0

11

Filtergainforthefilteringestimateofx(k):h(k,k)

h(k,k)-{Kxv(k,k)-FG(k-^F'Hl-FJ{k-1)FcyH'
c}I
xy
{R+HK(k,k)-HFGik-¥)FIH'-HcFcL(k-1)F'Hl+

HK(k,k)-HFJ(k-¥)F;Ht

c-HcFcM(k-¥)FCTH7

C}
cy (12)

Filtergainforthefunction/(ォ):ョ(k,k)

◎(k,k)-{Kcv(k,k)-FcL(k-1)F
蝣cyHl-FcM(k-¥)FjH'
c}/
{R+HK-,(*,*)--HFG(k-1)F'H-
*y-HcFcL(k-1)F'H+(13)

HeK9(ktkトHFJ(k-¥)FJH-HcFcM{k-¥)FJHi
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G(k)-FG(k-¥)FT+h(k,k)(KT

xv(k,k)-HFG(k-1)FT-HcFcL(k-¥)FT),G(0)-0

(14)

J(k)-FJ(k-1)Fc'+h(k,k)(K'(k,kトHFJ(k-¥)F-HFM(k-1)^c),J(O)-o

(15

L(k)-FcL(k-¥)FT+Q(k,k){KT

xv(it,Jt)-HFG(k-¥)FT-HcFcL(k-¥)FT),L(0)-0

16)

M(k)=FcM(k-¥)Fc'+叫k,k){KT(k,k)-HFJtk-¥)Fj-HcFcM{k-¥)Fj),M(0)-0

(17)

Proof

Subtractingtheequationobtainedbyputtingk-^k-1in(7)from(7),wehave

(h(k,s)-h(k-1,s))R-(F-I)Kxv(k-¥,s)-h(k,k)(HKxv(k,s)+HcK(k,s))-
xyxy'"cyl

k
∑(h(k,i)-h(k-1,i))(HKxv(i,s)+HcKcv(i,5)).

xvJcy*
J=l

LetusintroduceafunctionQ(k,s)whichsatisfies

k
◎(k,s)R-K(k,s)-
cy'∑◎(k,i)(HK(i,s)+HcK(i,s)).

xycyyJ=1

From(7),(18)and(19),wehaveadifferenceequationforh(k,s).

h(k,s)=Fh(k-¥,s)-h(k,k)(HFh(k-¥,s)+HcFcョ(k-l,s))

18)

(19)

(20)

Subtractingtheequationobtainedbyputtingk->k-lin(19)from(19),wehave

(◎(k,s)-◎(k-¥,s))R-(F-I)K(k-¥,s)-◎(k,k)(HK(k,s)+HcK(k,s))-
-xycy'

k
∑(◎(k,0-◎(k-U))(HK(i,s)+HcK(i,s)).

xy¥5/ccy'
J=l

(21)

From (19) and (21), we obtain a difference equation for Q(k,s).

◎(k,s) - Fc◎(k-l,s)-◎(k,k)(HFh(k-l,s)+HcFc◎(k-¥,s)) (22)

Substituting (20) into (4), we have
k-¥

x(k,k) - Fx(k-U-1)+h(k,k)(y(k)-HFx(k-¥,k-¥)-HcFc∑◎(k-¥,i)y(i)).
J=I

(23)
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Introducing a function f(k) given by
k

/(*) - ∑◎(k,i)y(i),
7=1

24)

we obtain the recursive equation for the filtering estimate £(*,*).

£(M)=用(k-l,k-¥)+h(k,k)(y(k)-HFx(k-l,k-1)-HcFcf(k-1)) (25)

The initial condition on (25) at k-0 is £(0,0)=O from (4).

Subtracting the equation obtained by putting k->k-l in (24) from (24), we have
k-¥

/(*)-/(*-1) - ◎(k,k)y{k)+∑(◎(*,0-◎(*-l,i))v(O.　　(26)
～"-∩

Substituting (22) into (26) and using (4) and (24), we obtain the difference equation for

f(k

f(k) = FJ(k-1)+◎(k,k)(y(k)-HFx(k-¥,k-¥)-HcFJ(k-1)).　(27)

The initial condition on (27) at k-0 is f一o)-0 from (24).

