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Introduction

The purpose of this article is to study the enumeration problem of embeddings
of the lens space L"(p) mod p (odd prime), the real projective space RP* and the
complex projective space CP* in Euclidean spaces.

Let M be an m-dimensional closed differentiable manifold, and let g: M*
— R P> (the infinite dimensional real projective space) denote the classifying map
of the double covering

aMxM-A4A—M*=(Mx M- 4)|Z,

over the reduced symmetric product M* of M, where 4 is the diagonal and Z,
acts on M x M — 4 via t(x, y)=(y, x). Also Z, acts on the n-dimensional sphere
S" via the antipodal map and we obtain the fiber bundle

p: (S x S")/Z, (~ RP")—s RP®

which is homotopically equivalent to the natural inclusion RP"<cRP®. Then
the following theorem is due to A. Haefliger [7].

THEOREM. Let 2(n+1)>3(m+1). If there exists an embedding of M in
Rt then there exists a bijection between the set [M c R™*!] of isotopy classes
of embeddings of M in R™! and the set [M*, RP"; g] of (vertical) homotopy
classes of liftings of g: M*—RP® to RP*.

The set [M*, RP"; g] has the structure of an abelian group by J. C. Becker
[2]. Thus, the set [M cR"*!] is an abelian group via the bijection of this
theorem. We study the groups [L"(p)cR4*2-1], [RP*<R?"~!] and [CP"
< R4 1] for i< 6 and prove the theorems below.

THEOREBM A. The following statements hold for odd prime p:
(1) [L*(p) = R*+*1] =0, n>2

(@ [L"() =R =1Z, n>3.
() [L"(p) = R '] =Z, n>4.
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Z,+Z, p#3n>5,
(4) [Ln(p) < R4"—2] = ZS + Z3 + ZQ: P = 3, n= 2(3)9 n> 5:
Z,, p=3n#23),n>5.
(5 [L"(p) = R3] =12Z, n>6.

THEOREM B. The following statements hold for even n:
(1) Let n>10. If there is an embedding of RP" in R2"=3, then

ZZa n $ 6(8)’
[an c R2n-3] =
, Z,+ Z,, n = 6(8).
(2) Let n>12. If there is an embedding of RP" in R2"~4, then
0, n = 04),
[RP* c R?*4] = ¢ Z,, n=28),

22 +Zz +Zz, n 56(8).
(3) Let n>12. If there is an embedding of RP" in R2"~5, then
[RP" = R*"%] = Z,, n = 0(4),
4, n=2(8),
$[RP" = R2"5] =
8 or 16, n = 6(8),

where %S denotes the cardinality of the set S.

THeOREM C. The following statements hold:
(1) Letn>5,n#2"4+25(r>5>0). Then

zZ, n = 0(2),
[CP* < R3] =
Z+2Z, = 1(2).
(2) Let n>6. If there is an embedding of CP" in R4"4, then
[CP" = R44] = 0, n=0(2).
(3) Let n>7. If thereis an embedding of CP" in R*"5, then
[CPPcR¥S5]=Z+Z, n=002).

For the assumptions of the existence of an embedding in Theorems B and C,
there are several known results, cf. e.g., [14] and [16]. By this time, D.R.
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Bausum, L. L. Larmore, R. D. Rigdon and the author have studied [RP"c
R2m=1] for i<3 and [CP"cR4" ] for i<3 in [1], [9], [19], [20] and [18].

We devote § 1 to the construction of a finite decreasing filtration of the group
[X, RP"; f] of homotopy classes of liftings of f: X—-RP® to RP". Next, we
calculate the cohomology of L*(p)* in §2 and prove Theorem A in §3. In §4,
we calculate the cohomology of (RP")* and (CP")* and in § 5, we prove Theorems
B and C.

§1. Enumeration of liftings in the fibration RP"— RP*

D. R. Bausum constructed in [1, §§ 1-3] the fifth stage Postnikov factoriza-
tion of the fibration p: RP"—RP® with fiber S" and converted it into the
factorization of the fibration (RP")*—RP* which is the pullback of p by p.
However, we use a somewhat modified factorization given as follows (n>8):

G C; ¢

1

(RP? 9,E, P+, E, B3, F, P2, E, _, RP",

K(Z, n) x RP", n=1Q2),

B [ Ly(Z, n) x gp-RP", n = 0Q),

c [ K(Z,,n+2)x K(Z,, n + 4) x K(Z5, n + 4) x RP", a = 1(2),
L=

K(Zy, n +2) x K(Zy, n + 4) x Ly(Z3, n + 4) X gpRP",
n=02),

C,=K(Z,,n+ 3) x K(Z,, n + 4) x RP",
C3 = K(Zz, n+ 4) X RP",

and the map q is an (n+6)-equivalence. Here Ly(Z, n)x gp.RP" is the pullback
of Ly(Z, n)=S%x z,K(Z, n)*)»S®|Z,=RP* by p: RP"—»RP®, where the action
of Z, on K(Z, n) is induced from the non-trivial homomorphism ¢: Z,—Aut(Z).
Also Ly(Z3, n+4) x gp-RP™) is defined in the same way by using the non-trivial
homomorphism ¢': Z,—Aut(Z,).

