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Abstract

Consider four random spherical caps of common radius on the unit sphere, and assume
that their centers, p;, P2, P3, P4, are generated independently and uniformly. Let G be a
graph made of four vertices vy, ve, vs, vy, for which vertices v; and v; are connected by an
edge if and only if spherical caps with centers p;, p; are in-contact. We study the following
two events: Ey that G is composed of a connected triangle of three vertices and an isolated
vertex; Ey; that G is composed of a connected line-segment of four vertices. Since both
events occur with zero probability, it is impossible to define the ratio P(E;) : P(Err) by
the usual manner. However, by introducing a concept of e-contactness and later letting e
be arbitrarily small, we can invest a legitimacy to the ratio in an asymptotic sense. On
this foundation an exact expression for the ratio will be derived and then it will be
evaluated numerically for various radii of speherical caps.
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1 Main result

Random spherical caps produce many interesting problems of both geometrical and proba-
bilistic nature. Investigation on classical packing and covering problems has begun a long
time ago (see Fejes Téth (1972)). Ever since a new kind of packing and covering problems
have been continuously proposed and studied (see Machara (1988), Fejes Téth (1999), Sug-
imoto and Tanemura (2001) , Maehara (2004)). In this paper we study an another kind of
problem.

Consider random spherical caps on the unit sphere. Let C(p,r) denote a spherical cap
with center p and radius 7 (Throughout the paper r is fixed).

Let us denote the spherical distance between two points p,q by p(p,q). We say that two
spherical caps C(p,r) and C(q,r) are in e-contact if and only if 2r < p(p,q) < 2r +¢.

Consider random spherical caps {C(p1,7), C(p2,7),C(ps3,T), C(p4,7)}, for which we as-
sume that a set of points {pi, P2, P3, P4} are generated at random, that is, generated in-
dependently and uniformly. Let Ej; stand for the event that spherical caps C(p;,r) and
C(pj,r) are e-contact, and Ej; stand for its complement.

In this paper we study probabilities for several events such that some of random spherical
caps are in contact. To speak exactly, we first consider events such that some of random
spherical caps are in e-contact, and later find probabilities for these events when ¢ is in-
finitesimal.
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To simplify the notation we write Ry = 2r, R, = 2r+¢ and ¢ = cos Ry, s = sin Rg. Also
write simply p;; = p{p;, p;j). Sometimes it is convenient to introduce variables ¢;; defined
by ti; = pi; — Ro.

In our study two angles «, 8(y) play much important role, where o denotes one of three
interior angles of a regular triangle with side Ry, and B(¢) denotes one of two interior angles
of a rhombus with side Ry and the other two angles . It is easy to see that

(1)

c
cosa =
1

and
82+ (1+c?)cosp

1+c2+s2cosp @)

Consider a graph G of four vertices v1, v2, v3, v, for which we connect vertices v; and v;
by an edge if and only if spherical caps C(p;,r) and C(p;,) are in e-contact. We study the
following two events: Er that G is composed of a connected triangle of three vertices and an
isolated vertex; Er that G is composed of a connected line-segment of four vertices. Define
functions

cos B(p) =

(27 — 3a)(1+ 3c)s
hilr) = 4m2sino ’

3s% |11 21 (1-c\"
hri(r) = 53 —6—7r2—47ra+3a2—22E<1+c>].

n=1

Theorem. Assume that r < 7 /4. Then
P(Er) ~ hi(r)e®, P(Err) =~ hr(r)e®.
By numerical evaluation we see that h;(r) > hy(r) if r < 0.0851179--- and h;(r) <
hrr(r) otherwise. Furthermore, since hrr(r) tends to zero as r decreases to zero, it is plausible

to imagine that in the infinite plane the event Er; never occur even if the event Ey can happen
by some unknown mechanism.

2 Proof

Lemma 1.

s
P(Elg) ~ 5 €.
(Proof) Without loss of generality we may fix p;. Then we have
P(E12) = P (p2 € C(p1,2r +¢) \ C(p1,27)) = P(p2 € C(p1,2r + ¢€)) — P(p2 € C(p1,2r)).