Let us introduce a function T(k) given by
k

T(k) - ∑h(k,i)HB(i).
M

Subtracting the equation obtained by putting k^k-1 in (28) from (28), we have
k-¥

T(k)-T(k-¥) -h(k,k)HB(k)+∑(h(k,i)-h(k-¥,i))HB(i).
/=!

Substituting (20) into (29) and introducing a function W(k) given by
k

W(k) - ∑◎(k,i)HB(i),
i=1

we obtain a difference equation for T(k)

T(k) = FT(k-1)+h(k,k)(HB(k)-HFT(k-1)-HcFcW(k-1)).

(28)

29

30

(31

The initial condition on (31) at k-0 is T(0)-0 from (28).

Subtracting the equation obtained by putting k→k-1 in (30) from (30), we have
｣-1

W(k)-W(k-¥) - ◎(k,k)HB(k)+∑(◎(k,0-◎(k-U))HB(i).　(32)
m‖

Substituting (22) into (32) and using (28) and (30), we obtain

W{k) - FcW{k-1)+<fr(k,k)(HB(k)- HFT(k-1)-HcFcW(k-1)).　　(33)

The initial condition on (32) at k-0 is W(0)-0 from (30).

Let us introduce a function V(k) given by
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k

V(k) - ∑h(k,i)HcD(i).
q:≠臼

Subtracting the equation obtained by putting k->k-l in (34) from (34), we have
k-¥

V(k)-V(k-1) -h(k,k)H D(k)+∑{h{k,i)-h(k-¥,i))HcD(i).
J=1

Substituting (20) into (35) and introducing the function U(k) given by
k

U(k) - ∑<&{k,i)HcD(i),
u:声臼

we obtain a difference equation for V(k)

V(k)= FV(k-1)+h(k,k)(HcD(k)-HFV(k-1)-H FU(k-1)).

The initial condition on (37) at k-0 is V(0)-0 from (34).

103

(34)

35

(36)

37

Subtracting the equation obtained by putting k-^k-1 in (36) from (36), we have
k-¥

U(k)-U(k-¥) - ◎(k,k)HcD(k)+∑(◎(kJ)-◎{k-¥,i))HcD(i).
J=l

Substituting (22) into (38) and using (34) and (36), we obtain

U(k)= FcU(k-1)+O(k,k)(HcD(k)-HFV(k-1)-H FU(k-1)).

(38

(39

The initial condition on (39) at k-0 is U(0)-0 from (36).

Let G(k), L(k), J(k) and M(k) be given by

G(k)- T(k)A'(k),L(k)-W(k)A'(k),J(k)=V(k)C(k), M(k)-U(k)C(k).

(40

Substituting (31) into G(k)=T(k)A'(k)(-T(k)(F )'), and using (40) and

the relationship K (k,k)-HB(k)A (k) from (8), we obtain the difference

equation (14) for G(k). The initial value on (14) at k-0 is G(0)-0 from (28).

Substituting (37) into J(k) =V(k)CT(k)(-V(k)(F.k)T), and using (40) and

the relationship K (k,k)-HcD(k)C (k) from (9), we obtain the difference

equation (15) for J(k). The initial value on (15) at k-0 is J(0)-0 from (34).

Substituting (33) into L(k)- W(k)AT(k)(-W(k)(Fk)T), and using (40) and

the relationship K (k,k)-HB(k)A (k) from (8), we obtain the difference

equation (16) for L(k). The initial value on (16) at k-0 is L(0)-0 from (30).
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Substituting (39) into M(k) =U(k)C (k)(-U(k)(Fcky), and using (40) and

the relationship K (k,k)-HcD(k)CT(k) from (9), we obtain the difference

equation (17) for M(k). The initial value on (17) at k-0 is M(0)-0 from (36).　　蝪

We readily notice that Hcf(k) represents the filtering estimate of colored noise

vc(^) and'/*(｣*｣) -the filter gain for the filtering estimate 蕊(k,k) of the state

variable x(k). Here, we should note that (10) and (ll) are the innovations state-space

models for the filtering estimates 蕊(k,k) and f(k) of the state variables x(k) and

*c(*).