Let X be a CW-complex of dimension less than n+6 and let n>7. Ifg: X
—RP® has a lifting f to RP", then [X, RP"; g]l=[X, (RP")?; f]. By the stand-
ard exact couple argument, we can construct a spectral sequence. In this spectral

*) L(Z, m)=K(Z, n; ¢) and L,(Z,, n+4)=K(Z,, n+4; ¢') by Bausum’s notation.
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sequence, the differentials d, are given by the following primary operations:
Case I. n=1(2).
O': H=Y(X; Z) — H"™\(X; Z,) x H*(X; Z,) x H(X; Zy),
O¥(a) = (Sq*p,a + &,v%p,a, Sq*p,a + &,v%p,a, Plp;a);
rt: H(X; Z,) x H"*¥(X; Z,) x H"*¥(X; Z,)
— HP*¥(X; Z,) x H*¥(X; Z,),
I'(a, b, ¢) = (Sq%a + ¢,v*a, Sq®Sq'a + Sq'b);
4': HH(X; Z,) x HP (X ; Z,) — HYY(X; Z,),
4¥(a, b) = Sq?a + e,v?a + Sq'b;
where
[ 1, n=1(4), [ 1, n =3, 5(8),
g = g =
0, n = 3(4), 0, n=1,78).
Case II. n=0(2).
@': H-Y(X; Z) — H"\(X; Z,;) x H*¥(X; Z,) x H*¥(X; Z5),
O'(a) = (Sq%p,a + £3v*p,a, Sq*p,a + euvtp,a, Plpsa),
(2} is the reduced power operation mod 3 in local coefficients [6]);
r': H(X; Z,) x H*¥(X;'Z,) x H*Y(X; Z5)
— HYY(X; Z,) x H*¥(X; Z,),
I'(a, b, ¢) = ((Sq* + vSq! + (1 — e3)v?)a,
(Sq%Sq* + v2Sq! + e;3v%)a + (Sq! + v)b);
4': HH(X; Z,) x HYH(X; Z,) — H'Y(X; Z,),
4¥(a, b) = Sq2a + (1 — e3)v?a + Sqb + vb;
{ 1, n=24), [ 1, n=4,6(8),
g3 = g, =
0, n=04), 0, n=0,2(8).

In Cases I and II, p, is the mod p reduction, v=g*z, where z is the generator of
HYRP®; Z,)=Z,, and Z and Z, are the local systems on X induced by =,(X)
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Lo, 1, (RP®)=2Z, %, Aut(Z) and =,(X) -2 Z, —¢°s Aut(Z,), respectively.
Further, the differentials d, are given by the secondary operations

@!: Ker @' — Ker 4*+1/Im I},
i Ker I''fIm @-1 — Coker 4¢,

defined by I''*'@!=0 and 4**'I''=0. Also, the differential d, is a tertiary
operation

x*: Ker @ — Coker V',
Then the theorem of J. C. McClendon [12, Theorem 5.1] is stated as follows:

PRroroSITION 1.1. Let X be a CW-complex of dimension less than n+6
and let n>7. If g: X—=RP® has a lifting to RP*, then

(1) [X, RP"; g] has a natural abelian group structure and

(2) there exists a decreasing filtration of [X, RP®; g]:

[X,RP*; g]=Fy>F; DF; 2F;>0,
such that
Fof/F, = Ker y"*3, F,/F, = Ker ¥r*1,

F,[F, = Coker 9", F3 = Coker x".

§2. The cohomology of L"(p)*

The purpose of this section is to study the cohomology groups H!(L"(p)*;
G) of the reduced symmetric product L"(p)* of the lens space L"(p) mod p, where
pis an odd prime. Here the coefficient G is either Z, Z,, Z; or the local systems
Z, Z, induced from the double covering =n: L"(p) x L*(p)—A—L"(p)*. We
always use the Bockstein exact sequences

e — HiZY( ;Zq)—'-’!-»H‘( ;Z)-x—qu‘( ; Z) 29, HY( ;Zq —_— ey,
2.1)
e HITY 5 Z) 2L HY( 3 Z) 24 HY 3 Z) 25 HY 3 Z) — -+,

associated with 0-Z x4, Z 24, Z —0.