It is well-known that the area of a spherical cap C(p,7), which we denote by |C(p,)|, is
given by 27(1 — cosr). Therefore we obtain

1
P(E2) = 5 (cos2r — cos(2r +¢€)) = %a.

(QED)
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Lemumma 2. Suppose that ti2 is less than €. Then

1 2
- e”.
27 sin o

P(Elg N E23|p12 is given) ~

(Proof) Without loss of generality we may fix p; and pp. Draw line segments p1p2, p2p3
and denote the interior angle of /p;p2ps in the triangle pip2ps by ¢. Then the desired
conditional probability, which we simply write by P, can be expressed as

sin po3dpasdp s

P= dtaadep.

Ro<p23<Re,Ro<p13<Re,0Sp<2m 4m 2 A5t23<€,R05913<Re,05¢<W
Now, in the triangle p1p2ps, it holds that
COS P13 = COS P12 COS P23 + Sin p12 sin pog cos ).
Furthermore, since ¢ is infinitesimal, we have approximations
coS P12 = ¢ — Sty2, sinpie = s+ ctia
and similar approximations for cos pa3, sin pa3. Hence it follows
cos p13 = [c® — cs(t1z + ta3)] + [s% + cs(t1z + to3)] cos .

Accordingly we can see

t t
> cos@ > cosa (1+ %—23>

t t
Ro < p< R, & cosa (1+£:—23)

3
5
If we put ¢ = a + J, where J is infinitesimal, we have cos ¢ = cosa — §sin @, which implies

that c

ssina’

cos« CO
(tlg +t23) <6< —

s
Ry<p< R+ — na(t12+t23)+

ssina ssi

Therefore

€ 3
s S € 1
P~ — / dtos / do~ — / dtaz —; = — ¢?
2n Jo Ro<p1s<Re,0<p<n 2r Jy ssina  27sina

(QED.)

Lemma 3. Suppose that all tyg,t23,t13 are less than €. Then

S
P(Elz N E3N Egg) =~ 3

47rsino¢€
(Proof)
P(E12N E13N Eas)
= /OE P(E13N E2s|p12 = Ry +t) P(Ro +t < p12 < Rg +t + dt)

€ 2
~ / 6. P(Rg+t < p1a < Ry +t+dt)
o 2msina

2
€ s 3
= — P(E2) =~ — €
27sina 4rsina
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Lemma 4. Suppose that all ti2,t23,t13 are less than €. Then

(2m — 3a)(1 + 3¢)
4 '

P (B14 N B3y N Eg4|p12, po3, p13 are given) ~
(Proof) If we consider a domain
D123 = C(p1, Re) U C(p2, Re) U C(ps, R.),
then the desired conditional probability, which we write P, is given by

[ D123
ar

Define the point q; as the intersection of circles C(p2, R:) N 0C(p3, Re) that lies in the
oppsite side to p; with respect to the line segment pops. Similarly we define q2,qs (See the
figure in the below). Consider a subset of a cap C(p1, R.) which is enclosed by two radii
P192, P19s and one arc qzqs and which does not contain the triangle p1p2ps, and call it a
fan F(p1, Re, Zq2p143). Then we see that the region D is composed of four triangles

P=1—-P(p4€D123)=1—

P1P2Ps3, diP3P2, 92P1P3; d3P2P1
and three fans
F(p1, Re, Lq2p1Q3), F(P2, Re, £43P2as3), F(Ps, Re, Ld1P3q2).
It is obvious that, as € is infinitesimal,
|D12s| = 4 |To| + 3 |Fo|,

where Tp denotes a regular triangle with side Ry and interior angle ¢, and Fy denotes a fan
C(p1, Ro, 27 — 3a). Therefore

{Di23| = 4 (3a — 7) + 3 (2 — 3a)(1 — ¢),

from which immediately follows the conclusion.

(QED.)

4 P, E
q;

Figure 1
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Lemma 5.

(2 — 3a)(1 + 3¢)s 3.