Let P^k^k) represent the autovariance function of the filtering error

x(k)-£(k,k), Let Pz(k,k) represent the autovariance function of the filtering

estimate　£(k,k). There exists a relationship PJk,k)=Kx(k,k)-PJk,k)

Pz(k,k) and P^{k,k) are the positive-semidefinite matrices. Also, from (12), we

find that PAk,k) - FG(k)F. Hence, the condition on the existence of the filtering

estimate £(k,k) in [Theorem l] is that P｣(k,k)(-FG{k)F ) is upper bounded by

the autovariance function Kx(k,k) and lower bounded by the zero matrix [5].

0≦PA*>*)≦K (k,k)　　　　　　　　　　　　　　　　　　　　　(41)

A digital simulation example is demonstrated in section 5 to examine the validity

of the filtering algorithm in [Theorem l].

4.RealiZationof H, Fand K (k,k) from Kz(k,s)

The filtering algorithm of [Theorem l] uses the information of the observation

vectors H and H the system matrices Fand F the crossvariance functions

K (k,k) and K (k,k) and the observed value y(k). This section shows the

estimation technique for H9　F and K (k,k) from the autocovariance function

K(k,s) of the signal z(k). Here, we assume that the signal is the wide-sense

stationary stochastic process. That is, Kz(k,s) = Kz(k-s).

The autocovariance function Kz(k,s) of the signal z(k) is represented as

Kz{k,s)=H<&{k,s)K (s,s)¥(k-s)+Kl (k,k)◎ (s,k)H'l(s-k),

◎(k,s)=Fk-s　◎(k+l,s)= PO>(k,s). (42)

Here, <&(k,s) is called the state-transition function. In terms of the autocovariance
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function K (k-s)(= K (k9s)) of the wide-sense stationary signal z(k), H, F and

K (k,s) are estimatedby

H=[K (O) K (l)　　Kz{n-1)]

KAO)　　KM)　　　　　　　　KJn-1)

KA¥)　　*,ォ>)　　　　　　　K2{n-1)

KAn-2)　　　　　　　　KAO)　Kz(l)

KAn-X) KAn-2)　　　　　　　Kz(0)

F=

ーl

KM)　Kz(0)　　　　　KAn - 2)

KA2)　Kz(¥)　　　　　Kz(n - 3)
●　　　　　　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　●　　　　　　　　　　　●　　　　　　　　　　　　　　　　　　　●

●　　　　　　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　●　　　　　　　　　　　●　　　　　　　　　　　　　　　　　　　●

●                       ●                ●            ●                    ●

K(n-¥)　　　　　　Kz{¥)　Kz(0)

KM Kz(n-¥)　　　　　Kz{¥)

*,(0)　Kz{¥)　　　　　　Kz(n -¥)

Kz{¥)　*,(0)　　　　　KAn - 2)
●　　　　　　　　　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　●　　　　　　　　　　　　　　　　　　　　　●

●　　　　　　　　　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　●　　　　　　　　　　　　　　　　　　　　　●

●                        ~●                ●            ●                    ●

KAn-2)　　　　　　　KM Kz{¥)
Kz(n-¥) Kz{n-2)　　　　　　KM

(43)

(44 ▲

and

K(k,k)=Kxz(k,k)-[Kz(O)Kz(¥)-K2{n-2)Kz{n-¥)}1

xy(45)

Here,K(k,k)representsthecrossvariancefunctionofthestatevariablex(k)with

thesignalz(k).Thenecessaryandsufficientcondition,thatthedimensionofthe岳tate

vectorx(k)isn,isthattherankoftheHankelmatrix1

｢=

KM K(¥) K(2)

K(¥) K(2) Kz(3)

K(2) KJ3) Kz(4)
●　●　●　　　　　　　　　　　　　　●　●　●　　　　　　　　　　　　　　●　●　●　　　　　　　　　●　●　●

●　●　●　　　　　　　　　　　　　　●　●　●　　　　　　　　　　　　　　●　●　●　　　　　　　　　●　●　●

(46)
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isn【9].

The estimation technique for HC9 Fc and K (k,k) from Kc(k,s) obeys the

above technique quite similarly with that for H, F and K (k9k) from

KAk,s).