Let x and y be the generators of H*(L*(p); Z)=Z, and H (L"(p); Z,)=Z,,
respectively, such that §,y=x. Denote p,x by the same symbol x. Then the
mod p cohomology ring of L*(p) is given by

(2.2) HYL"(p); Z,) = A(y) ® Z,[xI(x"*Y),

where A(y) denotes the exterior algebra on y; and the integral cohomology is
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given by
Z, i=0,2n+1,

(2.3) HY(L"(p); Z) = { Z, generated by x'/2, i=02),0<i<2n,
0, otherwise,

where H2"*Y(Ln(p); Z) is generated by the cohomology fundamental class
[L"(p)], and the relation p,{L"(p)]=yx" holds.

The next lemma is an immediate result of [16, Proposition 2.9] and (2.2-3).
LeMMA 2.4. The mod 2 cohomology groups of L"(p)* are given by

Z, for 0<ig2n+1,
HY(L"(p)*; Z,) =

0 otherwise.

COROLLARY 2.5. The cohomology groups HYL"(p)*; Z) and H'(L"(p)*;
Z) are finite and have no 2-torsions for i>2n+1.

For an automorphism o of the group G, G° denotes the subgroup of the
invariant elements with respect to 6. By using this corollary, the applications of
the Serre spectral sequence of the fibration L"(p) x L"(p)— A4 —=» L"(p)*—RP®
and its twisted version (see [12, § 1]) show the following

LBMMA 2.6. Both homomorphisms
n*: H(L"(p)*; Z (or Z3)) — H(L"(p) X L™(p) — 4; Z (or Z3))"
Jor i>2n+1,
n*: H(L"(p)*; Z (or Z3)) — HY(L"(p) x L"(p) — 4; Z (or Zy))™
Jor i>2n+1,
are isomorphisms, where t is the involution transposing the factors.

Hereafter we identify H'(L"(p)*; Z) and HYL"(p)*; Z) with H(L"(p)
xL(p)—4; Z)** and HY(L"(p)xL"(p)—4; Z)™* for i>2n+1, respectively.
Consider the Thom isomorphism

¢: H(L"(p); Z) -=- H**1*{(L»(p) x L"(p), L"(p) x L"(p) — 4; Z),
¢xN=Uu(xx)), if 2j=i,0<j<n,
where the Thom class U e H2"*{(L*(p)x L*(p), L*(p)x L"(p)—A4; Z)=Z is

the generator. The Thom isomorphism and the cohomology exact sequence of
the pair (L"(p) x L"(p), L"(p) x L"(p)— 4) lead to the following
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LeMMA 2.7. The homomorphism
i*: H2(L"(p) x L"(p); Z) — H**(L"(p) x L"(p) — 4; 2),
4n+2>2k>2n+1,
is an isomorphism and the sequence
0 — Z, &% H¥*Y(L"(p) x L"(p); Z) -
H2+Y(In(py x L*(p) —4;Z) — 0,2k + 1 > 2n + 1,
is exact, where i and j are the natural inclusions.

Moreover, the action of t* on H*(L"(p)x L"(p), L"(p)x L"(p)—4; Z) is
well-known [15, p. 305], and is given by

2.8) t*a=-—a for aeH*(L"(p) x L"(p), L"(p) x L(p) — 4; Z).
LemMA 29. Fori<2n+1,
z Jor i=4j,
H4n+2=Y(Ln(p) x L*(p); Z)[Keri* = § Z2/*1 for i=4j+1,4j+2,
Zii+2 Jor i=4j+3,

(G* denotes the direct sum of k-copies of G), generated by the set AU B given as
follows:

{xnk x X" 4 gtz k|0 k< j— 1), i=4),

{xn—k X xn—2]+k + xn—2j+k X xn-k’ xn-] X xn-l IO < k S] — 1} R
i=4j+2,

A= {8,(yx"k x yxn=2i=1+k _ yxn=2j=1+k x yxn=k)|0 < k < j},

i=4j+1,

{5p(yxn—k X yxn—2]—2+k —_ yxn—2j-2+k X yxn-k)|0 S k S]} ,
i=4j+3;

{xn-—k e xn+l—2]+k —_ xn+1—2]+k X xn-klo < k S] — 1} , i= 4j’
{xn—-k X xn—2]+k — xP—2]tk 5 yn—k |0 < k Sj —_ l}’ i= 4j + 2’
{5p(yxn—k X yxn-21-1+k + yxn—zj—lﬂt X yxn-k)ll < k Sj},
i=4j+1,
{5P(yxn—k X yxn—21-2+k + yxn-21-2+k X yxn—k)’
S (yx"=i=tx yx"= 1)1 <k < j}, i=4j+3.
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If we notice that
[ns2)
J*U =+ x [L(p)] - [L"(p)] X 1+ ‘fl 5,(yxm=t x yxi-1 4

yxi=ix yxr=l) + {5, (yxtni2) x yxtni2l)y),

(the term in the bracket { } is present only when n is odd), then the proof of this
lemma is a simple calculation.