P(Ey2 N Ey3N Eag N E14 N Eé,l n E§4) =~ l6n2sina

(Proof) The desired probability, which we write simply by P, is given by
£ & €
pP= / / / P(E,4 N Eby N Ely|p12 = Ro + t12, pas = Ro + t23, p13 = Ro + t13) dW,
0

where dW denotes an infinitesimal probability
P(Ro+t12 < p12 < Rottio+dtia, Rot+tas < pas < Ro+taa+dizs, Ro+tis < pis < Ro+tiz+dtiz).

Then Lemma 3 and Lemma 4 imply

P (27r—3a)(1+3c ///dW— _33;(1+3C)P(E120E130E23)

(2 — 3a)(1 +3c) s
47 s sma

(QED.)

In the following lemma we study the conditional probability that C(p4,7) is in e-contact
with C(ps, ), but neither with C(p1,r) nor C(p2,7). To state exactly, under the condition

H = {both pi12 and are given, p13 > Re, LP1P2P3 = ¥},
we study the conditional probability
P(t12,t03,¢) = P(ps € A(ps, Ro, Re) \ D12 | H),
where

A(ps, Ro, R.) = C(p3, R:) \ C(p3, Ro), D12 = C(p1, Re) UC(p2, Re).

Lemma 6. Suppose that both ti2 and toz are less than €. Furthermore suppose that ¢ > 0.
Then there are thresholds 1, 2,3 , which are approzimately

1 = 2a, p1— g2 = 0(e), p3~a, (3)
such that
2 — 2a)se
~a— T 4
P(t12,t23,¢) e , (4)
(2) if 92> 9> 3, ( Se)
2r —a — SE
P(t127 t23a ‘/’) ~ Am ((p) ) (5)

(8) if @3> ¢, the condition H can not be satisfied.

(Proof)
Step 1 Let qo be the intersection of two circles dC(p1, Re) and 0C(p2, Re)- Let q1 be the



RS ARFHHE 7R AR 5 62%  (2011)

nearer one to qo among two intersections of the circle 9C(ps, Ro) with 0D12, and similarly
go the nearer one to qo among two intersections of the circle 9C(ps, R.) with Dj3. The
points qi1, g2 move on 9D13 as ¢ decreases from 7 to 0. When ¢, decreasing from 7, coincides
with some value ¢y, the point q2 coincides with qo. Further when ¢ continues to decrease
and becomes some value 2(< 1), the point q; coincides with qg. Finally, when ¢ becomes
some value 3(< ¢2), the point ps transverses the circle 8C(p1, Re). In step 1 we will
determine these thresholds g1, 2, ¢3.

To determine i, draw triangles p1p2qo and p2psqo (See Figure 2). Since p(p1,qo) =
p(pP2,90) = p(Ps,q0) = Re and t12 < €,t23 < €, we see that both the triangles are nearly
regular triangles with side Rgy. Therefore we can deduce

w1 =2a+ O(e). (6)

Figure 2

To determine o, we consider the triangles p1p2qo and p2psqo again (See Figure 2
again). Although in this case p(ps,qo) = Ry, both the triangles are again nearly regular
triangles Accordingly we get w2 = 2a: + O(e) and therefore

1 — w2 = O(e). )

To determine 3, we consider a triangle p;p2ps. Since its sides are pig, pos, Re, it is
nearly a regular triangle. Therefore we get

p3 =+ O(e). @

Step 2 In this step we will obtain an expression for an area |A(ps, Ro, R¢)|-

First consider the case that ¢ > ;. Then the circle C(ps, Ro) intersects with 8D
at two points on the circle 8C(p2, R:). Let q be one of these intersections that lies nearer
to qo. (See Figure 3, where p(ps,q) = Rp). Since the triangle p2psq is nearly a regular
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triangle, we see ¥ := /psp3q ~ a. Note that an angle at ps that corresponds to the region
A(ps, Ro, Re) is equal to 27 — 2¢. Therefore we obtain

IA(p3a RO, Re)l ~ (271' - 20)86,

from which (4) immediately follows.

q
Figure 3 Figure 4

Next consider the case that g2 > ¢ > ¢3. Then the circle C(ps, Ro) intersects with
0D, at two points, one of which lies on the circle C(p2, R.) and the other lies on the circle
0C(p1, Re). Let q be the intersection lying on the circle 8C(ps, Rc), and q’ the intersection
lying on the circle 0C(p1, Re) (See Figure 4).