5.Anumericalsimulationexample

Lettheobservationequationbegivenby●

y(k)=Hx(k)+vc(k)+v(k),z(k)=xl(k),x(k)=[xAk)x2(k)]'(47)

Lettheautocovanancefunctionofthesignalz(k)begivenby

K2(k,s)-HFk~Kxv(s,s),O

xy≦S≦k.Here,lettheobservationvectorH,thesystem

matrixFforthestatevariablex(k)andthecrossvariancefunctionK(k,k)ofthe

statevariablex(k)withtheobservedvaluey(k)begivenby

H-【10】(48)

a,--0.1,ォ2=-0.8, or-0.5

1+α2

Kxv(k,k) =
Qi-ai -aiW+a2)+2ata2

α1

(1-at -ai)(1+a2)+2ata2

(49

(50)

Let the autocovariance function of the colored noise v (k) be given by

Kc{k,s)=HcFck-sK (s,s), 0≦S≦k. Here, let the observation function H the

system matrix F for the state variable xc(k) and the crossvariance function

K (k,k) of the state variable vc(k) with the observed value y(k) be given by

Hc=l,

Fc=0.9

and

Kcv(k,k)-
cy0.19'0-0.01.

(53
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Ifwesubstitutethequantities H9 F, K (k,k)9 Hc, Fc and K (k,k) into

the estimation algorithms of [Theorem l], the filtering estimate of z(k) is calculated.

Fig.l illustrates the colored noise process for vc(0) = 0.7. Fig.2 illustrates the signal

z(k)(=x{(k)) (solid line) and the filtering estimate z(k,k)(=xx(k,k)) (notation

by "+-+" ) for white Gaussian observation noise N(0,0.2 ). Here, xAk,k)

represents the filtering estimate of xx(k). Fig.3 illustrates the mean-square values of

the filtering error z(k)-z(k,k) vs. k for white Gaussian observation noises

N(O,OA ) and N(0,0.2 ). Solid line in Fig.3 depicts the MSV for observation noise

N(0,0.1 ). Notation by "+-+" in Fig.3 depicts the MSV forobservation noise

Af(0,0.2 ). The mean-square value is calculated by

loo

∑(z(k)-z(k,k)Y
*=1

100

10　　　20　　　30　　　40 50

Timo k

70　　　80　　　90　　　1 00

Fig.l Colorednoiseprocess vc(k) vs. kfor v (0)-0.7.
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70　　　　80　　　　90　　　1 00

Fig.2　Signal process z(k)(=xx(k)) (solid line) and the filtering estimate

z(k,k)(=xi(k,k)) (notation by "h-+" ) calculated by the filtering algorithm of

[Theorem l] for white Gaussian observation noise A^(0,0.2 ).
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Fig.3 Mean-square values of the filtering error z(k)-z(k,k) vs. k for white Gaussian

observation noises iV(0,0.r) and N(0,0.22).

Solid line MSV for the observation noise N(0,OA ).

;+-+"　　　MSV for the observation noise iV(0,0.2 ).
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Table 1 MSV of filtering error z(k)-z(k,k) for observation noises ^(0,0.1 ),

#(0,0.2'), N(O,OAZ), N(0,OJ2) and #(0,1).

White Gaussian 虻eanーsquare value of

observation noise filtering error z(k)- z(k9k)

N (O,OA ) 0.

〟(0,0.22) 0.0755164

N (O,OA ) 0.187773

〟(0,0.7*) 0.315724

N (0,¥) 0.

Table 1 shows the MSV of filtering error z(k)-z(k,k) for observation noises

N(0,0.V), #(0,0.2'), N(O,OAz), N(O,OJ2) and JV(0,1). The MSV decreases

as the variance of white Gaussian noise becomes small.

For references, the stochastic processes z(k), x}(k) and X2(k) are generated

by

*(*x-*,(*))-p o] x2(k)　　　　　　　　　(54)

x2(i+l)J　¥-a2　-a, x2(k) 1

Namely,

z(k+2) =-axz{k+1)-a2z(k)+u(k+1).

Also, the colored noise process is generated by

vc(*+l) =0.9vc(*)+i/c(*+l), E[uc(k)ue(s)]- <ZsK(k-s).

(56)

57

6. Conclusions

A numerical simulation example in section　5　has shown that the proposed
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filtering algorithm in [Theorem l] is feasible.

In this paper, the filtering algorithm using the covariance information has been
●                                                       ●

devised for white Gaussian plus colored observation noise in linear discrete-time wide-

sense stationary stochastic systems. The proposed filter is suitable for recursive

●                                                                                                                                                                                              ●

calculation of the filtering estimate. Also, the condition on the existence of the filtering

●

estimate is given.
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