By identifying H4"*2={(L"(p) x L*(p); Z)/Ker i* with H***2-{(Ln(p)x L*(p)—
4; Z) by i* for i<2n+1, the integral cohomology group and the cohomology
group with coefficients in Z of L*(p)* are determined by. Lemmas 2.6-9.

ProrosITION 2.10. Leti<2n+1. Then
z for i=4j,
Hén+2=Y(In(p)*; Z) =
Zi¥ for i=4j+1,4 +2,4j+3,
generated by A, and
z] for i=4j,4j +1,4j +2,
H4n+2={(Ly(p)*; Z) =
Z[* for i=4j+3,
generated by B.

As for the cohomology groups HY(L"(p)*; Z;) and HI(L"(p)*; Z5), it
follows that '

Lemma 2.11. The following relations hold.
(1) If p#3, then

H'(L"(p)*; Z3) =0, H'(L"(D*; Z;)=0 for t>2n+1.

(2) If p=3, then

H4HY(Lr(3)%; Zy) = Z3 generated by yx" x x™ + x" x yx™,

H4(L"(3)*; Z3) = Z3 + Z3 generated by {yx" x yx"1 — yxn=1 x yxn,
x" X x"},

H4" N L3)*; Z5) =0,  H*(L"(3)*; Z;) = 0,

HA4=1(Ln3)*; Z3) = Z, generated by x" x yxn~1 — yxn=1 x xn

= yx" X x"~1 — x"~1 x yxn,
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§3. Proof of Theorem A

It is known that L"(p) is embedded in R™ for m>3(2n+1)/2, (cf. e.g., [13,
Theorem 1.1]). We prove (4) and (5) for p=3 only. The others are obtained
easily by the same way.

PROOF OF (4) FOR p=3. The group [L"(3)=R4*"~2]=[L"(3)*, RP*"3; 4]
in the introduction is clearly isomorphic to [L"(3)*, (RP*"~3)2; f], where f:
L*(3)*—RP4*"-3 is a fixed lifting of g: L"(3)*—»RP®. Therefore

[L"(3) = R*"~2] = [L"(3)*, E4; f]

by the dimensional reason. By Lemma 2.4, the homotopy exact sequence of
fibrations p, (i=2, 3, 4) in §1 induces isomorphisms

L), Bo; £1225 (L), By f1 225 (LG, Bz 1]
and an exact sequence
HO(LAQ); 2) 2520 H(LQ); 2,) % [L9G), Exi ]
| 2ty (LAY, 2) 2552 HO(LAQ); Z3).

Here @i=2}p, for i=4n—2, 4n—3 by Proposition 1.1.
~-To determine @', consider the commutative diagram

6”‘=9‘JP3

H(L'G)*; Z) > HH(LQ); Z)
H(L"(3) x L7(3) — 4; 2)" — 22 HI4(Lo(3) x Lo(3) - 4; Z5)"
gT i I i

(HY(L(3) x Ln(3); Z)[Ker i*)* 2282, (HI*4(Ln(3) x Ln(3); Z)/Ker i%)".

In this diagram, n*'s are isomorphisms by Lemma 2.6 and i* in the left hand side
is an isomorphism by Lemma 2.7 and (2.8). By the use of this diagram, Propo-
sition 2.10 and Lemma 2.11, a simple calculation yields that

Zy + Z, generated by {55(yx" x yx"~3 — yx"~3 x yx"),

O3(yxnt x yx"~2 — yxn~2 x yx"~1)}, n=2(3),
Ker @42 =
Z, generated by 6;(yx" x yx"3 — yxn~3 x yx") +

O3(yxnt x yxn=2 — pxn=2 x yxn~1),  n#2(3);
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Z,+ Z, generated by {yx" x yx"~1 — yx"~1x yx*,
x" % x"}, n = 2(3),

Coker @413 =
Z, generated by yx" x yx"~1 — yx"~1 x yxn,
n #2(3).
This result and the above exact sequence give rise to the exact sequences
0—Z3+ Z3 5 [LQ)% Es f1 B4 Z, + 2, — 0, n=209),
0— Zy 14, [L'(3)*, E,; f1 228 2, —s 0, n #203).

To consider the group extensions of these exact sequences, let
&(3, 1): Ker ®4"~2 — Coker @43
be the homomorphism defined by
&3, D(@ =b, i(b) =3pzi(a).
LemMmaA 3.1, &3, 1) = 216351
ProoF. Let p3: E5—K(Z, 4n—3) be the principal fibration with classifying
map Pip;: K(Z, 4n—3)->K(Z,, 4n+1) and consider the commutative diagram

of fibrations in the category & gpn-s (see [11, 1]).