Then an angle 9 := /pspsq is again nearly equal to . On the other hand, a quadrangle
p1P2p3q’ is nearly a rhombus with side Ry and Zpip2ps = ¢. Accordingly we see that
Y’ := /pap3q’ =~ B(p). Note that an angle at ps that corresponds to the region A(ps, Ro, Re)
is equal to 2w — (¢’ + ¢). Therefore we obtain

|A(ps; Ro, Re)| = (27 — a — () se,

from which (5) immediately follows.

(QED.)

Lemma 7.

P(E12 NEasNE3g N E{3 N E;4 n E{M)
(se)® [11 , 2 o~ 1 (1=c\"
—_— | =7 = -2
6.2 |6 7 —4dra + 3a ng=1 2 \Tre

(Proof) Without loss of generality we may fix p;. The desired probability, which we denote
by P, can be computed by

S A 27 sin(2 t12)dt in(2 ta3)dtesd:
pPo=2z / / P(t121 t237 (p) - WSln( T 12) 12 . Sln( rE 23) Likad
0 JO Jys

4 4r

15
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1 £ € m
= — / sin(2r + t12)dt12 / sin(2r + t23)dtos3 / P(t12,t03, @) de.
ar Jo 0 ®3

2 ™
4m ¥3

Q

The last integral is the sum of

P1 ®

2
P(0,0,p)dp, Is=/ P(0,0,p) de.

Il = P(0,0,(P)d(p, I2 :/
3

¥1 P2
By using (3) we see easily Iy = O (82). On the other hand, (4) implies

™ —

2T

I =~ se - (1 — 2a)

and (5) implies

) o 2a
ISz/‘P Msgdwzg [(27T_a)a—/ ﬂ((p)d(p].

03 4 o

Therefore

2a
P~ %2_2. [(27r2 —4ma + 3a%) - / Ble) dw} .

Thus it remains to evaluate the last integral.
Now we regard the last integral as a function of c:

20

J(e) = Blp) de-

[0

To differentiate it, then we get

aJ da da 2a 58

Since

B(@) =2a, B2a) =«

d

an ?_@ _ 2singp

dc  1+4c2+s2cosp’
we have 5 )

J * sin ¢
Be -2 /a 1+4c? +s2cos<pd(p'

The last integral can be evaluated to

oJ 2 14 2 + s%cos2a

bc s? o8 14+c2+s2cosa’

Then, since

1+c?+s2cos2a [ 2c 2
1+c2+s2cosa \l+c/ '’
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we get

2{_ 4 o 2¢
e 1-2 % 14+c¢/°

Note that, when ¢ = 1, we have a = 7/3, B(p) = 7 — ¢. Hence

ki 72
10y = [T -t =T

On the other hand, by change of variable ¢ = (1 — z)/(1 + ), we have

c 4 2¢ ® dz
J()=-J(1) = /1 1__0210g<1—+—c) dc_—2/(; log(l—-:z:)—x—

) 1 z oo
= 2 —/ 2" ldr =2

2
oL
n=1 #

Therefore we obtain

w2 1 [1-c\"
TO=F+2) 5 <1+c) '
n=1
(Q.E.D.)
(Proof of Theorem) When the event E occurs, there are four possibilities, one of which

is that three vertices vy, vq,v3 are connected each other, but vy is isolated. Therefore the
probability P(Er) is equal to four times the probability

P(E12N E13N Exs N Ejy N EYy N EYL).

When the event Ey; occurs, there are 4! possibilities, one of which is that there are only three
edges v1v2, v2v3, v3v4. Therefore the probability P(Eys) is equal to 4! times the probability

P(Er2 N Eo3 N E34 N Ej3 N EYy N EYy).
(QE.D.)
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