RP**~3 x K(Z,,4n) < RP*3 x K(Z,, 4n — 2) x K(Z,, 4n) x K(Z,, 4n)

| l

RP4=3 x E} c E,
lx Xp; lpz
RP*=3 x K(Z, 4n — 3) = E,

l"‘"'a"’ leun-!
RP*=3 x K(Z5, 4n+1) € RP*=3 x K(Z,, 4n — 1) x K(Z,, 4n + 1)
x K(Z,, 4n + 1).

Since H!(L"(3)*; Z,)=0 for i>2n+1 by Lemma 2.4, the homotopy exact
sequences and the five lemma yield a commutative diagram of exact sequences
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H4» —4(Ln(3)* R Z)

|

H4(Lr(3)*; Z5)

R Y

[L~(3)*, E;] = [L"(3)*, RP*"=3 x E3; f1 = [L"(3)*; Ey; f]

~ |

HO (L) 2)

|

H4u+l(Ln(3)* : Z3) .

Considering the left exact sequence, we can easily verify that &(3, 1) coincides
with &(3, 1) in [10, 1]. By [10, Corollary 3.7. Case II], we have &(3, I)=
Pio31.
This lemma shows the relations
P(3, 1)(O5(yx" x yx"=3 — yx=3 x yx"))
= (n — 3)(yx" x yx"! — yx"~! x yx"),
®(3, 1) (S3(yx"~! x yx"~2 — yx"~2 x yx»~))
=(n—2)(px"1 x yx* — yx" x yx"~1).
These relations imply that
Z3 + Z3 + Zg for n= 2(3),
[L"(3) = R*~%] = [L"()*, E;; f]1 =
Z, for n#2(3).

PROOF OF (5) FOR p=3. By the same way as in the proof of (4) for p=3,

there are an isomorphism
[L"(3) = R#"=3] = [L"(3)*, E,; f1,
and an exact sequence

HovS(LA3)*; Z) £o2e250s , gany(Lo3)*; Z,) —

[L(3)*, Ez; f1 — HA"HL"(3)*; Z) 2225 H*"(L"(3)*; Z5).

Since H4"4(L"(3)*; Z)=Z, and H*(L"(3)*; Z;)=0 by Proposition 2.10
and Lemma 2.11, it is sufficient to show that @%"~4=21p, is an epimorphism.
Consider the diagram :
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HO SO 2) —— 2 L 7,

= =

H»=S(L7(3) x L7(3) — 4; Z)y* 232, Honi(Ln(3) x L) — 4; Z,)~*

NI,. I o

(HSS(L"(3) x L7(3); Z)[Ker i*)~** 2% (H4»1(Ln(3) x L(3); Z,)/Ker i*)=".

Here n*’s are isomorphisms by Lemma 2.6 and i* in the left hand side is an
isomorphism by Lemma 2.7, and the last two £}’s are the ordinary reduced power
operations mod 3 and the first £} is the twisted one (see Proposition 1.1). By
using Proposition 2.10, there are relations

P3p3(03(yxm=1 x yx"=3 4 yxn=3 x yxr-1))
=(2n — 5)(x" x yxr~1 — yxn~1 x xn),
23p3(03(yx"2 x yx"=2)) = (2 — m)(x" X yx"~l — yxr~1 x x7),

If n—2=0(3), then 2n—-5#0(3). Hence ©*~* is an epimorphism by Lemma
2.11.

§4. The cohomology of (RP~)* and cp~)*

This section is devoted to determine some cohomology groups of (RP")*
and (CP")*. ‘

Let F denote the real field R or the complex field C and let d be 1 or 2 accord-
ing as F=R or C, and let G, ,(F) denote the Grassmann manifold of 2-planes
in F**1. The cohomology ring of G, ,(F) is well-known and is given as fol-
lows:

H*(Gy41,2(F); G) = G[x, y1/(8, ay4y)
(G=2, if F=R, =Z if F=C),

4.1)

where degx=d, degy=2d and a,=Y (r;i) xr~2yt (r=n,n+1). Moreover,
i
there are relations

x#yr=1=t =0 if i#£2'—1  for some t, (cf. [S, Corollary 4.1])
x2*=1 = 0, x2 -2y 2 for n=2"+s5(0<s<2).
The mod 2 cohomology ring of G,., ,(C) is given by
HYGy41,2(0); Z5) = Z,[x, y1/(a,, ns4),
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where x, y and a, (r=n, n+1) are the mod 2 reduction of the same symbols in
the integral cohomology. Further, there is a relation

Sq%x = xy.

The last relation for F=R and the induction lead to the following lemma.
Details will be omitted.

LemMMA 4.2. There are the following relations in H*(G, ., ,(R); Z,).
(1) quyt . tyH-l + (12 )x2yr.
(2 Sg%y' = ax®yt,

. (l> [0(2) Jor t#3(4),
. = —
0<T<\ 2 1(2) for t= 3(4)-

() Sg*y' = (tz)y'“ +ax?ytt + fixtyt,

02) for t=108), 0<1<3,
Bi= 3 o=
o<i<t 12) for t=18), 41T

Case I. (RP®)*. ‘
The mod 2 cohomology ring of (RP")* is investigated by S. Feder [4], [5]
and D. Handel [8] and is given as follows:

(4.3) (RP™* has the homotopy type of a (2n—1)-dimensional closed manifold
and H*(RP")*; Z,) has {1, v} as a basis of an H*(G,.(R); Z;)-module,
where v is the first Stiefel-Whitney class of the double covering RP"x RP"—A
—(RP")* and the ring structure is given by the relation

v? = vx.

The group structure of H'((RP")*; Z,) and its basis for 2n—4<t<2n—1
are determined by the Poincaré duality and are given in [19, (6.3)] and [19,
(8.3)]. By the same way, we have

(44) Let n=2"+s5,2<5<2". Then the mod 2 cohomology groups H'((RP")*;
Z,) for 2n—8<t<2n—>5 are given in the table below.

t |H'((RP")*;Z,) basis
2n—5 Z; x2'“—5+2iys—i(i =0, 1), vxz'”’s"'”y""(o <i< 2)
2n—6 Z$ x2H-6421-1(0 < < 2), vx? TR0 < § < 2)
2n—7 ZZ x2'*1-7+2iys-i(0 <i< 2)’ vx2'*1—8+2iys-i(0 <i< 3)
2n—8 Zg xZ"“—8+2iys-i(0 <i< 3)’ vxz*“-9+2iys—i(0 <i< 3)
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Now, H*((RP")*; Z) and H*((RP")*; Z,) are the cohomology with coef-
ficients in the local system on (RP")* determined by ve H'((RP")*; Z,).

4.5) ([9, p.481]) The groups H!'(RP™*;Z) and H'((RP™*; Z) are 2-
primary groups for n<t<2n-—1.

Consider the Bockstein exact sequences (2.1) for g=2 and for (RP")*. Then
there are relations

(4.6) p202=5q',  psd, = Sq' +v.
By (4.4-6), we can easily verify the following results.
LemMMA 4.7. Let n=0(2), n=2"+5 (3<s5<2"). Then we have
H2"=5((RP")*; Z) = Z% generated by {6,(vx¥"*'~5ys-1),
65(x2"* -4y},
H2"=6((RP")*; Z) = Z4 generated by {6,(vx?"*'~8y?), §,(x2"*'-7y3),
Oy (vx?" " 1m4yem2), §,(x¥ -3y 2))
p2H?*"1(RP")*; Z) = Z3 generated by {vx?"*'~6ys=1, x2"*!=Sys=1,
ox?"*i=2ys3};
H2"~4(RP")*; Z) = Z} generated by {5,(x*"*'~5y"),
5y (x2"*-3ys-1)),
H"=((RP")*; Z) = Z3 generated by {5,(x*"*'~5"),
5 (x¥1-4yr1), §,(x24-2ys )},
H2n=6((RP")*; Z) = Z3 generated by {8,(x*"*'~"y*),
Sy(x¥ 15y, 8y (x 2 -3y},
H2"~"(RP")*; Z) = Z% generated by {5,(x¥"*'~8y"), §,(x>"*"~Sy*™1),
a(x2" 1 -4ys=2), §,(x2"* 1 "2y3)) ;
H?*=Y(RP)*; Z;) = Z;,  H**'((RP")*; Z,) = 0.

Case II. (CP™)*.
The integral and the mod 2 cohomology of (CP)** are investigated by S.
Feder [5] and the author [18], and are given as follows:
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(4.8) (CP")* has the homotopy type of an unorientable (4n—2)-dimensional
closed manifold and H*((CP")*; Z,) has {1, v, v*} as basis of an H*(G,+,,2(C);
Z,)-module and H*((CP")*; Z) has {1, u} as generators of an H*(G,.,,2(C);
Z)-module, where v is the first Stiefel-Whitney class of the double covering
CP"x CP"—A—(CP"* and u=3§,v. The ring structures are given by the
relations

3 = vx, u? = ux.

Then the integral and the mod 2 cohomology groups of (CP")* are given by
the following.

(4.9) Let n=2"+s(0<s<2"). Then we have

¢ H'((CP")*; Z,) basis
4n—-2 1 Z, p2x2 -2y
4’1-'3 Zz vxZ"“-zys
n-4 | Z, + Z, x2'“-2ys' vzxzrﬂ_gy,
4n—5 Zz vx2'+"3ys
dn—6 | Z,+Z,+ Z, XT3y g2y ? Vidys 22yl
4n—7 Zz + ZZ vx2'+l—4y3, 0x2r+1_2ys_l

H*"=6((CP")*; Z) = Z + Z, + Z, generated by {x¥*'-3y",
uxz'.l-4y3, uxzr"l—zy"—l}’
HY(CP"*; Z) = 0 for odd i.

Using the Poincaré duality H4*=2-}((CP")*; Z)=H((CP")*; Z) and the
Bockstein exact sequence (2.1), we can show the following:

(4.10) Let n=2"+5(0<s<2").
H4%(CP™"*; Z) = Z generated by a with
pa(a) = v2x27 1 3ys 4 x27VI=2ps,
H*=5((CP")*; Z) = Z, generated by p3'(vx*"*'~3y%),
H4n=6((CP")*; Z) = Z + Z generated by {b, b’} with
pa(b) = v2x?*1-4ys 4 x2*1-3ys

pz(b’) —_ vaZ"’ '—2ys—l’
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HA""I(CP")*; Z) = Z, + Z, generated by {p3'(vx?"*'-4y"),
Pzl (vx?*1=2ys- 1)},

H4"=3(CP™)*; Z3) = Z3,  H4"3((CP")*; Z3) = 0;

H4"=}((CP"y*; Z3) = 0, H4"=3((CP")*; Z3) = 0.

§5. Proofs of Theorems B and C

Proor oF THEOREM B. We prow)e (1) only. The others are similar and will
be omitted. By applying Proposition 1.1 for (RP")* and 2n—4 in place of X
and n, respectively, there follows a decreasing filtration

[RP"c R3] =Fy > F, > F, 5 F; 20
such that
Fy/F, = Ker 273, F,JF, = Ker $2n-3,
Fy[|Fy = Coker®2"=4,  F; = Coker y2"~4,

where ®!, W* and y! are the secondary and the tertiary operations defined by the
homomorphisms

O': Hi-(RPY)*; Z) —>
H((RPY*; Z,) x HHY(RP?)*; Zy) x H '*3((Ré")*; Zy),
04 = [ (S4%p20, Sq*pya + v*p,a, Pipsa), n= o),
(S4°p2a, Sq*p;a, Pip;a), n=2(4);
I'': H'((RP")*; Z;) x H™*(RP")*; Z,) x H'*¥(RP")*; Z;) —>
HY2((RP™)*; Z,) x H*3(RP")*; Z,),
I'Y(a, b, ¢) = ((Sg* + vSq*' + v¥)a, (Sq2Sq! + v2Sq')a + (Sq* + v)b);
4': HH(RPTY*; Z,) x HHH(RPYYY; Z,) — HW(RPYY*; 2,),
4Ya, b) = Sq%a + v%a + Sq'b + vh.
Using the results of §4, we can easily verify that
Z,, n=004),

Ker ©2n-3 = [
0, n=24),
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Im I'2n=3 = Ker 4272, Im '27~4 = Ker 4273,

KerI'n=3 = Zz + Zz + Zz,

Coker 4273 = (), Z,+Z,+2Z,, n=004),
Ime*»4=12Z,+2Z,, n=2(8),
Coker 42"=4 = 0, Z,, n = 6(8),

Hence it follows that

Ker ¢27=3 = Ker ©27-3,  Ker y2*~3 = Ker $2"-3,

0, n = 04),
Ker ¥27=3 = Ker I'**=3/Im @4 = $ Z,, n = 2(8),
Zz + Zz, n=s 6(8)3

Coker $2n=4 = (, Coker y2"4 = 0,
This implies that
Zz: n ?—é 6(8)’
[RP" c R?"-3] =
Z,+2,, n=6(8).

REMARK OF THEOREM B. In (3) for n=2(4), the secondary and the tertiary
operations cannot be calculated. Therefore [RP"<R2"~5] for n=2(4) is not
determined and so is [RP"cR?"~¥] (i=3, 4, 5) for n=1(2) by the same reason.

Proor oF THEOREM C. We can prove (1) only. (2) and (3) are obtained
by the same way. By Proposition 1.1, there is a decreasing filtration

[CPrc R3] =FyoF, oF,5F;50
such that
FofF, = Ker y**~3, F,[F; = Ker W4n-3,
F,/F3 = Coker @**~4,  F, = Coker y**—4,

where @/, ¥ and y' are the secondary and the tertiary operations defined by the
homomorphisms

Oi: H-\((CP"*; Z)—
H®Y(CP™)*; Z;) x H*3((CP")*; Z,) x HI*3(CP")*; Z3),
(Sq%p,a, Sq*pa + v*pya, Plpsa),  n=0(2),

O¥(a) = {
(Sq4%p2a, Sq*p,a, Plp;a), n = 1(2);
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rt: H((CP")*; Z,) x H'*¥(CP")*; Z,) x H'*3((CP™*; Z;) —
HY™X(CP™)*; Z,) x H*3(CP)*; Z),
I'(a, b, ¢) = ((Sq* + vSq* + v?)a, (Sq2Sq! + v3Sqt)a + (Sq* + v)b);
At HHY(CP™)*; Z,) x H'*H(CP™)*; Z,) — H'*3(CP™)*; Z,),
4¥(a, b) = Sq?a + v?a + Sq'b + vb.
By (4.1) and (4.8-10), there are the relations.

0, n=002),
Ker @43 = Z, Ker @44 =
S . Z,, n = 12),
Z,, n=00),
Im @44 = KerIn=3 = Z,,
0, n =1(2),
Im =3 = Ker4%"~2 = 0, ImIr4»=3 = Ker 4473,
Coker 4474 = (, Coker 4474 = 0,

Hence it follows that

Ker ¢4=3 = Ker @43 = Z, Ker =3 = Ker 943 = Z,

0, n =02,
Ker P43 = Ker " =3/Im @44 =

Z,, n=1Q2),
Coker @43 = (, Coker y**=4 = 0.

Therefore, if n=0(2), then [CP*cR*"~3]=F,=2Z, and if n=1(2), then0—-Z,—>F,
—+Z-0 is a short exact sequence. This completes the proof.

REMARK OF THEORBM C. As for [CP"cR*~!] (i=4, 5) for n=1(2), the
following are verified.

2o0r4, n=1@4),
(2) $[CP" c R4m~4] =

4 or 8, n = 3(4);
() [CPPcR#3]=Z+Z+G,

lor2, n=1@4),
$G =
20r4, n=34).



(1]
[2]
(3}
[4]
[51
[6]
(71
[8]
(91
[10]
[11]
[12]
[13]
(14]
(15)
(16}
17
[18]

[19]

[20]

The Enumeration of Embeddings of Lens Spaces and Projective Spaces 253

References

D.R. Bausum, Embeddings and immersions of manifolds in Euclidean space, Trans.
Amer. Math. Soc., 213 (1975), 263-303.
J. C. Becker, Cohomology and the classification of liftings, Trans. Amer. Math. Soc.,
133 (1968), 447-475.
A. Borel, Sur la cohomologie des espace fibrés principaux et des espace homogénes de
groupes de Lei compacts, Ann. of Math,, 57 (1953), 115-207.
S. Feder, The reduced symmetric product of a projective space and the embedding problem,
Bol. Soc. Mat. Mexicana, 12 (1967), 76-80.
——, The reduced symmetric product of projective spaces and the generalized Whitney
theorem, Illinois J. Math., 16 (1972), 323-329.
S. Gitler, Cohomology operations with local coefficients, Amer. J. Math., 85 (1963),
156-188.
A. Haeflinger, Plongements différentiables dans le domaine stable, Comment. Math.
Helv., 37 (1962), 155-176.
D. Handel, An embedding theorem for real projective spaces, Topology, 7 (1968),
125-130.
L. L. Larmore and R. D. Rigdon, Enumerating immersions and embeddings of projective
spaces, Pacific J. Math., 64 (1976), 471-492.
L. L. Larmore and E. Thomas, Group extensions and principal fibrations, Math. Scand.,
30 (1972), 227-248.
and , Group extensions and the twisted cohomology theories, Illinois

J. Math., 17 (1973), 397-410.
J. C. McClendon, Obstruction theory in fiber spaces, Math, Z., 120 (1971), 1-17.
E. Rees, Embedding odd torsion manifolds, Bull. London Math, Soc., 3 (1971), 356-362,
—————, Embeddings of real projective spaces, Topology, 10 (1971), 309-312.
E. H. Spanier, Algebraic Topology, McGraw-Hill, 1966.
B. Steer, On the embedding of projective spaces in Euclidean space, Proc. London Math,
Soc., 21 (1970), 489-501.
E. Thomas, Embedding Manifolds in Euclidean space, Osaka J. Math., 13 (1976),
163-186.
T. Yasui, The reduced symmetric product of a complex projective space and the embedding
problem, Hiroshima Math. J., 1 (1971), 27-40; 2 (1972), 233-237.

, Note on the enumeration of embeddings of real projective spaces, Hiroshima
Math. J., 3 (1973), 409-418; 6(1976), 221-225.

,  The enumeration of liftings in fibrations and the embedding problem 1,
Hiroshima Math. J., 6 (1976), 227-255.

Department of Mathematics,
Faculty of Education,
Yamagata University



